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PREFACE 


The present volume was written with a desire to satisfy the require- 
ments of three types of possible reader: First, of course, students of 
physics and chemistry who desire to learn some details of a particular 
branch of physics that has general use; second, experimental physicists 
and chemists, and engineers and metallurgists with mathematical lean- 
ings who are interested in keeping an eye on a field of physics that is of 
possible value to them ; and third, theoretical physicists at various stages 
of development who are interested in the present status of that phase of 
solid bodies that deals with electronic structure. The author fully 
realizes that the first two groups of reader do not wish to be concerned 
with all the intricacies of the theory, and for this reason he has attempted 
to edit the text by marking the more mathematical sections with an 
asterisk. It is recommended that readers not desiring to go through all 
this material read over it with an eye for the qualitative arguments and 
conclusions. 

The author believes that an investigation of the table of contents will 
tell more concerning the scope of the book than a paragraph or two at 
this place. Although the book is a large one, it must be admitted that a 
number of very important topics are not treated. For example, the 
plastic properties of solids are only touched upon. The reason for this 
omission is, of course, that the theory involved in this field is not one that 
grows naturally out of modern quantum theory, and hence might better 
be treated under separate cover with some of the other structure-sensitive 
properties of solids. In addition, it was felt necessary to curtail the dis- 
cussion of many interesting topics simply to avoid making the book much 
too long. In all such, cases, which usually involve rather specialized 
subjects, an attempt has been made to give the reader reference material 
from which he may draw further information. 

The author started to write this book in 1936 when he was at the 
University of Rochester and gratefully acknowledges the cooperation he 
received from Professor L. A. DuBridge in connection with it. The book 
was continued in spare time during the author’s stay at the Research 
Laboratories of the General Electric Company in Schenectady from 1937 
to 1939. He would like to say that the atmosphere of this organization 
proved very stimulating for writing, as well as for many other forms of 
research, and would like to express his gratitude to the directors for their 
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interest and support. The book was completed at the University of 
Pennsylvania with the encouragement of Professor G. P. Harnwell. 
In addition, the author is obligated to the directors of the Westinghouse 
Research Laboratories for the privilege of spending a stimulating summer 
in East Pittsburgh in 1939. 

The author also wishes to express his gratitude to the many friends 
and colleagues to whom he has turned for advice and discussions. Among 
these he particularly desires to mention Dr. R. P. Johnson, Dr. W. 
Shockley, Professor L, N. Ridenour, Dr. S. Dushman, Dr. E. U. Condon, 
Professor E. P. Wigner, and Professor J. H. Van Vleck. 

Finally, he should like to acknowledge, though in a very inadequate 
manner, the constant help and encouragement furnished by his wife, 
Elizabeth Marshall Seitz, without whose aid this book probably never 
vvould have been written. 

Frederick Seitz. 

Philadelphia, 

June, 1940. 
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The Bohr radius of the hydrogen atom. 

The magnetic vector potential. 

The coefficient of volume expansion. 

The volume compressibihty ; also, the Bohr magneton. 

The velocity of light; also, the velocity of elastic waves. 

The specific heat at constant volume. 

The molar or atomic heat at constant volume. 

The molar heat at constant pressure. 

The damping frequency of an oscillator. 

The electronic charge; also, the base of the natural system of 
logarithms. 

The electrostatic field intensity. 

The energy of an electron of wave number k. 

The dielectric constant. 

The energy of the uppermost electron in the filled band. 

The energy of the uppermost electron in the filled band at abso- 
lute zero of temperature. 

The energy of the electron at the bottom of the filled band. 

The mean electronic energy. 

The mean electronic energy at absolute zero of temperature. 

The delta function. 

The Laplacian operator. 

The Einstein specific-heat function. 

The Debye specific-heat function. 

A partition function. 

The free-electron correlation energy. 

Planck’s constant. 

Planck’s constant divided by 27r. 

A Hamiltonian operator. 

The magnetic field intensity. 

The current per unit area. 

The electronic wave-number vector; components kx, fey, fc,. 
Boltzmann’s constant; also the optical extinction coefficient. 

The wave number of the electron at the top of the filled band. 
Principal vectors in the reciprocal lattice of a crystal, 
xiii 
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I The mean free path between collisions (averaged for all scattering 
angles). 

l{k) The mean free path of the electron having wave number k. 

L Orbital angular momentum vector. 

L The orbital angular momentum quantum number. 

X Wave length of an electron, light quantum, or lattice vibrational 
wave. 

The actual electronic mass. 

The effective electronic mass [determined from the e(k) curve]. 
The mass of an atom or ion. 

Orbital magnetic moment. 

Atomic electric dipole moment. 

Matrix component of the atomic dipole moment. 

Magnetic moment per unit volume. 

The saturation magnetic moment. 

The electron spin magnetic moment vector. 

The magnetic permeability. 

Index of refraction; exponent in Born’s ion-ion repulsion function. 
The number of particles per unit volume. 

The effective number of free electrons (usually the number of 
electrons in the band of width kT Sit the top of the filled region). 
The total number of atoms or electrons in a system ; the complex 
index of refraction. 

Avogadro’s number. 

Frequency of vibration. 

Maximum frequency in elastic vibrational spectrum of a lattice. 
The electric polarization. 

The work function of a metal; also, the azimuthal angle. 

The radius of the sphere having the same volume as the atomic 
cell. 

The distance between two particles. 

The gas constant; also, the Hall constant; also, the reflection 
coefficient; also, the refractivity. 
p Resistivity; also, the radiation density; also, the charge density. 
S The total spin quantum number. 

V The electrical conductivity; also, the absolute value of the wave- 
number vector. 

The saturation magnetization in units of Bohr magnetons per 
atom. 

d The wave-number vector for lattice vibrations; also, the spin 
angular momentum vector; the components are, tr», or^, (r« in both 
cases. 

<rr The Thomson heat. 
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The temperature, usually in degrees Kelvin. 

A characteristic temperature, such as that for the specific heat 
or the electrical conductivity; also, the effective cross section for 
collisions between electrons and lattice. 

The Debye characteristic temperature. 

The Curie temperature. 

The mean time between collisions. 

The primitive translation vectors of the lattice. 

The velocity of the uppermost electron in the filled electron band. 
The total volume of a system. 

The magnetic susceptibility (per unit volume). 

The molar magnetic susceptibility. 

The atomic number. 




THE MODERN THEORY 
OF SOLIDS 


CHAPTER I 

EMPIRICAL CLASSIFICATION OF SOLID TYPES 

1. The Five Solid Types. — When using the term “solid ” in this book, 
we shall refer to crystalline aggregates of atoms and molecules; that is, we 
shall have little to do with substances such as glasses that do not have 
definite lattice structure. In addition, we usually shall deal with crystals 
having relatively simple structures because they are most amenable to 
theoretical treatment. This limitation is not very important so long 
as we are interested only in general properties of solids, for substances 
with complicated structures can be classified in the same general way as 
simple ones. On the other hand, the restriction is very serious if the 
theory is looked upon as a tool for aid in making practical use of solids. 
There seems to be no way of removing this restriction other than to 
continue work along the lines that are developed here. 

Although there is no unique way of classifying all the solids found in 
nature, the division that will be used here has enough natural advantages 
to make a discussion of alternatives unnecessary. It is based upon a 
survey of chemical, thermal, electrical, and magnetic characteristics. 
Briefly, the classification is as follows: 

a. Metals. 

h. Ionic crystals. 

c. Valence crystals. 

d. Semi-conductors. 

e. Molecular crystals. 

Metals, which are distinguished primarily by their good electrical 
and thermal conductivity, are formed by the combination of the atoms 
of electropositive elements. 

Ionic crystals are distinguished by good ionic conductivity at high 
temperatures, strong infrared absorption spectra, and good cleavage. 
They are formed by a combination of highly electropositive and highly 
electronegative elements, the salts, sodium chloride, magnesium oxide, 
etc., being the best examples. 
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Valence crystals, of which diamond and carborundum are examples, 
have poor electronic and ionic conductivity, great hardness, and poor 
cleavage. They are formed by combination of the lighter elements in 
the middle columns of the periodic chart. 

Semi-conductors, of which zinc oxide and cuprous oxide are good 
examples, show a feeble electronic conductivity, which increases with 
increasing temperature. It should be added that there is evidence that 
these substances are electronic conductors only when impure or when 
their composition is slightly different from that characteristic of ideal 
stoichiometric proportions, such as when there is an excess of zinc in 
zinc oxide. For this reason, semi-conductors are characterized by a ten- 
dency to favor addition of impurities and to disobey simple valence rules. 

Finally, molecular crystals are the solids formed by inactive atoms 
such as the rare gases, and saturated molecules such as hydrogen and 
methane. They are characterized by low melting and boiling points, 
and they generally evaporate in the form of stable molecules. 

As will be shown below, a large number of solids have properties that 
overlap those of two or more of these ideal groups. For this reason, the 
divisions should not be regarded as being clean-cut in the sense that a 
given solid belongs to only one of them. 

We shall now give a more detailed discussion^ of each of the five 
solid types. 

2. Monatomic Metals. — Metals may be divided conveniently into 
two major classes, namely, monatomic metals and alloys. The literature 
relating to alloys naturally is much larger than that for monatomic 
metals. Since we shall not be interested in developing the theory of 
alloys beyond an elementary stage, we shall not give them a proportional 
amount of space. 

We may recognize a further subdivision of metals into two groups 
depending upon whether the d shells^ of the constituent atoms are filled 
or not. If the d shells are completely filled or completely empty, the 
properties of the metal usually are simpler than if they are not. The two 
cases will be discussed separately, the designation simple metals” 
being used if the d shells are completely filled or completely empty, and 
** transition metals” in the alternative case. 

^ Since the methods used in obtaining most of this experimental material can be 
found in other places, they usually will not be discussed here; however, a few lesser 
known experiments concerning semi-conductors and ionic crystals are discussed in 
Secs. 4 and 6. 

* Throughout this book, we shall use the conventional notation for the electronic 
orbital momentum quantum numbers (qf., for example, H. E. White, Introdiietion to 
Atomic Spectra (McGraw-Hill Book Company, Inc.,^ New York, 1934). In this 
notation the letters «, p, d, /, g, etc., designate the states having orbital angular 
mom^tum quantum numbers 0, 1, 2, 3, 4, etc., respectively. 
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a. Cohesion of Monatomic Metals . — ^The heat of sublimation, which 
is the energy required to dissociate a mol of substance into free atoms, 
is a convenient measure of the cohesion of a metal. Numerical values 
of the heats of sublimation that have been taken from the compilation 
by Bichowsky and Rossini^ are given in Table I. The few values that 
appear in parenthesis do not occur in these tables and have been esti- 
mated by use of Trouton’s rule, namely, 

L = 0.0235n 


Table I. — The Heats of Sublimation op Monatomic Metals 

(In kg cal/mol at room temperature) 

Monovalent Metals 

Li 39.0 


Cu 81.2 

Na 25.9 


Ag 68.0 

K 19.8 

Rb 18.9 

Cs 18.8 

Divalent Metals 

Au 92.0 

Be 75 


Zn 27.4 

Mg 36.3 


Cd 26.8 

Ca 47.8 

Sr 47 

Ba 49 

Ra (72.7) 

Trivalent Metals 

Hg 14.6 

A1 55 


Ga 62 

Sc 70 


In 62 

Yt 90 

La 90 

Tetravalent Metals 

Tl 40 

Ti 100 


Ge 85 

Zr no 


Sn 78 

Hf (>72) 
Th 177 

As 30.3 

Sb 40. 

Pentavalent Metals 

Pb 47.6 

Bi 47.8 

Transition Element Metals 


. V 85 

Nb 068) 

Ta 097) 

Cr 88 

Mo 160 

W 210 

Mn 74 

Ma 

Re 

Fe 94.0 

Ru 120 

Os 126 

Co 86.0 

Rh 116 

Ir 120 

Ni 85.0 

Pd no 

Pt 127 


U 220 



^ F. R. Bichowbkt and F. D. Robsini, The Thermochemietry of the Chemical Svlh 
stonoes, Reinhold Publishing Corporation, New York, 1936, 
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where L is the heat of sublimation in kilogram calories per mol at the 
boiling point and Ti is the boiling temperature in degrees Kelvin. There 
are many interesting relationships among these values. One of the most 



K Cl — --H 

Fig. 1. — The face-centered cubic 
lattice. 



tered cubic lattice. 


striking ones is the fact that the atoms of transition metals on the whole 
are more tightly bound together than those of simple metals. 

6. Crystal Structures --Most of the monatomic metals crystallize in 
simple cubic or hexagonal structures. The three common types are 
shown in Figs. 1 to 3. More complex 
structures, which occur mainly among the 
atoms having higher valence, are shown in 
Figs. 4 to 11. Table II is a tabulation of 
the crystal parameter values for different 




packed hexagonal lattice 
showing two prominent crys- 
tallographic planes. 


Fig. 4. — The diamond and gray tin 
lattice. 


metals, including various allotropic modifications. These values have 
been taken from the three editions of Strukturherickte.^ 

^ Struktur^mohUf Leipzig (1931). Three supplements have appeared since the 

first volume, 
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Hume-Rothery^ has pointed out that many complex structures, such 
as those of bismuth (Fig. 9), tin (Figs. 4 and 8), mercury (Fig. 6), and 
gallium (Fig. 7), are strikingly like those 
met among valence crystals, which are 
discussed below. For this reason, he 
would regard these substances as being 



Fig. 6. — The indium lat- 
tice. The parameter values 
are given for indium. 



Fig. 6. — The mercury lattice. 


intermediate between ideal metal and valence types, as we shall see below. 
This view is supported by observations on the conductivity and magnetic 
properties of these metals. 

c. Allotropy . — Table II shows that at 
ordinary pressures the transition metals exhib- 
it allotropy more commonly than do simple 
metals. Bridgman^ has found, however, that 
many of the simpler metals change their struc- 
ture at high pressures. Cesium, for example, 
has a close-packed modification which appears 
at 22,000 kg/cm^ of pressure ; similar changes 




Fig. 8. — The white tin lattice. 


tice, showing the layer structure 
in which each atom is sur- 
rounded by three neighbors. 

occur in magnesium. For this reason, it is doubtful whether poly- 
morphism is a particular characteristic of any one group of metals. 


^ W. Humb-Rothery, The Structure of Metals and Alloys (Institute of Metals 
Monograph, London, 1936). 

* P. W. Bridgman, Phys. Rev., 48 , 893 (1935); Nat. Acad. Sd. Proc., 28 , 202 (1937). 
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Table II. — Tabulation op Crystal Structures and Parameters op Monatomic 

Metals 

{d is the nearest interatomic distance in angstroms and a is the edge length of the 
fundamental cube for cubic lattices. The parameters a and c for hexagonal close- 
packed lattices are shown in Fig. 3.) 

The alkali metals form body-centered cubic lattices with the following parameter 
values. 



a 

d 

u 

3.46 

3.00 

Na 

4.24 

3.67 

K 

5.25 

4.54 

Rb 

5.62 

4.87 

Cs 

6.05 

5.24 


The monovalent noble metals have face-centered cubic lattices with the following 
parameter values. 



a 

d 

Cu 

3.609 

2.55 

Ag 

4.078 

2.88 

Au 

4.070 

2.87 


Divalent Metals 
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Tablb II.— Tabulation of Crystal Structures and Paramhtbrs of Monatomic 
Metals. — {Continued) 

Tetravalent Metals 



Type 

a 

c 

d 

Ti 

h.c.p. 

2.953 

4.73 

2.892 

a Zr 

h.c.p. 

3.23 

5.14 

a 

|3 Zr 

b.c.c. 

3.61 


3.13 

Hf 

h.c.p. 

3.20 


3.14 

Ge 

diam. str. 

5.62 


2.43 

a Sn (gray) 

diam. str. 

6.46 


2.80 

p Sn (white) 

(see Fig. 8) 




Pb 

f.c.c. 

4.93 


3.48 


PerdavalerU Metals 
As (see Fig. 9) 

Sb As type; (see Fig. 9) 
Bi As type; (see Fig. 9) 


Transition Metals 



Type 

a 

c 

d 

V 

b.c.c. 

3.01 


2.61 

a Cr 

b.c.c. 

2.87 


2.49 

p Or 

h.c.p. 

2.72 

4.42 

a 

a Mn 

(see Fig. 11) 




P Mn 


12.58 



7 Mn 

tet.f.c. 

3.77 

3.53 

2.08 

a, jS, 5 Fe (a is low-tem- 





perature magnetic 





form) 

b.c.c. 

2.86 


2.58 

7 Fe 

f.c.c. 

3.56 


2.67 

a Co 

h.c.p. 

2.51 

4.11 

a 

p Co 

f.c.c. 

3.55 


2.51 

Ni 

f.c.c. 

3.51 


2.48 

Nb 

b.c.c. 

3.30 


2.86 

Mo 

b.c.c. 

3.14 


2.96 

Ma 





Ru . 

h.c.p. 

2.765 

4.470 


Rh 

f.c.c. 

3.78 


2.67 

Pd 

f.c.c. 

3.88 1 


2.74 

Ta 

b.c.c. 

3.29 


2.72 

a W 

b.c.c. 

3.16 


2.73 

P W 

(see Fig. 11) 




Ro 

h.c.p. 

2.76 

4.45 

0 

Os 

h.c.p. 

2.71 

4.32 

a 

Ir 

f.c.c. 

3.83 


2.71 

Pt 

f.c.c. 

3.92 


2.71 
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There is, however, one type of allotropic change that is characteristic 
of transition metals. This may be illustrated by comparing the cases 
of tin and iron. The a, or gray, modification of tin is stable at very low 
temperatures, whereas the or white, modification is stable at high 



Fig. 9. — The bismuth lattice, show- Fig. 10. — The a manganese lattice, 

ing the layer structure in which each 
atom is surrounded by three nearest 
neighbors. 


temperatures (c/. Table II). The transition temperature, which is 18°C, 
was determined by Cohen and van Eijk^ from measurements on the 
emf of an electrolytic cell that had one gray-tin electrode and one white- 
tin electrode. The case of tin is typical of the simple metals inasmuch 



Fio. 11. — The /S tungsten structure. 


as the a modification is not again stable 
in any range from 18°C to the melting 
point of the ^ phase. On the other hand, 
the body-centered modification of iron is 
stable^ in two temperature ranges, 
namely, from 0° to 1179°K and from 
1674®K to the melting point 1803°K. 
The face-centered, or 7 , modification is 
stable in the intermediate range from 
1179® to 1674°K. This “intrusion” of 
one phase into the range of another also 
occurs in cobalt.® In this case a face- 


centered cubic phase splits the stable range of a close-packed hexagonal 


phase into two parts. 


^E. Cohen and C. van Eijk, Z. physik. Chem., 30, 601 (1899). 

* Of. Strukturberichte. 

»S. B. Hendricks, M. E. Jefferson, and J. F. Shultz, Z. Kriat., 78, 376 (1930). 
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d. Atomic Radii . — It is often convenient to ascribe to each atom or 
ion a radius that is determined by the volume which the atom or ion 
occupies in a given compound. In monatomic metals the radius r is 
defined as half the distance between the centers of nearest neighbors, 
this definition being based upon the rigid-sphere concept of atoms, accord- 
ing to which the observed interatomic distance should be the distance 
for which neighboring spherical atoms come into contact, or twice the 
atomic radius. Since the nearest-neighbor distance is seldom precisely 
the same for two allotropic metal phases, it is clear that the rigid-sphere 
picture cannot be accurate. Nevertheless, the concept can be very 
valuable for semiquantitative work as will be seen when we discuss the 



Hume-Rothery rules for alloys (c/. Sec. 3). Figure 12 shows the atomic 
radii as determined from the interatomic distances of Table II. 

e. Electrical Conductivity . — The electrical resistivity p of a substance 
is a tensor quantity that is defined in terms of the electrostatic field 
intensity E and the current per unit area J by the relation 

E = p.J. 

P is a constant tensor for cubic crystals and may be represented by a 
single number in these cases. It has two independent values for hexag- 
onal and tetragonal crystals. These may be determined by using fields 
parallel and perpendicular to the principal axes, since E and J are parallel 
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to one another in these two cases. The two components of g are respec- 
tively designated as the 1| and ± components. 

Table III. — The Resistivitibs of Metals at Room Temperature 
(The resistivity p is expressed in units of 10"® ohm-cm. \\ and ± designate, respec- 
tively, values in directions parallel and perpendicular to the principal axis in hexagonal 
and tetragonal crystals.) 

Monovalent Metals 


Li 

8.76 

Cu 

1.56 

Na 

4.35 

Ag 

1.49 

K 

6.62 

Au 

2.04 

Rb 

12.0 



Cs 

19.0 

Divalent Metals 


Be 

5.5 

Zn 

116.0; ±5.8 

Mg 

113.50; ±4.22 

Cd 

118.4; ±6.9 

Ca 

9.80 

Hg 

(-45.5‘^C) 11 

Sr 

32 



Ba 

60 



Ra 


Trivalent Metals 


A1 

2.50 

Ga 

52.6 

Sc 


In 

8.4 

Yt 


Tl 

17.2 

La 

67.6 





Tetravalent Metals 

Ti 

47.6 

Ge 

89,000 

Zr 

41.0 

Sn 

1113.1; ±9.1 

Hf 

32.1 

Pb 

19.8 

Th 

18 




Pentavalent Metals 
As 128 
Sb 39 
Bi 11143; 1109 
Transition Metals 


V 


58.8 

Nb 

21 

Ta 

14 

Cr 


2.6 

Mo 

6.03 

W 

4.9 

1 


710(?) 

Ma 


Re 

18.9 

Mn'^ 

r 

91(?) 

Ru 

7.64 

Os 

8.9 

1 

T 

23 

Rh 

4.58 

Ir 

5.0 

a Fe 

8.71 

Pd 

10.2 

Pt 

9.81 

a Co 

6.2 





Ni 


12.0 






Table III and Fig. 13 contain tabulations of the electrical resistivities^ 
of monatomic metals at temperatures near 0®C. The lowest resistivities 
are those of the monovalent noble metals copper, silver and gold. In 
comparison, the alkali metals are only moderately good conductors. 

^ See, for example, the compilations of Landolt-Bomstein and the International 
Critical Tables. ^ 
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Usually the resistivity decreases with increasing valence for the lighter 
elements and increases with increasing valence for the heavier elements, 
as may be seen by comparing the following two sequences; 

Resistivity • 10* ohm>cm Resistivity • 10* ohm-cm 

Na 4.35 Cu 1.56 

Mg 3.50 Zn 5.8 

A1 2.50 Ga 52.6 


One of the most striking periodic properties of the resistivity is the 
large decrease that follows the completion of a d shell. The change in 



Atomic Number 

Fig. 13. — The resistivity of monatomic metals. The ordinates are expressed in ohm-cm. 


resistance from 12 * 10~* ohm-cm for nickel to 1.56 • 10“* for copper is 
the most prominent illustration of this. 

The metals with the highest resistivities are those such as arsenic, 
antimony, bismuth, tin, mercury, and gallium which have complex 
structures, a fact lending additional support to Hume-Rothery’s view 
that these are intermediate between ideal metals and insulating crystals. 

The ratio of the resistance at temperature T to the resistance at zero 
degrees centigrade is shown in Fig. 14 for a number of metals.^ The 
fact that the curves are closely alike justifies our comparison, in the pre- 
ceding paragraphs, of the room-temperature values. The high-tempera- 
ture resistivity of most metals varies linearly with temperature, whereas 
the low-temperature resistance varies with a higher power of T. The 
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most reliable measurements seem to show that the low-temperature 
variation is as for metals that are not superconducting. We shall 
discuss this topic more fully in Chap. XV. 



0 200 400 600 800 

TDeg.K.— ^ 

Fig. 14. — Temperature dependence of the relative resistivities of several metals. The 
ordinate is the ratio of the resistivity at temperature T to that at 0°C, 

A large number of metals become superconducting below a tempera- 
ture characteristic of the substance. These metals and their transition 


Table IV. — The Superconducting Metals and Their Transition Temperatures 


Metal 

Tt, °K 

Metal 

Tt, '^K 

Zn 

7.86 

Ti 

1.13 

Cd 

0.6 

Zr 

0.7 

Hg 

4.16 

Hf 

0.3 



Th 

1.33 

A1 

1.14 

Sn 

3.72 

Ga 

1.07 

Pb 

7.2 

In 

3.38 



T1 

2.47 

V 

4.29 



Nb 

9.22 



Ta 

4.27 
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temperatures are listed in Table IV. There seems to be no striking 
regularity beyond the fact that none of the monovalent metals is super- 
conducting. The resistances of nonsuperconducting metals at very low 
temperatures and the normal resistance of superconducting metals just 
above the transition temperature usually are dependent upon the pre- 
vious history of the specimen on which measurements are made. It is 
believed^ that, at least in principle, one can divide the resistance into 
two parts, namely, a part that is characteristic of the pure substance and 
that extrapolates to zero at the absolute zero, and a part pr, generally 
termed the residual resistance, that arises from imperfections and that 
presumably would be zero for a perfectly pure undistorted crystal. 

6 
5 
4 

I 3 

Cv 

2 


0 

0 100 • 200 ^ 300 400 500 

Fig. 15. — The atomic-heat curves of silver and aluminum. The ordinates are cal/mol. 

Since pr docs not seem to vary reversibly during temperature changes, 
it usually cannot be separated from a set of measured resistances in a 
precisely quantitative way. It is known from fluctuations in resistance, 
however, that the residual resistance is of the same order of magnitude 
as the total resistance at 5°K. Since the room-temperature value is 
about a thousand times larger than this, the fluctuations caused by resid- 
ual resistance are of the order of 0.1 per cent at ordinary temperatures. 

f. Specific Heats . — Figure 15 shows the temperature dependence of 
the atomic heats at constant volume Cv of silver and aluriiinum.^ These 
curves are typical of most of the simpler metals. They are characterized 
by a mohotonic rise from zero at absolute zero to a nearly constant 

^ Cf. E. Gruneisen, Handbuch der Physik, Vol. XIII (1928). More recent work, 
such as that of W. J. de Haas and G. J. van den Berg, Physica, 4 , 683 ff. (1937), 
seems to show that the residual resistance increases with decreasing temperature in 
the case of gold. 

* Silver: A. Eucken, K. Clusitjs, and H. Woltinek, Z. anorg. Chem.f 208 , 47 
(1931). Aluminum: C. G. Maier and C. T. Anderson, Jour. Chem. Phys., 2 , 613 
(1934). 
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value at high temperatures. This constant value should be about ZR, 
according to the law of Dulong and Petit, where R is the gas constant. 
Actually, the measured values are slightly higher and rise with increasing 
temperature. The part of the curves near 0°K may often be approxi- 
mated closely by the expression R(T/QDy, where Qd is a constant, known 



T®K 

Fig. 16 . — The atomic-heat curves of germanium and hafnium. The ordinates are cal/mol. 
{After Simon and Crieteacu.) 

as the Debye characteristic temperature. Table V contains values of 
02 ) for several metals that exhibit this type of specific-heat behavior. 

Table V. — Characteristic Temperature op Several Simple Metals as Deter- 
mined FROM THE r* Law 

(See Table XXXIV, Chap. Ill, for additional values.) 


Metal 

02) 

Ag 

210 

Ca 

219 

Zn 

200 

T1 

■94 

Sn 

140 

Bi 

107 


All the nontransition elements resemble silver and aluminum in that 
they have a limiting high-temperature atomic heat of about ZR, but a 
number of them do not behave quite so simply at low temperatures. 
The differences vary from slight deviations from the T* law to greater 
ones represented by large peaks, such as those shown in the curves^ for 
germanium and hafnium (Fig. 16). The metals that exhibit anomalies 

1 S. Cbistbscu and F. Simon, Z. physik. Chem.^ 25B, 273 (1934). 
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of the extreme type generally have lattices in which more than one atom 
is contained in the unit cell.^ For example, hafnium forms a close- 
packed hexagonal crystal, and germanium has the diamond lattice; both 
these types contain two atoms per unit cell. 

The atomic-heat curves of the transition metals generally rise well 
above the Dulong and Petit value of 31? at high temperatures and increase 
linearly in this region. Figure 17 shows the behavior^ for y iron, which 
is a typical case. The ferromagnetic metals a iron and nickel show the 
same behavior but have additional peaks that accompany the decrease 
in their permanent magnetization. Figures 17 and 18 illustrate* these 
two cases. 



Fig. 17. — The atomic-heat curves of a and y iron. The ordinates are cal /mol. {After 

Austin.) 

The specific heat of nickel does not follow the T® law in the region 
below 10°K but becomes linear in accordance with the equation* 

Cv = 0.001744r cal/deg-mol (see Fig. 19). (1) 

If the values given by this function are subtracted from the observed 
values, the residue is found to follow the T® law. This fact indicates 

‘ If Ti, T 2 , Tj are the primitive translation vectors of the lattice, the unit cell is the 
unit of the lattice from which the entire lattice may be generated by translations 
of the type 

T fiin 4* njrj -f- njri 

in which rii, nj, and n* range over all integer values. The volume of the unit cell 
is equal to the volume of the parallelepiped the edges of which are equal to n, rj, rs, 
namely, ti ,tj X tb. 

® Cf. the compilation of J. B. Austin, Induatrial Eng. Chem., 94 , 1225 (1982); 
24 , 1388 (1932). 

• See ibid, for iron and Landolt-Bomstein for a survey of the specific heats of 
nickel. 

* W. H. Keesom and C. W. Clahe, Phystca, 8, 513 (1935). 
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that the total specific heat of nickel is composed of two parts, one that 
has the same source as the specific heats of the nontransition metals and 
one that has another origin. The first part is believed to arise from 
thermal excitation of lattice vibrations; there is fairly conclusive evidence, 



Fig. 18 . — The atomic-heat curve of nickel. The ordinates are cal/mol. (After Lapp.) 

which will be presented in Chap. IV, that the second is related to the 
excitation of the electrons in the unfilled d shells. In this connection, it 
is worth pointing out that at 1000®K the value of Cv in Eq. (1) is of the 
same order of magnitude as the difference between Cv and ZR. 



0 4 8 12 16 20 

T®K ► 

Fig. 19. — The atomic heat of nickel near absolute zero. The ordinates are cal/mol. 
(After Keeaom and Clark.) 

g. Magnetic Properties . — The magnetic susceptibility per unit volume 
jC, like the resistivity, is a tensor quantity. It is defined in terms of the 
magnetic field intensity H and the magnetization per unit volume M 
by the relation 

M=2c-H. 


Sec. 21 


EMPIRICAL CLASSIFICATION OF SOLID TYPES 


17 


We shall ordinarily use cgs units for these quantities, expressing H in 
gauss and M in terms of the cgs unit of dipole moment per unit volume. 
Another important magnetic quantity is the permeability ^ which is 
defined in terms of H and the magnetic induction B, by the equation 

B = vH. 

and X are related by the equation 

V = 1 + 

X is practically independent of both temperature and field strength 
for a large number of non transition metals; however, it varies with 



Fig. 20. — The specific susceptibilities of the monatomic metals at room temperature. 

temperature in some cases. The room-temperature values for the simple 
metals are given ^ in Table VI and in Fig. 20. For convenience, the 
specific susceptibilities x/A, where A is the density, rather than the 
susceptibilities are listed. It may be seen that the metals in the short 
periods and those which precede the transition elements are paramag- 
netic, that is, have positive susceptibilities, whereas the metals which 
follow the transition metals are diamagnetic. The susceptibilities usually 
are so small that traces of ferromagnetic impurity affect the measured 
values considerably and cause them to vary from specimen to specimen. 

^ See, for example, the compilations of Landolt-Bornstein and the International 
Critical Tables. As in the case of the resistivity, the scalar components of the sus- 
ceptibility are listed. 
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In addition, the susceptibility of a given specimen depends markedly 
on the mechanical treatment it receives. For example, Bitter^ found 
that the susceptibility of a piece of copper wire could be varied by as 
much as 40 per cent by stretching. Similarly, Honda and Shimizu^ 
found that cold working changed the susceptibility of a sample of copper 

Table VI. — Room-temperature Specific Magnetic Susceptibilities op Mona- 
tomic Substances 
(In cgs units) 

Monovalent Metals 


X • 10» X • 10* 


Li 

3.6 

Cs 

0.2 

Na 

0.6 

Cu 

-0.08 

K 

0.6 

Ag 

-0.19 

Rb 

0.2 

Au 

-0.14 



Divalent Metals 


Be 

-1.0 

Ba 

0.15 

Mg 

0.5 

Zn 

-0.15 

a Ca 

1.1 

Cd 

-0.18 

Sr 

-0.2 

Hg 

-0.12 



Trivalent Metals 


A1 

0.6 

Ga 

-0.24 

Sc 


In 

-0.10 

Yt 


a Tl 

-0.22 

La 

20 

Tetravalent Metals 


Ti 

1.2 

Ge 

-0.12 

Zr 

-0.45 

a Sn 

-0.03 

Hf 


iS Sn 

0.03 

Th 

1.0 

Pb 

-0.12 



Pentavalent Metals 


As 

-0.25 



Sb 

11-0.497; 

X-1.38 


Bi 

ll-i-o; 1 

-1.5 




Transition Metals 


V 

1.5 

Pd 

5.2 

a Cr 

3.0 

Ta 

0.9 

a Mn 

10 

a W 

0.28 

Nb 

2.3 

Re 

0.4 

Mo 

1.0 

Os 

0.05 

Ru 

0.4 

Ir 

0.13 

Rh 

1.0 

Pt 

1.0 


from negative to positive and that annealing after cold work restored 
the original diamagnetism. It is probably true that measurements on 
perfectly pure, unstrained specimens of the same metal would be closely 
alike. However, ordinary materials do not conform to these conditions. 

‘F. Bitter, Phys. Bw,, 86, 978 (1930); also, Introduction to Ferromagnetism 
(McGraw-Hill Book Company, Inc., New York, 1937). 

*K. Honda and Y. Shimizu, Science Repte, Imp, Tdhoku Univ,^ 80, 460 (1931); 
88, 915 (1988). 
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Figure 21 shows the temperature dependence of the measured^ sus- 
ceptibilities of a few nontransition elements. 



0 200 400 600 800 1000 1200 

rK' *• 


Fia. 21. — The temperature dependence of the specific susceptibilities of several metals. 

The susceptibilities of the nonferromagnetic transition elements are 
all positive and are generally larger than those of the paramagnetic 



-150 


HOO 

T«C- 


-50 


Fig. 22. — ^The temperature dependence of 1/x for several specimens of platinum. 
Collet and Foiz.) 


{After 


Simple metals. The temperature dependence* is shown in Fig. 22 for 
several specimens of platinum. 

^ See footnote 1, p. 17. 

* P. Collet and G. Folftx, Compt. rend., 192, 1218 (1981). 
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The susceptibilities of ferromagnetic solids are so strongly dependent 
upon field strength that the magnetic properties are described most 
conveniently by giving M as a function of H. Figure 23 shows^ M 
versus H curves at room temperature for three directions in a single 
crystal of nickel. M and H are parallel in each of the three cases. It 
may be observed that M is small when no field is present and that it 
rises very rapidly at first as H increases. It approaches a saturation 
value M, in the [111] direction^ at about fifty gauss and then remains 
practically constant. The intensity curves for the [110] and [100] 



Fig. 23. — The magnetization curves of a single crystal of nickel. The abscissa is expressed 
in gauss. {After Kaya.) 

directions bend over sharply at values of about M, cos 30® and M* cos 60®, 
respectively. They then rise relatively slowly and approach the value M 

This behavior may be interpreted in terms of the domain concept of 
ferromagnetic materials which was first proposed by Weiss. ^ According 

1 S. Kata, Science Repts. Imp. Tdhoku Univ., 17, 639 (1928). 

* We shall commonly use this notation in which a crystallographic direction is 
specified by a set of integers (Miller indices) that are proportional to the direction 
cosines. In cubic crystals, the coordinate axes are usually taken as an ordinary 
Cartesian system; in a hexagonal crystal such as cobalt, however, one coordinate axis 
is taken in the direction of the hexagonal axis of the crystal, and three others, separated 
by 120 deg, are taken in the plane normal to the hexagonal axis. In the second case, 
directions are specified by four integers, the last being proportional to the direction 
cosine between the given direction and the hexagonal axis. We shall specify planes 
in a similar way by giving the integers that are proportional to the direction cosines 
of the normals to the planes. 

*P. Weiss, Jour, phys.y 6 , 661 (1907). An excellent discussion of the present 
status of domain theory may be found in the book edited by R. Becker, ProUeme der 
technischen Magnetisierungslcurve (Julius Springer, Berlin,. 1938). See also the more 
recent review article by W. F. Brown, Jour. App. Phys.y 11 , 160 (1940), and the book 
by R. Becker and W. Ddring, Ferromagnetismus (Julius Springer, Berlin, 1939). 
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to this concept, ferromagnetic substances contain a large number of 
small domains that have an intrinsic value of magnetic intensity equal to 
M, even in the absence of an external field. It is assumed that the 
direction of this intensity lies along one member of a prominent set of 
equivalent crystallographic directions, this set being the eight directions 
equivalent to [111] in the case of nickel, for example. The resultant 
magnetization of the entire crystal is zero when H is zero, for the domains 
have their magnetization distributed uniformly among the eight [111] 
directions. If a weak field is applied in the [111] direction, all the 
domains have their magnetization changed to this orientation and the 
crystal becomes magnetized to the saturation value M,. This process 
of rotation is demonstrated very convincingly by the Barkhausen^ 



Fig. 24. — The magnetization curves of iron. The abscissa is expressed in gauss. (After 
Honda and Kaya.) 

effect, which shows that magnetization takes place in very small discrete 
stages. The size of the domains may be estimated from the size of these 
steps if it is assumed that each jump represents the effect of one domain 
changing its direction. In this way, Bozorth and Dillinger* estimated 
that there are 10® domains per cubic centimeter. 

It should be emphasized that the domains are not identical with 
crystalline units of the lattice, such as the grains in polycrystals. It now 
seems well established that the domain size, which may be larger or 
smaller than the grain size, is determined primarily by the magnetic 
interaction of different parts of a specimen and by variations in its 
internal stress. In addition, it should be mentioned that magnetization 
may take place by more or less continuous growth of properly oriented 
domains at their boundaries, much as crystals grow from nuclei. 

^ H. Barkhausen, Physik. Z., 20, 401 (1919). 

* R. Bozorth and J. Dillingbr, Phya. Rev.^ 86, 733 (1930). 
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If a weak field is applied in the [100] direction instead of the [111] 
direction, the domains are reoriented as nearly parallel to the [100] 
direction as possible without leaving the eight [111] directions. Since 
the angle between the [100] direction and the four nearest [111] axes is 
65®, it follows that the largest value of |M| that can be obtained in this 
way is M, cos 55®. This actually is the value at the bend in the [100] 
curve of Fig. 23. Since M increases beyond this value as H is increased, 
it follows that the intensities of the domains can be bent away from the 
normal directions of magnetization and eventually become parallel to 
the direction of the applied field. The curve for the [110] direction 
supports the same picture. 



Fio. 25. — The magnetisation ourve of cobalt. The abscissa is expressed in gauss. (After 

Kaya.) 

Figures 24 and 25 give corresponding curves for iron^ and cobalt.® 
The [100] direction is the easy direction of magnetization in the first case, 
whereas the hexagonal axis is in the second. The [1010] and [1120] 
direction curves for cobalt show no sharply rising portions because they 
are orthogonal to the easy direction of magnetization. 

Akulov* has shown that one may account for the form of the magneti- 
zation curves of iron by assuming that the energy Em of the crystal varies 
with the direction of magnetization of the domain in the manner 

Em = Ki{S\Sl + SIS\ + S\S\), (2) 

Ki is a constant which ordinarily is determined experimentally, and /Si, 
/Sj, Si are the direction cosines of the magnetic intensity. The total 
energy Et of the crystal in the presence of a field H is then 

Et- Em — HM cos ip 

^ K. Honda and S. Kata, Science Repte. Imp. Tdhoku Vniv.f 16, 721 (1926). 

*S. Kata, Science Repte. Imp. Tdhoku Univ.t 17, 1167 (1928). 

» N. 8. Akulov, Z. PhyHk, 67, 794 (1931). 
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Tablb VII.— Magnetic Data op the Ferromagnetic Monatomic Metals 
(The values of M* and a, correspond to 0°K.) 



Fe 

Co 

Ni 

Gd 

BN 

1762 

1446 

512 

1560 

Mf, 

iwnrrnAf.Allfl A.Ti01Tl 

2.22 

1.71 

0.606 


UOlir IIlctgXl“UUllD pCi 

ft on 

780 

1075 

365 

16 ± 2 

“cj 

ft or 

774 

1231 

372 









where <p is the angle between H and M. The value of (p corresponding 
to equilibrium for a given field intensity is determined by the condition 


dEt 


= 0 . 


This leads to a relationship between 
(f and H, from which the component 
of intensity in the field direction 
may be determined as a function of 
H that involves the constant Ki. 
Figure 26 shows the calculated and 
observed values of M for the [111] 
and [110] directions of iron; these 
were obtained by using 

Ki - 2.14 • 10® ergs. 


This method of correlating experi- 
mental measurements with energy 
expressions of the type of Eq. (2) has 
been extended by Gans/ Bozorth,^ 
and others. 

The magnetization curves vary 
with temperature in two striking 
ways: (1) The value of M decreases 
with increasing temperature and 
eventually approaches zero at the 
ferromagnetic Curie point 0o. (2) 

The relative values of the magneti- 
zation curves for different directions 

change with temperature. Figure 27 shows the ratio of M,(!r) to M,(0), 
the value of M, at 0°K, as a function of T/Qc for iron, cobalt, and nickel. 



Fig. 26. — Calculated and observed 
magnetisation curves for iron. (After 
Akulov.) 


■ K. Gans, Pkytik. Z., 88, 924 (1932). 

’ R. M. Bozobtb, Phyt. Rev., 60, 1076 (1936). 
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Table VII contains^ values of 0c for each of these substances as well as 
values of M,(0) and cr„ the saturation moment per atom. 

Above the Curie temperature, ferromagnetic crystals exhibit a 
paramagnetism that is the same order of magnitude as the paramagnet- 

1.0 


0.8 

I os 

Ms(T) 
Ms(0) 04 


0.2 
0 

0 0.2 04 , 06 08 1.0 

T/Oc ► 

Fig. 27. — The temperature dependence of saturation magnetization for iron, cobalt 
and nickel. The abscissa is the ratio of the temperature to the Curie temperature dc and 
the ordinate is the ratio of the magnetization at temperature T to that at absolute zero. 
(After Tyler.) 




0 200 400 600 800 1000 1200 1400 

T-Deg.C 

Fig. 28. — ^Temperature dependence of the paramagnetic susceptibility of nickel and iron 
above the Curie point. 


ism of other transition metals. The susceptibility is highest at T = 0c 
and decreases with increasing temperature. The temperature depend- 
ence of the reciprocals of x for iron and nickel is shown in Fig. 28. It 
may be noted that these curves are almost linear, a fact which shows that 



» After F. Tyler, Phil Mag., 9, 1026 (1930); 11, 596 (1931). See also E. C. 
Stoner, Magnetism and Mailer (Methuen & Company, Ltd., London, 1934). 
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where C and Op are constants. Some values of Op, which is called the 
paramagnetic Curie point, are given in Table VII. 

We have remarked in / that the specific heat of a ferromagnetic metal 
has a sharp peak in the neighborhood of the Curie point. Peaks of this 
type appear in Figs. 17 and 18. Figure 29 gives a more detailed plot 
of measured values for nickel. This curve, ^ which is characteristic, also, 
of iron and cobalt, shows that the specific heat does not return to the 
normal 322 value above the Curie point. 

It should be mentioned in passing that Urbain, Weiss, and Trombe^ 
have found that metallic gadolinium is ferromagnetic, its ferromagnetic 
Curie point being 16°C. 



T“Deg.C ► 

Fig. 29. — The Bpecific heat of nickel in the vicinity of the Curie temperature. {After 

Moser.) 

We shall not discuss the many intricate facts about the properties of 
polycrystalline ferromagnetic materials. 

3. Metal Alloys. — The metallurgist defines a metal alloy as a com- 
bination of two or more monatomic metals that has metallic properties. 
This definition does not require that the material should be a homo- 
geneous phase, and, indeed, many useful alloys are not. For simplicity, 
however, we shall restrict practically all of our discussion to single 
phases. 

Alloys generally may be divided into two distinct classes, namely, 
substitutional alloys and interstitial alloys. In the first type the different 
constituent atoms occupy the same type of lattice position. Gold and 
silver form an alloy of this type in which both atoms occupy at random 
face-centered lattice positions. As we shall see, one general requisite 

‘ H. Moser, Physik. Z., 37, 737 (1936). 

^ G. Urbain, P. Weiss, and F. Trombb, Compt. rend., 200, 2132 (1935). 
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for the formation of an alloy of this type is that the radii of the con- 
stituent atoms be nearly equal. 

In interstitial alloys, one or more kinds of atom fit into the interstices 
of the lattice formed by another kind. Low-concentration carbon steels 
are alloys of this type. In these, carbon atoms probably occupy some 
of the face-centered positions of the ordinary body-centered structure of 
iron. The interstitial atom usually is much smaller than the atoms of the 
lattice into which it fits. 

The properties of a large number of substitutional alloys have been 
investigated extensively, whereas information concerning interetitial 
alloys seems to be fragmentary. The main reason for this deficiency is 



Fig. 3D. — A symbolical phase diagram. The regions a, |3 and y mark regions in which 
three different phases are stable. The phases a and jS coexist at a point such as X in the 
region a + j3. The a phase Yi formed at the temperature Ti may, in certain cases, be 
quenched to temperature Tj, where it is unstable, without actually reverting to the stable 
mixture of a and p. 

that the small atoms, such as hydrogen, carbon, and nitrogen, of clear-cut 
interstitial cases are not good X-ray scatterers, so that structures of 
these alloys cannot be determined with certainty. We shall be concerned 
almost entirely with substitutional alloys in the following discussion. 

o. The Phase Diagrams of Binary Alloys . — It is most convenient to 
discuss binary-alloy systems in terms of the conventional phase diagram. 
In this diagram the temperature-composition boundaries of the phases 
of the system are plotted as functions of composition. Figure 30 shows 
a typical case, the areas a, /3, and y marking regions in which three 
different phases exist. The composition and temperature may be varied 
within the limits of any one of these regions without changing the homo- 
geneous structure of the material. If, however, one attempts to make an 
alloy corresponding to a point, such as X, that is not contained in one 
of tiiiese regions, the result is a mechanical mixture of two phases — ^the 
phase? (X and p in the case corresponding to the point X, It should be 
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added that this statement is rigorously true only if we imply thermo- 
dynamically stable phases, for it is possible to prepare an unstable phase 
that corresponds to the temperature and composition of a point such as 
X* For example, it is possible that the a phase, formed at temperature 
and composition corresponding to the point Fi at the temperature Fi, 
where the a phase is thermodynamically stable, could be cooled to the 
temperature T 2 , where it no longer is stable, without breaking into two 
phases in a measurable time. This procedure, known as quenching, has 
great practical importance and depends upon the fact that the time 
required to attain thermodynamical equilibrium may be very long at 
sufficiently low temperatures. 

It may be proved by means of thermodynamics^ that the boundaries 
of different phases usually are not continuous but are separated as in 
Fig. 30 (cf. Sec. 123). 

The liquidus curve shown in the figure marks the temperature at 
which a solid phase begins to separate from the molten solution of two 
metals. This curve has significance only over a range of composition in 
which the molten metals are miscible. The solidus curve, on the other 
hand, marks the temperature at which a solid phase of given composition 
begins to melt. The two curves coincide only at special points such as 
at the ends of the diagram. At temperature Ts, the liquid and solid 
phases that may be in equilibrium with one another are given respectively 
by the two intercepts that the temperature line makes with the liquidus 
and solidus curves. Consider, for example, the case of Fig. 30 again. 
Starting with the solid of composition 17, we find that this begins to melt 
at temperature T 3 and that the composition of the first sample of molten 
metal corresponds to the point {V,Tz)> Conversely, if we start with the 
liquid of composition V and cool it to temperature Tz, the solid that 
forms has the composition U. It follows that the composition of the 
solid and melt changes as the process of melting or freezing proceeds in 
either of these two cases. 

It is possible to derive a number of important and interesting rela- 
tionships among liquidus, solidus, and solubility-limit curves by use of 
thermodynamics. We refer the reader to other sources^ for the develop- 
ment of these topics. 

h, Rule$ of Comhination of Binary Substitutional Alloys of Simple 
Metals. — A systematic investigation of the phase diagrams of metal 
alloys has led to the formulation of a number of simple rules that corre- 
late many facts. We shall include a brief summary of these rules for 

^ See, for example, G. Tabimann, The States of Aggregation (translation by R. F. 
Mehl, D. Van Nostrand Company, Inc., New York, 1925); R. Voobl, Handbueh der 
MetaUphysikt Vol. II (Akademische Verlagsgesellschaft, Leipzig, 1937). 
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reference in later work. They should not be accepted as though rigorous, 
for many exceptions exist. 

1. The rule of atomic size . — This rule attempts to make more precise 
the qualitative notion that atoms must be nearly the same size if they 
form substitutional alloys over a wide range of composition. It has been 
developed by many workers, but the most nearly quantitative formula- 
tion has been given by Hume-Rothery, Mabbott, and Channel-Evans.^ 
These workers find that atoms the radii of which differ by more than 
about 15 per cent do not form extensive solid solutions. If the difference 
is less than this, they are soluble over a wide range. This rule is restricted 
by the condition that the radii must be derived from monatomic phases 
that have similar structures and that it should not be applied to systems 



Au Atom Per Cent Ag Ag 

Fig. 31. — The phase diagram of the silver-gold system. This is an example of a case in 
which the components are completely miscible. 

in which one of the atoms has a tendency to exhibit valence character- 
istics, as do the atoms of arsenic, antimony, and bismuth. These two 
conditions obviously are interrelated since atoms that have valence char- 
acteristics usually have complex lattice structures. In Table VIII, the 
range of solubility of different metals in copper and the range of solubility 
of copper in these metals are compared with the atomic radii. 


Table VIII. — Solubility Limits of the Primary Phases of Several Copper 

Alloys 

(The solubilities are expressed in atom percentage of the solute.) 


System 

Size factor 

Solubility in Cu 

Solubility of Cu 

Cu-Be 

Favorable 

16.5 Be 

2.0 Cu 

Cu-Mg 

Unfavorable 

6.5 Mg 

0.01 Cu 

Cu-Zn 

Favorable 

38.4 Zn 

2.3 Cu 

Cu-Cd 

Unfavorable 

1.7 Cd 

0.12 Cu 

Cu-Ga 

Favorable 

20.3 Ga 

Very small 

Ou-Tl 

Unfavorable 

Small 

Small 

Cu-Ge 

Favorable 

12.0 Ge 

Small 


1 W. Humb-Rothery, G. W. Mabbott, and K. M. Channbl-Evans, PhU, Trans. 
Roy. Soe.t 2S8, 1 ff. (1934). See also Humb-Rothbry, op. cU. 
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The silver-gold system is one of the most favorable cases for high 
solubility, according to this rule, for the lattice of both constituents is 
face-centered cubic, the valences are the same, and the atomic radii are 



Ca Atom Pen Cent Ag Ag 

Fiq. 32. — The phase diagram of the copper-silver system. 



Fig. 33. — The phase diagram of the copper-gold system. These metals are completely 
miscible at all temperatures. The low-temperature curves correspond to ordered phases. 

equal to within 2 per cent. Figure 31, which is the phase diagram of this 
system, shows that these metals form a single phase for the entire range 
of composition. 
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The radius of copper is about 13 per cent less than that of either gold 
or silver, and therefore the copper-gold and copper-silver systems should 
be borderline cases. The phase diagrams are shown ^ in Figs. 32 and 33. 
Whereas copper and silver do not mix, copper and gold are completely 
miscible except at low temperatures where more complex structures 
occur. These cases indicate that the rule of atomic sizes does not tell 
the entire story. 

At the opposite extreme are lead and copper the radii of which differ 
by about 30 per cent and which do not mix in any proportion. 


, 0 10 20 30 40 50 60 70 80 90 100 

Cu /Atom Per Cent Zn Zn 

Fio. 34. — The braes (Cu-Zn) phase diagram. This is typical of substitutional alloys of 
atoms having different valences. 

• 2. The Hume-Rothery electron-atom ratio rules . — The copper-rich and 

silver-rich portions of the phase diagrams of such systems as Cu-Zn, 
Cu-Cd, Cu-Al, Cu-In, Cu-Sn, Ag-Zn, Ag-Sn, in which the rule of favorable 
atomic sizes is satisfied, are strikingly similar. Figures 34 and 35 show 
the cases of Cu-Zn and Cu-Al which are typical examples. The P 
phase is body-centered cubic in both cases and appears immediately to 
the right of the primary face-centered phase of pure copper. The 
y phase, which has a complex cubic structure, occurs next. The struc- 
ture of this phase, which is shown in Fig. 36 for brass, is similar though 
not identical in all alloys; moreover, the y phase generally has a high 
reastivity and a negative magnetic susceptibility and is brittle. The 

^ See M. Hanbin, Avfbau der Zweiatofflegierung (Julius Springer, Berlin, 1936) 
for references on the alloy systems discussed here. 
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6 phase of the brass system, which is close-packed hexagonal, also occurs 
in the copper-tin system. 

Although these similar phases usually occur for different atomic 
concentrations, Hume-Rothery^ has pointed 
out that they occur for about the same 
value of the ratio of valence electrons to 
atoms. In computing the number of valence 



lences, namely, one for copper, two for zinc, 



system. 


Cus Zna^AgsZne 
AusZ^ns 

0Cu,Ag,Au 

• Zn 

Fig. 36. — ^The y brass structure. 


three for aluminum, and so on. Table IX gives a compilation of metals 
that form one or more of the three alloy phases mentioned above and 



0 

Aq 

Fig. 37.- 


20 . 40 . 60 

Electron Per Cent ~ 


60 


■The liquidus curves of silver solutions* 


that satisfy the Hume-Rothery rule. The electron-atom ratio charac^ 
teristic of each structure is given at the head of each column. 


^W. Humb-Rothbry, Jour. Inst. Metals, 86, 309 (1926). See also Humi- 
Rothbrt, op. cit. 
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Table IX. — Phases That Conform to Hcme-Rotheht’s Electron-atom Ratio 

Rule 


Electron-atom ratio 

1.5 

1.61 

1.76 

Structure 

/3 brass (b.c.c.) 

y brass type 

h.c.p. 

Nontransition cases 

CuZn 

CufiZns 

CuZn* 


CuBe 

Cu fiCdg 

CuCd, 


AgZn 

AggZns 

AgZna 


AgCd 


AgCd, 


AuZn 

AuaZng 

AuZng 


AuCd 


AuCdj 


CuaAl 

CU 9 AI 4 

CuaSn 


CuaGa 

Cu9Ga4 

CuaGe 


CuaSn 

Cu9ln4 

AgaSn 



CusiSng 

AusAla 

Transition cases 

CoAl 

OoZna 



NiAl 




FeAl 




This rule is analogous to the ordinary rule of eight, being valid for 
substitutional alloys instead of for ionic and valence compounds. 



Fig. 38. — The solidus curves of silver solutions. 


3. The Hume-Rothery liquidus- and solidus-curve rules — The liquidus 
curves of the primary solid solutions of elements such as zinc, cadmium, 
gallium, indium, tin, and antimony in copper and silver are similar in 
form and coincide if the electron percentage instead of the atomic 

^ W. Humb-Rothbky, G. W. Mabbott, and K. M. Channbl-Evans, Phil. Trans. 
Roy. Soe., 283 , 1 ff. (1934). See also Humb-Rothbry, op. cit. 
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percentage is used as abscissa. In cases in which the solvent is mono- 
valent, the electron percentage is obtained by multiplying the atom 
percentage with the valence of the solute. The liquidus curves of silver 
are given in Fig. 37 in order to show the extent to which the rule is valid- 
Figure 38 shows that the solidus curves obey the same principle. 

c. Alloys Involving Metals with Strong Valence Characteristics . — The 
phase diagrams of systems in which one of the constituents is a metal of 
low valence, such as copper, silver, zinc, or magnesium, and the other is 
a less electropositive atom, such as arsenic, antimony, or bismuth, show 
that these substances do not combine to form extensive solid solutions, 
even when the size factors are favorable. Consider, for example, the 
phase diagram^ of the magnesium-antimony system shown in Fig. 39. 



Fig. 39. — The magnesium-antimony system. These atoms are completely immiscible 
except for the compound MgsSb 2 . 


The fact that the primary phases are narrow shows that neither atom is 
appreciably soluble in the lattice of the other. The intermediate phases 
occur over narrow regions of composition and for atomic ratios that are 
characteristic of ionic or valence compounds rather than of ideal metal 
alloys; moreover, the structures of these phases are often similar to those 
of ionic crystals. For example, the only intermediate phase in the 
magnesium-antimony system is the compound Mg 8 Sb 2 in which the 
constituents are exhibiting their normal electropositive and electro- 
negative valences. This compound exists in two phases, both of which 
have the structures of rare earth metal oxides. 

We may conclude from evidence such as this that these alloys form 
part of a bridge between ideal metals and ionic crystals. 


^ See footnote 1, p. 30. 
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It should be added that arsenic and antimony are completely miscible 
in one another, a fact showing that they do not form ionic-like lattices 
unless they are combined with strongly electropositive elements. 

d. Ryles for Combination of Transition Metals . — When transition 
metals combine with simpler metals, they obey fairly closely the three 



Fio. 40. — The iron-cobalt phase diagram. The a and 6 iron phases are body-centered cubic, 
wh^as the y phase is face-centered. The e phase is hexagonal close-packed. 


rules that were presented in part h. In applying the rules, however, it 
is necessary to treat transition metals as though their valences were 
practically zero. For example. Table IX contains several alloys that 
have structures compatible with Hume-Rothery^s electron-atom ratio 
rule (2 of part h) if this assumption is made. 

Transition elements in the same row of the periodic chart have almost 
identical ra(hi and combine over wide ranges of composition. Figure 40 
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shows the phase diagram of the iron-cobalt system which is a typical 
example. 

Transition metals form an interesting sequence of interstitial alloys 
that has been studied extensively by Hagg.^ He has found that the 
“metalloid” atoms hydrogen, nitrogen, carbon, and boron enter into the 
interstices of transition metals forming alloys of composition M 4 X, M 2 X, 
MX, and MX 2 , where M is the metal atom and X is the metalloid, if 
the ratio of the radius of the metalloid atom to that of the metal is less 
than 0.59. This family of alloys usually forms lattices in which the 
metal atoms are arranged in cubic or hexagonal close-packed struc- 
tures, although there are a few notable exceptions, such as tungsten 
carbide, WC, in which the tungsten atoms possess a simple hexagonal 



■ 

1 


1 




Cu:0 2n:# 



Disordered Phase 

(b) 


Ordered Phase 

(a) 

Fig. 41. — The ordered and disordered phases of |3 brcuss. 


arrangement. The iron-carbon system lies just outside the domain of 
applicability of Haggis rules, for the radius ratio is about 0.63 in this 
case; however, the iron-nitrogen system is a typical one for which they 
are valid. The nontransition metals do not usually form genuinely 
metallic interstitial alloys when combined with the metalloid atoms, but 
rather tend to form more nearly ionic crystals, such as calcium carbide, 
presumably because they are more electropositive than the transition 
metals. 

e. Ordered and Disordered Phases . — In an ideal substitutional alloy, 
different kinds of atom occupy a given set of lattice positions at random. 
Many alloys in which the atoms have this property at high temperatures 
change as the temperature is lowered. Consider, for example, the case 
of jS brass, 2 which has the composition CuZn and the structure shown in 
Fig. 416. At high temperatures, each site is occupied with equal prob- 


1 G. HiGG, Z. phya. Chem. S, 6, 221 (1929); 7, 339 (1930); 8, 455 (1930). 

* The poBsibility of order and disorder was first suggested by G. Tammann, Z. anorg. 
Chem., 107, 1 (1919). The structures of ordered and disordered $ brass were first 
established by X-ray methods by F, W, Jones and C. Sykes, Proc, Roy. Soc., 161, 440 
(1937). 
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ability by either type of atom. Below 480°C, however, the copper 
atoms prefer^ body-centered positions and the zinc atoms prefer cube 
corners. These preferences increase as the temperature is lowered, and 
the structure becomes that of Fig. 41a at very low temperatures. The 
ordering process takes place continuously with decreasing temperature 
in this case and is completely reversible if the system is maintained at 
equilibrium. If we let pcu designate the probability that a body-centered 
position may be occupied by a copper atom and pzn the probability that 
it may be occupied by a zinc atom, we may conveniently define an 

order parameter S by the equation 



T°C- 

Fig. 42. — Order versus temperature 
for brass (schematic). 


O = Pcu — pZn. 

This parameter varies from 0 to 1 as the 
lattice passes from the relatively dis- 
ordered high-temperature phase to the 
ordered structure. Figure 42 shows 
schematically the way in which S depends 
upon temperature in jS brass. This curve 
resembles closely the curve that shows 
the dependence of saturation magnetiza- 
tion of ferromagnetic materials upon tem- 
perature {cf. Fig. 27). The analogy with ferromagnetism becomes 
even more striking when one examines the specific heat curve'^ of ^ brass, 
which is shown in Fig. 43. It may be seen that there is a sharp peak, 
similar to the peak that occurs in nickel at the Curie temperature, at the 
temperature where ordering begins. 

All changes between the ordered and disordered phases do not occur 
so gradually as that observed in ^ brass. For example, in the CusAu 
system, a high degree of order occurs abruptly when the alloy is cooled 
below 380°C. This abrupt and reversible change is accompanied by the 
appearance of a latent heat. 

Other substitutional phases that exhibit ordering are shown in 
Fig. 44. 

/. Additional Properties of Svbstitvtional Alloys of Nontransition 
Metals. — ^The thermal, electrical, and magnetic properties of metal alloys 
are, on the whole, much the same as those of monatomic metals. There 
are, however, a few striking differences that make additional discussion 
worth while. In this section, we shall consider alloys of nontransition 
metals. 


1 The body-centered and cube-comer positions are completely interchangeable in 
this case. 

* MoseBi bp. cit. 




determined in a number of cases. Three methods are commonly used: 
(1) comparative measurements of the heat evolved when monatomic 
metals and alloys are dissolved in acids; (2) direct calorimetric measure- 
ments of the heats of reaction of monatomic metals; and (3) measurement 
of emfs of cells in which one of the electrodes is the alloy under investiga- 
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tion. The room-temperature values^ of some results of this work, 
expressed in terms of kilogram calories per gram-atom, appear in Table X. 
The experimental errors are usually of the order of magnitude of 1 kg cal. 

Table X. — Room-tbmpbratuke Values of the Heats or Formation op Alloys 
(In kg cal/gram-atom) 

Cu-Zn System 
/3 brass (unordered) 2 . 2 
y brass 2 . 6 

CuZns 1.8 

Ag-Cd System 
0 phase (unordered) 1.31 
y phase 1 . 42 

AgCd, 1.23 

Au-Zn System 
AugZn 6 . 0 
AuZn 6 . 5 
AuZnt 5 . 6 



Miscellaneous Cases 


MgaSn 

20 

MgLa 

2.9 

CaAlg 

13 

CdSb 

1.8 

CajZng 

8 

AuSba 

1.2 

NaaSn 

7 

ThBi 

0.7 

NaHg 

5.4 

HgsTla 

0.06 


Cases Involving Transition Elements 
NigSn 5.8 
NigSna 7.6 
NiSn 7.6 
AlgGo) 12 
AlgFe 6.3 

The nearly ideal substitutional alloys, like the Cu-Zn and Ag-Cd 
systems, are not bound so tightly as compounds such as Mg 2 Sn that 
evidently are transition cases. On the whole, however, it does not seem 
to be possible to draw any striking conclusions from this table. 

The specific heats of nontransition metal alloys usually resemble 
those of monatomic metals in approaching zero at 0®K, in obeying 
Dulong and Petit^s law at high temperature, and in increasing mono- 
tonically in the intervening region. The exceptions are those phases 
which undergo allotropic changes or which become ordered as described 
in part e. In the first case, there is a discontinuity in the specific heat 
curve and a latent heat, just as for any allotropic change. The behavior 
of the specific heat during ordering was discussed in part e. 

Early investigation of the specific heats of alloys led to the formula- 
tion of the Kopp-Neumann law, which states that the molecular heat of 
any alloy is equal to the sum of the atomic heats of its constituent 

^ These are taken from the compilation of W. Biltz, Z. MetaUkundet 78 (1037). 
See also W. Seith and 0. Kubaschewski, Z, f, EUUrochem.^ 43, 743 (1937). 
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Table XL — The Molecular Heat of AgiAu 


Tempera- 
ture, ®C 

Observed molar 
heat, cal 

Sum of atomic 
heats, cal 

100 

24.926 

24.942 

200 j 

25.415 

25.475 

300 

26.005 

26.000 

400 ' 

26.599 

26.513 

500 

27.195 

27.012 

600 

27.789 

27 500 

700 

28.384 

27.979 

800 

28.937 

28.463 


monatomic metals. More modern work has shown that this law is never 
precisely correct, although it is often correct to within 10 per cent. Table 



PiQ. 46. — The resistivity versus temperature curves of a number of copper alloys in the 
range in which the resistivity of copper varies linearly with temperature. It should be 
observed that the resistivities of the alloys are much higher at low temperatures, implying 
very large residual resistivities. The resistivities are expressed in ohms-cm. The numbers 
indicate the atomic per cent of the alloying metal. (After Linde.) 

XI gives a comparison^ of the molecular specific heat of AgsAu and the 
sum of the atomic heats of the constituents over a 700® temperature 

^ J. A. Bottbma and F. M. Jaeger, Proc, Roy. Soc. Amsterdam^ 36, 928 (1932). 
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range. The close agreement in this case is partly a consequence of 
Dulong and Petit’s law, since both the pure metals and the alloy obey it 
closely. It is evident that the Kopp-Neumann rule will fail badly in 
any temperature range in which the alloy becomes ordered. 



0 10 20 30 4 0 50 60 70 80 90 100 

Au Atom Per Cent Ag Ag 


Fig. 46. — The resistivity of the silver-gold system at room temperature. 

2. Electrical resistivity of alloys , — One of the most striking character- 
istics of the temperature-resistance curves of alloys is the fact that they 
do not extrapolate to zero at absolute zero so closely as those of mona- 
tomic metals do. In other words, their residual resistance usually is 



Fig. 47. — The room-temperature resistivity of quenched and annealed specimens of 
copper-gold alloys. The quenched .specimens, which are not ordered, have the typical 
resistivity versus composition curve of perfect solid solutions. The annealed alloys show 
resistance minima at the compositions at which ordering occurs. 


very large. This fact is shown by the curves^ of Fig. 45 which are 
temperature-resistance plots for a number of copper alloys. One of the 


J. 0. Lindb, Ann. Phyaik, 16, 219 (1932). 
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natural consequences of this large residual resistance is the fact that the 
low-temperature resistance of dilute primary solid solutions rises with 
increasing concentration of the solute. This behavior^ is shown in 



Fig. 48. — The temperature-resistivity curve of brass during the ordering transition. The 
residual resistivity of the ordered alloy is much lower than that of the disordered phase. 


Fig. 46 by the curve of resistance versus concentration for the Au-Ag 
system. 

The resistance of an ordered phase invariably is lower than that of the 
disordered one, and there usually is a sharp kink in the curve of resistivity 



Fig. 49. — The increase in resistivity of copper and silver alloys per atom per cent of 
solute. The abscissa is the number of valence electrons of the solute atom relative to the 
closed d shell. 


versus temperature at the temperature where ordering begins. These 
facts are illustrated^ in Figs. 47 and 48, which show the dependence of 

^ See, for example, the references in Landolt-Bomstein. 

’C. H. Johansson and J. 0. Linde, Ann. Physik, 6 , 762 (1930); 26 , 1 (1936). 
G. Borblius, Proc. Phys. Soc. (Sup.), 49 , 77 (1937). 
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resistivity on composition and on temperature for some alloys that 
were well enough annealed to allow ordering to take place. 

Different atoms, dissolved in a given solvent metal, affect the resistiv- 
ity in different ways. If, for example, one plots the increase in resistance 
per atom percentage of solute for different copper and silver solutions, one 
obtains the curves^ of Fig. 49, which show that the resistance increases 
with the difference in valence of the solvent and solute atoms. 



Fig. 50. — The dependence of magnetic susceptibility upon composition in the copper-gold 
system. {After Shimizu.) 

3. Magnetic suaceptihilities . — The specific magnetic susceptibilities of 
alloys of the nontransition metals are of the order of magnitude of 10”®, 
just as are those of pure nontransition metals. If the constituents are 
soluble in all proportions and if the alloys do not form ordered phases, 
the variation of susceptibility with composition usually is uniform. 
Examples^ of such cases are shown in Figs. 50 and 51. In other cases, 
particular phases have their own magnetic properties which may be 



Fig. 61. — The dependence of the magnetic susceptibility upon composition in the antimony- 
bismuth system. {After Shimizu.) 

conaderably different from those of the pure metal. Thus, the y brass 
type of phase usually is strongly diamagnetic, whereas the P brass type is 
usually normal. The susceptibility of the brass system* is shown in 
Fig. 62. 

‘ See footnote 1, p. 40. 

* y. Shxmustj, Science Repte. Imp. Tdhoku Univ., 21, 826 (1932). 

* H. Kndo, Science Repte. Imp. Tdhoku Unvo.^ 14, 470 (1925). 
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g. Additional Properties of TransiUonrmetal Alloys. 1. Thermal 
properties. — The heats of formation of only a few alloys that contain 
transition metals have been measured. Several of these values are 
contained in Table X. Generally speaking, they are of the same order 
of magnitude as those of phases of nontransition metals. 

The specific heats of the transition-metal alloys generally show the 
same types of behavior as the specific heats of monatomic transition 
metals. Thus, they do not obey Dulong and Petit’s law at high tem- 
peratures, if they are strongly paramagnetic or ferromagnetic; and if 
ferromagnetic, they exhibit ‘‘anomalous” peaks near the Curie point. 
There is a close correlation between the height of such peaks and the 
saturation moment of the ferromagnetic substance. For example, the 
addition of copper to nickel quenches the magnetization of the latter. 



and Fig. 53 shows ^ that the peak in the specific-heat curve disappears 
as the percentage of copper increases. Similar behavior has been 
observed in the chromium-nickel system. 

2. Electrical conductivity. — The effect of temperature upon the elec- 
trical conductivity of alloys that contain transition metals has not been 
investigated so widely as has that upon the electrical conductivity of 
simpler alloys. The general facts, however, probably are about the 
same,® In disordered alloys, for example, there is a large residual 
resistance that decreases with increasing order. Typical composition- 

^ K. E. Gbbw, Proc. Roy. Soc., 146 , 509 (1934). 

* The resistance of several transition-metal alloys, such as constantan (Cu60 Ni40) 
and manganin (Cu84 Mnl2 Ni4), are nearly temperature-independent over a tem- 
perature range of several hundred degrees. 
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resistance curves are enough like those of nontransition cases to require 
no additional comment. 

3. Magnetic properties . — The magnetic properties of this group of 
alloys form a large and interesting body of material which we have only 
limited space to discuss. Most of the alloys are paramagnetic and have 



Fig. 63. — The quenching of the magnetic specific heat of nickel by addition of copper. 

{After Grew.) 


























ai-A 

yzn 














N 














X:_ 






N 


Nv Atom Per Cent 

Fio. 64. — The quenching of the magnetization of nickel by the addition of simple 
metals. R is the ratio of the saturation magnetization at a given composition to that of 
pure nickel. {After Sadron.) 


susceptibilities that decrease with increasing temperature, just as do 
the susceptibilities of monatomic transition metals. The alloys that 
contain one of the ferromagnetic metals, however, are ferromagnetic, at 
least for large concentrations of the ferromagnetic metal. This ferr^ 
magnetism usually decreases with increasing dilution of the ferromagnetic 
constituent if the other constituent is not ferromagnetic. For example,^ 


1 C. Sadron, Ann. Physik, 17, 371 (1932). 
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Fig. 54 shows the decrease in the saturation magnetization of a number 
of nickel alloys as their composition is varied. These curves show the 
customary behavior, namely, the magnetization decreases uniformly as 
the concentration of solute is in- 
creased. The manganese-nickel 
system is an exception to this 
rule, for the magnetization passes 
through two peaks when manga- 
nese is added to nickel in gradually 
increasing amounts^ (c/. Fig. 55). 

The alloys of ferromagnetic 
elements are all ferromagnetic. 

Figure 56 shows the behavior^ of 
the saturation moment and the 
Curie point in the iron-cobalt 
system. 

The alloys of copper and man- 
ganese® have the susceptibility 
curves shown in Fig. 57 at room 
and liquid-air temperatures. The susceptibility of the phase that con- 
tains about 23 per cent of manganese is very high, indicating a strong 



20 30 

Atom Per Cent Mn 
Fig. 55. — Dependence of the saturation 
magnetization of nickel-manganese alloys 
upon composition. {After Kaya and 
Kusamann.) 



Fia. 66. — The saturation moment and the Curie temperature in the iron-cobalt system. 

tendency toward ferromagnetism. By adding aluminum or tin to this 
system, one obtains the Heusler alloys, of which some, such as the phase^ 
of composition Cu 2 AlMn, are ferromagnetic. Ferromagnetic alloys also 

^ S. Kata and A. Kussmann, Z. Physik, 72, 293 (1931). 

* Magnetization; A. Kussmann, B. Scharnow, and A. ScmcrLZB, Z. tech. Physik. 
13, 449 (1932); P. Weiss and R. Forrer, CompL rend., 189, 663 (1929). 

® S. Valentiner and G. Becker, Z. Physik^ 80, 735 (1933). 

‘ F. Heusler, Verb. deut. physik. Qes., S, 219 (1903). 
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occur in the chromium-tellurium, manganese-arsenic, and platinum- 
chromium systems. 

4. Ionic Crystals. — The salts produced by combining highly electro- 
positive metals and highly electronegative elements such as the halogens, 
oxygen, and sulfur are the ideal ionic crystals. Other, more complex 
salts, such as metal carbonates and nitrates and ammonium halides, also 

We shall be interested principally 
in the diatomic types, however, 
since they are the easiest to handle 
theoretically. 

Ionic crystals closely obey the 
ordinary rules of classical valency; 
in fact, most valence numbers are 
derived from investigations of the 
combining ratios of atoms in ionic 
compounds. 

a. Cohesion . — The heats of for- 
mation' of a number of diatomic 
ionic crystals are given in Table 
XII. The standard state to which 
these values are referred is that of 
the monatomic gases of the con- 
stituents. It is noteworthy that the cohesive energy generally is larger 
for components containing atoms of higher valency than for compounds 
containing atoms of lower valoncy. 

In many instances, it is convenient to refer the cohesive energies to a 
standard state of free ions rather than of free atoms. Thus, we shall have 
occasion to use the energy required to sublime sodium chloride into free 
Na"^ and Cl~ ions. These energies may be obtained from those of 
Table XII by adding the energy required to transfer valence electrons 
from the metal atoms to the electronegative atoms. In compounds of 
formula MX, this additional term obviously is a multiple of the difference 
between the ionization energy of the metal atoms and the electron affinity 
of the electronegative atoms. The first of these quantities has been 
determined very accurately, by spectroscopic means, for practically all 
metals. The second, however, has been measured only for the halogens. 
The most direct method of determining electron affinities has been devel- 
oped by Mayer* and is based upon measurement of the equilibrium 

^ Bichowbkt and Rossini, op. cU. 

*3. E. Matbr, Z. Phyaik, 61, 798 (1930). L. Hblhholz and J. E. Mater, 
Jour. Chem. Phys., 8, 245 (1934). P. P. Sutton and J. E. Mater, Jour. Chem. 
Phya., a, 146 (1934); 8, 20 (1936). 


may be classified as ionic crystals. 
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Fig. 67. — The magnetic susceptibility of 
the copper-manganese system. The ab- 
scissa is the atom per cent of manganese. 
(After Valentiner and Becker.) 
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density of atomic ions in heated alkali halide vapor. From this quantity, 
it is possible to determine the heat of the reaction 

MX (molecule) ^ M+ (atom) -f X“ (atom) 

where M is the metal atom and X is the halogen atom. By subtracting 
from this the heat of the reaction 

MX (molecule) M (atom) -f X (atom) 

and the ionization energy of the metal atom, one obtains the energy of 
the process 


Electron + X X“. 

Table XII. — Cohesive Energies of Ionic Crystals Relative to the Monatomic 
Gases op the Constituents 
(In kg cal/mol at room temperature) 

Alkali Hydrides 
LiH 112.5 
NaH 91.8 
KH 81.7 
RbH 82.8 
CsH 82.7 
Alkali Halides 


LiF 

216.4 

LiCl 

162.6 

NaF 

193.7 

NaCl 

153.1 

KF 

186.1 

KCl 

153.1 

RbF 

183.9 

RbCl 

152.9 

CsF 

182.2 

CsCl 

154.0 

LiBr 

149.7 

lil 

129.7 

NaBr 

139.5 

Nal . 

120.8 

KBr 

140.8 

KI 

124.3 

RbBr 

141.6 

Rbl 

125.5 

CsBr 

143.4 

Csl 

128.3 


Other Monovalent Metal Halides 




CuCl 

144.4 



Cuds 

192.4 

AgF 

148.5 

AgCl 

127.2 



AuCl 

129.2 



TlCl 

117.5 

CuBr 

134.8 

Cul 

124.6 

CuBr2 

169.0 

Cul, 

137.2 

AgBr 

118.7 

Agl 

108.5 

AuBr 

122.3 

Aul 

117.4 


Alkaline Earth Halides 




BeClj 

245.4 

MgFj 

363.7 

MgCl, 

247.4 

CaFa 

401.6 

CaClj 

29^.2 

SrF, 

399.6 

SrCl* 

302.7 

BaF, 

400.5 

BaCl, 

812.1 
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Table XII. — Cohesive Energies or Ionic Crystals Relative to the Monatomic 
Gases of the Constituents. — (Continued) 


BeBr2 

208.2 

Bela 

165.6 

MgBrs 

214.0 

Mgla 

174.3 

CaBr2 

263.8 

Cal 2 

227.5 

SrBr2 

271.8 

Srl2 

234.3 

BaBr2 

283.2 

Baig 

244.8 


Other Divalent Metal Halides 


ZnCl 2 

184.8 

ZnBra 

159.6 

CdCl2 

177.6 

CdBra 

156.4 

HgCl2 

125.8 

HgBra 

109.1 

PbCla 

191.0 

PbBra 

167.6 

Znia 

128.4 



Cdia 

126.4 



Hgl2 

91.1 



Pbl2 

140.5 




Miscellaneous Cases 


AlFg 

510 

AlCl, 

308 

SbFs 

352 

TlCls 

209 



SbCh 

218 



SbCU 

292 



SnClg 

217 



FeCla 

234 



FeCU 

277 

AlBr, 

262 

All* 

209 

SbBr, 

180 

9 
1— 1 

140 

SnBr2 

193 

Snia 

168 

Alkali Metal Oxides, Sulfides, and Selenides 

LigO 

279 

NaaS 

208 

Na20 

210 

KaS 

227 

KaO 

185 

RbaS 

192 

CsaO 

179 

CsaS 

191 

LiaSe 

224 



NaaSe 

172 



KaSe 

175 

Other Cases 


BeO 

269 



MgO 

242 

MgS 

186 

CaO 

258 

CaS 

228 

SrO 

247 

SrS 

226 

BaO 

241 

BaS 

226 

AlaO, 

667 

AlaS, 

449 

TiOa 

436 



CaSe 

191 



SrSe 

191 



BaSe 

191 
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Another scheme of the same type, also devised by Mayer, involves the 
use of halogen vapor instead of alkali halide vapor. Table XIII con- 
tains some values of the electron affinities of the halogens that were 
determined by Mayer, Helmholz, and Sutton, using these methods. 

Table XIII. — Electron Affinity op Halogen Atoms as Determined Directly 
BY Mayer's Methods 
(In kg cal/mol) 

Cl 88.3 
Br 84.2 
I 72.4 


The electron affinities of the doubly charged negative ions 0 — , S“, 
and Se~“, etc. probably are negative; hence, these ions are unstable, and 
therefore their affinities cannot be determined by direct methods. 



Fig. 68. — The sodium chloride Fig. 69. — The cesium chlo- 

lattice. ride lattice. 


h. Crystal Structure , — Ideal ionic compounds usually crystallize in 
one of several simple structures.^ The sodium chloride structure of 
Fig. 58 is characteristic of all the alkali halides^ except the low-temperature 
modifications of cesium chloride, bromide, and iodide, which have the 
simple cubic structure of Fig. 59. Many divalent metal oxides, sulfides, 
selenides, and tellurides also have the sodium chloride lattice, although 
many others crystallize in the zincblende and wurtzite structures of 
Figs. 60 and 61. On the whole, it may be said that all four of these 
structures are characteristic of ionic crystals in which the, constituent 
atoms have equal positive and negative valences. An interesting feature 
of these lattices is that they remain the same when metal and electro- 
negative atoms are interchanged. 

The fluorite lattice of Fig. 62 is typical of ionic compounds that have 
the formula M 2 X or MX 2 . This structure occurs among the alkaline 
earth halides such as calcium fluoride and barium fluoride and among the 

^ See Strukturherichie. 

* Many of the alkali halides possess the cesium chloride structure at high pres- 
sures. See R. B. Jacobs, Phys. Rev.^ 64 , 468 (1938). 


50 


THE MODEHN THEORY OF SOLIDS 


[Chap. I 


alkali metal oxides and sulfides such as lithium oxide and sulfide. Many 
other compounds that have these formulae possess structures in wtdch 
the chemical molecule shows a tendency to form an ^4sland ” in the lattice. 
This is evident, for example, in the rutile or titanium oxide lattice of 
Fig. 63 which may be regarded as being built of a body-centered arrange- 
ment of Ti02 molecules. Since this behavior is typical of molecular 
crystals, it may be said that ionic crystals such as titanium oxide are 
mild transition cases between ionic and molecular types. Another 



Fig. 60 . — The aincblende Fio. 61 . — The wurtzite lattice, 

lattice. 



simple lattice that shows the same behavior is the pyrites or FeS 2 struc- 
ture of Fig. 64. This is equivalent to a face-centered cubic arrangement 
of FeS 2 molecules. Carbon dioxide, which is a typical molecular com- 
pound, has a similar lattice. 

The of-corundum structure of Fig. 65 is formed by several ionic 
compounds that have the form A 2 B 8 , such as AUOb and FcbOs. 

The structures of a number of ionic crystals are listed in Table XIV. 
This collection^ also contains a few substances such as AIN and GaP, 


^ See StrMurheriohU* 
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wrhich are transition cases but which are of interest because they have 
typical ionic structures. Several ammonium salts also have been 
included in order to show that a radical may play the same role as an 
atomic ion. 



• Fe Os 

Fia. 64. — The pyrites lat- 
tice. Both ferric sulfide and 
carbon dioxide possess this 
structure. 



Fig. 65. — The a-corundum lattice. 


The interatomic distances d of the alkali halides, show a regularity, 
namely, that the differences between the d values of NaF and KF, 
NaCl and KCl, NaBr and KBr, and Nal and KI are equal to within a 
few hundredths of an angstrom unit: 


NaF-KF 

NaCl-KCl 

NaBr-KBr 

Nal-KI 

0.36 A 

0.33 A 

0.31 A 

0.30 A 


The same type of relationship is valid for the differences between the d 
values of the halides of other pairs of alkali metals and the d values of 
the alkali metal salts of pairs of halogens. It follows from this rule 
that we may associate with each ion a- definite radius, the interatomic 
distance of each substance being given closely by the sum of the radii 
of the constituent ions. Thus, the crystals behave as though they were 
composed of rigid spherical ions that are in contact with one another. 
It obviously is not possible to determine the absolute values of the ionic 
radii from the d values alone, although it is possible to determine the 
differences of all the alkali metal ion radii and all the halogen-ion 
radii. Thus, it is necessary to know the absolute value of only one radius 
in order to determine all radii. 

This additivity principle also is roughly valid for many other classes 
of ionic crystal, such as the copper and silver halides and the alkaline 
earth oxides, sulfides, and selenides. 
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Tablb XIV. — Some Crystal Constants of Ionic Solids 
Monovalent Metal Halides 
(See Table II, for notation) 

The alkali metal hydrides probably have the NaCl type of lattice. 



Type 

Parameters, A 

a 

c 

d 

LiF 

f.c.c. 

4.02 


2.01 

NaF 

f.c.c. 

4.62 


2.31 

KF 

f.c.c. 

5.33 


2.67 

RbF 

f.c.c. 

5.63 


2.82 

CsF 

f.c.c. 

6.01 


3.00 

LiCl 

f.c.c. 

5.14 


2.57 

NaCl 

f.c.c. 

5.63 


2.81 

KCl 

f.c.c. 

6.28 


3.14 

RbCl 

f.c.c. 

6.54 


3.27 

CsCl 

f.c.c. 



CsCl 

s.c. 

4.11 


3.56 

LiBr 

f.c.c. 

5.49 


2.75 

NaBr 

f.c.c. 

5.96 



2.98 

KBr 

f.c.c. 

6.58 


3.29 

RbBr 

f.c.c. 

6.85 


3.43 

CsBr 

s.c. 

4.29 


3.71 

Lil 

f.c.c. 

6.00 


3.00 

Nal 

f.c.c. 

6.46 


3.23 

KI 

f.c.c. 

7.05 


3.53 

Rbl 

f.c.c. 

7.33 


3.66 

Csl 

s.c. 

4.56 


3.95 

AgF 

f.c.c. 

4.92 


2.46 

CuCl 

Zincblende 

5.41 


2.34 

AgCl 

f.c.c. 

5.54 


2.77 

CuBr 

Zincblende 

5.68 


2.46 

AgBr 

f.c.c. 

5.76 


2.88 

Cul 

Zincblende 

6.05 


2.62 

a Agl 

Wurtzite 

4.59 

7.63 


^ Agl 

Zincblende 

6.49 


2.81 

Tia 

s.c. 

3.84 


3.33 

TlBr 

s.c. 

3.97 


3.44 

TII 

s.c. 

4.18 


3.62 
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Table XIV. — Some Crystal Constants op Ionic Solids.— (CorUtnued) 
Alkaline Earth Halides 


(Many of these have complex structures which we shall not discuss. The follow- 
ing are a few simple cases.) 



Type 

Parameters, A 

a 

c 

d 

MgF2 

Rutile (see Fig. 63) 

4.64 

3.06 

2.05 

CaFa 

Fluorite 

5.45 


2.36 

BaF2 

Fluorite 

6.19 


2.68 

ZnF2 

Rutile 

4 72 

3.14 

2.10 

CdFj 

Fluorite 

5.40 


2.34 


Alkali Metal Oxides, Sulfides, and Selenides 


lji20 

Fluorite 

4.61 


2.00 

Li2S 

Fluorite 

5.70 


2.47 

Na2S 

Fluorite 

6.53 


2.83 


Monovalent Metal Oxides, Sulfides, Selenides 


CUgO 

Complex cubic lattice 

2.46 


1.84 

CU 2 S 

Fluorite 

5 59 


2.42 

CuaSe 

Fluorite 

5 75 


2.49 

Ag20 

Same as CU 2 O 

4.70 


2.05 


Bivalent Metal Oxides, Sulfides, Selenides 


BeO 

Wurtzite 

2.69 

4.37 

1.64 

MgO 

f.c.c. 

4.21 


2.10 

CaO 

f.c.c. 

4.80 


2.40 

SrO 

f.c.c. 

5.15 


2.58 

BaO 

f.c.c. 

5.53 


2.77 

ZnO 

Wurtzite 

3.24 

5.18 

1.94 

CdO 

f.c.c. 

4.70 


2.36 

BeS 

Zincblende 

4.86 


2.10 

MgS 

f.c.c. 

5.19 


2.60 

CaS 

f.c.c. 

5.68 


2.84 

SrS 

f.c.c. 

6.01 


3.01 

BaS 

f.c.c. 

6.37 


3.19 

a ZnS . 

Zincblende 

5.42 


2.35 

/3 ZnS 

Wurtzite 

3.84 

6.28 

2.36 

a CdS 

Zincblende 

5.82 


2.62 

/3 CdS 

Wurtzite 

4.14 

6.72 

2.62 

HgS 

Zincblende 

5.84 


2.53 

BeSe 

Zincblende 

5.13 


2.18 

MgSe 

f.c.c. 

5.45 


2.73 

CaSe 

f.c.c. 

6.91 


2.96 

SrSe 

f.c.c. 

6.24 


3.12 

BaSe 

f.c.c. 

6.69 


3.30 
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Table XIV. — Some Crystal Constants op Ionic Solids. — {Ccmtinued) 



rr. i 

Type 

Parameters, A 

a 

c 

d 

' Bivalent Metal Oxides j SulfideSy Selenides 


ZnSe 

Zincblende 

5.66 


2.45 

GdSe 

Zincblende 

6.05 


2.62 

HgSe 

Zincblende 

6.07 


2.63 

MgTe 

Wurtzite 

4.52 

7.33 

2.75 

CaTe 

f.c.c. 

5.91 


2.96 

SrTe 

f.c.c. 

6.55 


3.33 

BaTe 

f.c.c. 

6.99 


3.50 

ZnTe 

Zincblende 

6.09 


2.64 

CdTe 

Zincblende 

6.46 


2.79 

HgTe 

Zincblende 

6.44 


2.80 


Oxides of Trivalent Metals 

a AlaOs, FeaOa, a GaaOs form crystals with the corundum structure of Fig. 66. 
Miscellaneous Other Cases 

Face-centered Cubic Type Simple Cubic Type 




Zincblende Type 



a 

d 

AlP 

5.46 

2.36 

GaP 

5.44 

1 

2.36 


Wurtzite Type 



a 

c 

d 

NH4F 


7.02 

2.63 

AIN 



1.87 
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c. Conductivity . — ^The halides and oxides of the simpler metals 
generally have an electrolytic conductivity that increases with increasing 
temperature. Figure 66 shows the specific conductivity of a number of 
very pure alkali halide crystals as determined by Lehfeldt.^ The scale 


of abscissae is adjusted in order to 
be proportional to 1/T, and the 
scale of ordinates is logarithmic. 
It may be observed that the low- 
temperature portions of the con- 
ductivity curves depend upon the 
history of the specimen, whereas 
the high-temperature portions are 
reproducible straight lines in this 
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Similar curves are shown in Fig. 67 for silver and thallium hahdes. 

It has been demonstrated^ fairly conclusively that the conductivity 
of the halides is completely ionic. This fact is by no means obvious 
from the temperature dependence, for the electronic conductivity of 
semi-conductors usually follows the same law. Generally speaking, it 
is possible to establish the existence of ionic conductivity only by per- 
forming a number of indirect experiments, which will be discussed in 
connection with semi-conductors. Oxides, sulfides, and selenides usually 
exhibit some electronic conductivity. 

Table XV gives the fractions n+ and n_ of the current carried, respec- 
tively, by positive and negative ions in a number of halide crystals. 
These fractions are called the transport numbers of the corresponding 
ions. 


Table XV. — ^The Transport Numbers of Ionic Solids at Different 
Temperatures 


Compound 

Temperature, “C 

n+ 

n_ 

NaF 

500 

1.000 

0.000 


550 

0.996 

0.004 


600 

0.916 

0.084 


625 

0.861 

0.139 

NaCl 

400 

1.000 

0.000 


510 

0.981 

0.019 


600 

0.946 

0.054 


625 

0.929 

0.071 

KCl 

435 

0.956 

0.044 


600 

0.941 

0.059 


650 

0.917 

0.083 


600 

0.884 

0.166 

AgCl 

20-360 

1.00 

0.00 

AgBr 

20-300 

1.00 

0.00 

BaF, 

600 

0.00 

1.00 

BaCla 

400-700 

0.00 

1.00 

BeBr* 

350^60 

0.00 

1.00 

PbF, 

200 

0.00 

1.00 

Pba. 

200-450 

0.00 

1.00 

PbBr, 

260-365 

0.00 

1.00 

Pbit 

265 

0.39 

0.61 


290 

0.67 

0.33 


1 See the survey article by C. Tubandt, Handlmch der ExperimerUal Phyaik, Vol. 
XU, part 1. 
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d. Specific Heats . — The specific-heat curves of the diatomic salts of 
simple metals are normal in the sense that they obey Dulong and Petit’s 
law at high temperatures and decrease monotonically with decreasing 
temperature. Figure 3, Chap, III, shows the atomic-heat curves of 



Fig. 68. — Variation of the characteristic temperature of potassium chloride with tem- 
perature near absolute zero. The characteristic temperature is defined by the T* law in 
eases of this type (see Sec. 19) . (After Keesom and Clark.) 


several alkali halides above 20°K. Keesom and Clark^ have found that 
the specific heat of potassium chloride shows slight deviations from 
Debye’s law at temperatures below 10°K (cf. Fig. 68). We shall 
discuss this effect in Chap. III. 



(After Simon, v. Simeon, and Ruhemann.) 


The specific heats of ammonium halides resemble those of the alkali 
halides at very low temperatures, but they have large anomalies in the 
region just below room temperature. Figure 69 gives a comparison of 
the specific-heat curves of ammonium chloride and sodium chloride* 
and shows the high peak that occurs at 250°K in the first case. As we 

^ Keesom and Clark, Phyaica, 2, 698 (1935), 

* F. Simon, 0. v. Simson, and M. Ruhemann, Z, physik. Chem., 129 , 339 (1927), 
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shaU see later, this peak is connected with the reorientation of the NH 4 + 
radical.^ 


14 

12 

10 

6 

Cv 
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A 
2 
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0 50 100 150 200 250 300 

T®K ► 

Fxg. 70. — The specific-heat curves of manganous sulfide, ferrous sulfide, and calcium sulfide. 
The ordinate is cal/deg-mol. {After Anderson.) 



Salts of transition metals usually do not obey Dulong and Petit’s 
law at high temperatures; they show the same type of excess specific 

heat that is observed in metals that have 
unfilled d shells. Figure 70 shows the 
curves^ for manganous sulfide and ferrous 
sulfide and, for comparison, the “normal” 
curve of calcium sulfide. 

Several transition salts are ferromag- 
netic. Consequently, one might expect 
their specific-heat curves to have peaks 
near the ferromagnetic Curie point. Fig- 
ure 71 shows the peak for magnetite,® 
which seems to be the only case that has 
been examined. 

c. Magnetic Properties . — Most ideal 
ionic salts are diamagnetic, the exceptions 
being salts of transition metals, which 
usually are paramagnetic and sometimes are ferromagnetic. 



Fig. 71. — The epeoific-heat 
curve of magnetite, showing the 
peak that occurs at the Curie 
point. The ordinates are 
cal/deg-mol. {After Weiss, Pic- 
card and Carrard.) 


^ As a result of careful thermodynamical work in the vicinity of the transition 
temperature in ammonium chloride, A. Lawson [Phys. Rev.^ 67, 417 (1940)] has shown 
that the anomaly originates in a reorientation of the ammonium radicals rather than 
in onset of free rotation. 

• C. T. Andbrson, Jour. Am. Chem. 5oc., 63, 476 (1931). 

* P, W»i6s, A. Piccard, and A, Carraed, Arch. cd. phys, fwrf., 48 , 113 (1917), 
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The measured molar susceptibilities of a number of halides,^ oxides, 
and sulfides of simple metals are given in Table XVI. The experimental 
values fluctuate from specimen to specimen, as in simple metals; there- 
fore, these values are not accurate to within more than a few per cent. 

It may be verified that the susceptibilities of the alkali halides are 
additive to a comparatively high degree of accuracy. This fact indicates 
that each ion preserves a characteristic diamagnetic susceptibility in each 
compound. However, we cannot determine the absolute susceptibility 
of the ions from these data alone, just as we could not determine their 
ionic radii from crystallographic data alone. 

The susceptibilities of other halides also seem to be additive, although 
the results fluctuate so widely in different experimental results that this 
statement cannot be made with certainty. 

The copper salts furnish an interesting example. The cuprous salts 
invariably are diamagnetic; however, cupric chloride and iodide are 


Table XVI 

Molar Susceptibilities of Salts of Nontransition Elements 
(The unit used is 10® times the cgs unit.) 



F 

Cl 

Br 

I 

Li 


- 25.4 

- 37.3 

~ 55.8 

Na 

-19.6 

- 30.8 

- 43.2 

- 60.3 

K 

-25.7 

- 36.2 

- 49.2 

- 67.2 

Rb 

-31.9 

- 46.4 1 

- 56.7 

- 67.1 

Cs 




- 92.5 

CuX 


- 38.1 


CuX, 


1243. 

629. 


AgX 


- 54.8 

- 48.6 


AuX 


- 67.0 

- 60.8 

- 91.0 

TeX 


- 58.2 



MgX* 


- 49.7 

- 72.2 

-111.4 

CaXs 

-23.4 

- 54.5 



SnX2 1 


- 63.0 

- 85.3 

-131.1 

BaX, 1 

-22.8 

- 74.0 

-103.6 

-160 

ZnXj 


- 58.2 


-112.7 

CdXj 




-134.1 

i 

HgX, 


- 80.9 


SnX4 


- 114.1 

1 




^ See, for example, the compilations in Landolt-Bomstein and the International 
Critical Tables. 
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Table XVL—’(Omimued) 

Mol&r Susceptibilities of Transition-metal Salta 
(Room-temperature values) 


FeCh 

• 10* 
1.32 

FeBn 

1.36 

Felj 

1.36 

FeS04 

1.24 

CoClj 

1.22 

CoBr, 

1.27 

Col* 

1.07 

CoSe4 

1.05 

CoO 

10* 

NiCl* 

0.62 

NiBr* 

0.55 

Nil* 

0.38 

NiO 

10^ 

PtCl, 

0.0136 

CeFs 

0.220 

CeCl, 

0.192 

Ce2Ss 

0.492 

SmsSt 

0.322 

Sm2(S04)s 

0.211 


paramagnetic. This fact shows that the cuprous ion is a simple ion, 
whereas cupric ion is similar to the ions of transition metals. 

The molar susceptibilities of a number of transition-metal salts also 
are listed in Table XVI. We shall describe the magnetic properties of 
some of these salts more fully in Chap. XVI. 

The large susceptibilities of cobaltous oxide and nickel oxide suggest 
that these compounds are ferromagnetic. However, there do not seem 
to be any measurements on the magnetization curves of these substances. 
Magnetite, Fe804, and pyrrhotite FeySg, are the only salts that are ferro- 
magnetic at room temperature and that have had their ferromagnetic 
properties measured.^ The specific-heat curve of magnetite is shown in 
Fig. 71. 

6. Valence Crystals. General Description. — Ideal valence crystals 
are monatomic nonconducting substances that have high cohesive ener- 
gies and great hardness. Diamond is the prototype of this class, just 
as the alkali halides are the prototypes of ionic crystals. A characteristic 
of the diamond structure, which is shown in Fig. 4, is that the number of 

^ P. Weiss, Jour. dePhys., 6, 661 (1907). M, Ziegler, Thesis (Zurich, 1916). See 
also D. R. Inolis, Phys. Rev., 46, 119 (1934). 
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nearest neighbors of each atom, namely, four, is equal to the ordinary 
valence of carbon. Table XVII contains some data^ for diamond and 
other valence crystals. Boron is possibly another ideal valence crystal 
since it is also a very hard insulator; however, its structure does not seem 
to be known. 


Table XVII.— Some Properties of Solids Having Valence Characteristics 


Substance 

Structure 

Cohesive energy, 
kg cal /mol 

Hard- 

ness 

(rela- 

tive) 

Resistivity, 

ohm-cm 

Mag- 
netic 
suscepti- 
bility 
• 10« 

Diamond . . . 

Fig. 4 
d = 1.54 A 

(170.0 + o)* 

10 

10'^ 

-0.50 

Graphite. . . . 

Fig. 72 
d = 1 42 

(170.49 -ha)* 

0 5 

2 • 10-5 at 0“C 
Decreases with 
decreasing 
temperature 

-3.5 

lioron . 


115 

9 5 

10’8 

-0 7 

Silicon 

Diamond type 
d = 2 35 

85 

7 1 

8 • 10-2 

-0.13 

Germanium . . 

Diamond type 
d = 2.43 

85 


9 • 10-2 

-0 10 

Gray tin 

Silicon carbide 

Diamond type 
d = 2.80 

ZnS type 
d = 1.89, etc. 

78.6 

j 

283 

9 



-0.35 

Silicon dioxide 

See text 

405.7 

7 ' 


-0.45 

Boron nitride. 

Fig. 72 
d = 1.45 




0.0 


* Two different methods of determining the heat of sublimation of graphite lead 
to values that differ by about 50 kg cal /mol. 


Many substances may be classified between the valence type and 
one of the other types. For example, silicon, germanium, and gray tin 
crystallize in the diamond structure although they ordinarily have a 
much higher conductivity than diamond. Silicon and germanium may 
also be classified among semi-conductors, whereas gray tin may be 
classified among metals. Similarly, silicon carbide and silicon dioxide 
have some valence properties, such as great hardness, and some ionic 
characteristics, such as the ability to absorb infrared radiation strongly. 

Silicon carbide crystallizes in several different lattice structures, which 
have in common the property that each atoih is surrounded by four atoms 
of opnosite type that are situated at the corners of a tetrahedron. One 

^ See, for example, the compilatioiis of Landolt-Bomstein and the International 
Critical Tables. 
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form, for example, corresponds to the zincblende structure of Fig. 60. 
Similarly, silicon dioxide has several crystalline forms. In each of these, 
a silicon atom is surrounded tetrahedrally by four oxygen atoms and each 
oxygen atom is joined to two silicon atoms. 

The most stable solid form of carbon probably is graphite, which 
has a layer lattice structure similar to that of boron nitride, shown in 
Fig. 72. This substance is not hard in spite of its high cohesive energy 
(c/. Table XVII), presumably because the planes of carbon atoms slide 
easily over one another. Nevertheless, we shall classify graphite among 
the valence compounds since the forces between carbon atoms in the 
planes of graphite are believed to be similar to the forces between carbon 

atoms in diamond. It may be seen from 
Table XVII, that graphite has a large 
conductivity which increases with decreas- 
ing temperature. Since this conductivity 
is electronic, graphite may also be classified 
among metals. 

Let us consider the following two se- 
quences of compounds: 

LiF NaF 
BeO MgO 
BN AIN. 

In each of these sequences the valences of 
the electropositive and electronegative 
elements increase by unity as we move down a given column. The 
top members are ideal ionic compounds. The second members 
exhibit ionic conductivity and crystallize in typical ionic structure but 
are very hard. Boron nitride has the structure shown in Fig. 72, 
which is similar to that of graphite, whereas aluminum nitride has the 
wurtzite structure, which is similar to that of diamond. Evidently the 
properties of a compound of light elements become more nearly like 
those of typical valence crystals the nearer the center of the periodic 
chart its constituents lie. This general rule is obeyed by many com- 
pounds of the lighter elements, the principal exceptions being molecular 
compounds. 

In this connection, it may be recalled that the metals arsenic, anti- 
mony, and bismuth crystallize in a layer lattice structure in which the 
number of nearest neighbors of a given atom is equal to the electro- 
negative valency of these elements. This behavior, being analogous to 
that of ideal valence crystals, indicates that these substances should be 
classified between the metallic and the valence types. 

6. Semi-conductors, o. General Properties . — A number of solids 
have a small electronic conductivity that is negligible at very low tem- 



• B ON 

Fig. 72. — The lattice of boron 
nitride. 
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peratures and increases with increasing temperature. The experi- 
ments that distinguish this conductivity from ionic conductivity will be 
described in the next section. The electrical properties of these semi- 
conductors are so unique that it is convenient to introduce a separate 
classification for the group, even though it would be possible to place 
them among the other types. It will become apparent that this class 
does not possess the same degree of unity as the other four classes of 
solids. 

Table XVIII contains a list of established semi-conductors and 
several substances that probably are semi-conductors. Most of these 
solids crystallize in the ionic type of structure and were discussed with 
ideal ionic crystals. Carborundum, on the other hand, was previously 
included under valence types. The semi-conducting specimens of most 
monatomic substances, such as silicon and tellurium, are usually impure. 

Table XVIII 
Semi-conductors 
Monatomic Substances 
Si (impure) 

Te 



Halides 

Agl 

Cul 

Oxides 


CuO 

NiO 

CrjO* 

ZnO 

FeO 

Fe202 

BaO 

WO 2 

FCaO* 

CoO 

UO 2 

CU 20 

PbS 

Sulfides and Selenides 

Ag2S 

CdS 

MoSa 


Ag2Se 


Probable Semi-conductors 
SiC (impure) 
AgsTe 


There are two methods of measuring the conductivities of semi- 
conductors. The first of these, which is used more commonly,^ consists 
in placing a single crystal or a pressed powder specimen between two 
metal electrodes and measuring its resistance by some ordinary means 
such as a Wheatstone bridge. This direct method has a number of 
advantages; for example, the specimen may be heated or cooled easily, 
and it may be placed in any kind of atmosphere. Its main disadvantage 
is that contact resistance between the electrodes and the specimen, or 

^ Ttjbandt, op, ait. See also the survey article on semi-conductors by B. Gudden, 
Ergehnisae exakt Natur., IS, 223 (1934). 



64 


THE MODERN THEORY OF SOLIDS 


[Chap. I 


between granules of the powder, may affect the current-resistance curve. 
In some cases, these effects cause an apparent deviation from Ohm’s law; 
in other cases, they simply give rise to a spurious value of the conductiv- 
ity. For these reasons, it is always difficult to be certain that the 
conductivities obtained by the method actually are constants of the 
material under investigation. 

An alternative method has been developed and employed by Gudden^ 
and his coworkers Volkl and Guillery. They mix a quantity of the 
powdered semi-conducting material with a nonconducting dielectric, such 
as a heavy oil, and use the mixture as a dielectric medium in a condenser. 
The electrical conductivity of the semi-conductor is determined from an 



Fig. 73. — The ionic conductivity of silver chloride as determined by several methods. 
The values corresponding to the straight and dashed lines and to the crosses were measured 
by direct means. The values corresponding to the circles and triangles were measured by 
V6lkl using the method described in the text. 

investigation of the effective resistance of the condenser when it is part 
of a resonating high-frequency circuit. This procedure has the advantage 
that it eliminates contact resistance, for the current simply surges back 
and forth within the granules during the experiment. The principal 
disadvantages of the method are: (1) It does not allow a very wide 
choice of conditions under which measurements may be made. (2) It 
does not lead to very accurate results, since the experimental error usually 
is of the order of 10 per cent. 

Results obtained by the two different methods agree in some cases 
and disagree widely in others. Guillery found, for example, that the 
pressed-powder and condenser methods give nearly identical results for 
most oxides, but widely different ones for stannic oxide and silicon carbide. 

Figure 73 shows the conductivity of silver chloride, which is an ionic 
conductor, as determined by a number of workers, ^ using different meth- 
ods (see legend to Fig. 73). In this case, the logarithm of the low- 
temperature conductivity is not linear when plotted as a function of 
l/T (qf. Sec. 4). 

1 A VClkl, Ann. Physik, U, 193 (1932); P. Guillery, iUd., 14, 216 (1932). 

* VClkl, op. cit. 
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Figure 74 shows the temperature dependence of the conductivity of 
cuprous oxide ^ as measured by the direct method. The conductivities 
of a number of semi-conductors give linear plots of this type, a fact 
showing that the conductivity varies with temperature in the manner 

e = Ae 

where E and A are practically constant for a given specimen. Meyer^ 
has shown that A is about 1 ohm~i cm“^ for many semi-conductors, 
whereas E varies considerably for different substances and for different 
specimens of the same substance. For example, values of E between 
0.06 and 0.6 ev have been quoted for cuprous oxide. 



T« C 

Fig. 74. — The resistivity of cuprous oxide as a function of temperature. The ordinates are 
ohm-cm. {After Vogt.) 

h. Methods of Determining the Type of Conductivity. — One or more 
of the following three quantities are commonly measured in trying to 
determine whether or not the conductivity of a substance is electronic : 

1. Transport numbers. 

2. The Hall constant. 

3. The thermoelectric coefficient. 

We shall discuss the guiding principles that are used in each case. 

1. Measurement of transport numbers. — An important characteristic of 
ionic conductiyity is that electrolysis accompanies the flow of current, 
since this electrolysis should be absent in a substance the conductivity 
of which is entirely electronic. There is some electrolysis if the con- 
ductivity is partly ionic and partly electronic, but Faraday's transport 
law should not be valid in this case. Hence, in principle at least, one 
should be able to determine the fraction of electronic current by measur- 

^ W. Vogt, Ann. Physik, 7, 190 (1930). 

* W. Meyer, Thesis (Berlin, 1936); Z, Physik^ 86, 278 (1933). 
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ing the deviation’ from Faraday^s law. Tubandt^ and his coworkers 
have employed this method of determining semi-conductors with a great 
deal of success. Their procedure varies somewhat from case to case, but 
the underlying principles may be understood by considering the following 
hypothetical example. 

Suppose it is suspected that a substance of formula MX, in which M 
is the metallic constituent and X is the electronegative constituent, 
conducts by both positive ions M+ and electrons. In this case, Tubandt 
would place three pressed-powder or crystalline disks of the material in 
series with three disks of a substance MY, which is known to conduct 
only by means of M+ ions, and would place these between two electrodes 

of the metal M (see Fig. 75). The disks 
adjoining the electrodes and the elec- 
trodes are weighed accurately. A cur- 
rent then is sent through the system, and 
the total quantity of electricity that 
passes is measured by means of a cou- 
lometer. If there is any electrolysis, the 
disks in contact with the electrodes usu- 
ally become fastened to the electrodes 
during this procedure. The electrodes 
and the disks attached to them arc 
weighed together in order to determine the amount of material lost by the 
anode and gained by the cathode. The positive-ion transport number 
may then be computed from all these measured quantities. 

Tubandt uses the known ionic conductor MY in the circuit, partly 
to check the coulometer measurement and partly to make certain that 
negative ions do not leave the disk nearest the cathode. Three disks of 
each substance are employed in order that one disk may be in contact 
only with chemically similar substances. If the experiment is flawless, 
the weight of this disk should not change. A negative transport number 
can be determined in a similar way by placing three disks of a substance 
NX, which conducts only by negative ions X*^, between the anode and 
the three disks of the substance under test. 

In practically all cases, this direct method yields results that agree 
mth those determined by other methods. A set of transport numbers 
that Tubandt and other workers have obtained in this way and that are 
generally accepted at the present time are given in Table XIX. It 
should be noted that several semi-conductors have a small, but finite, 
ionic conductivity. 


Cathode 


Fig. 76. — Arrangement of speci- 
mens and electrodes in measurement 
of transport numbers. In this case 
the specimen MX is a positive-ion 
conductor whose transport number 
is unknown, whereas MY is a 
conductor in which all of the current 
is carried by positive ions. 


^ Sec footnote 1, p. 66. 
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Tubandt^s procedure seems to lead to incorrect results in the case of 
a silver sulfide, which we shall discuss briefly. In this case, Tubandt 
employed the scheme symbolized by Fig. 75, making the disks MX of 
silver sulfide, the disks MY of silver chloride, and the electrodes of silver. 
Since the a phase is stable only above 180°C, the system was maintained 
at an elevated temperature during the experiment. Tubandt found 
that the silver anode lost as much weight as the cathode gained, and he 
concluded that positive ions carry all of the current. This conclusion 
was contradicted by a large amount of subsequent work that indicated 
that the conductivity is mainly electronic. For example, the conductiv- 
ity of silver sulfide at 180°C is about fifty times larger than that of any 


Table XIX. — Transport Numbers op Semi-conductors 
(n* = electronic transport number; n+ = positive-ion transport number) 


Substance 

Temperature, °C 

rit 


PbS 

240 

1.00 


a AgjS 

Above 180 

-0,99 

o 

d 

-/3 Ag2S 

20 

0.015 

0.985 

/3 AgjSe 

20 

-1,00 

<0.01 

/3 AgsTe 

20 

-1.00 

<0.01 

y Cul 

200 

-1 00 

~2.7 10-« 


325 

0.50 

0.50 


400 

0 00 

1.00 

CujO 

800 

-1.00 

-2 • 10“* 


1000 

-1.00 

-5 • 10-* 


ionic conductor, and the Hall coefficient (c/. 2 below) is of the magnitude 
ordinarily associated with electronic conductivity. 

At present, this contradiction is explained^ in the following way. 
It is assumed that most of the conductivity of a silver sulfide is electronic, 
although a very small fraction is ionic. The halogen atoms that are 
released at the boundary between the silver chloride and silver sulfide 
disks by electrolysis of silver chloride reduce some of the sulfide and 
leave an equivalent amount of sulfur. This sulfur in turn reacts with an 
equivalent number of silver atoms that diffuse from the anode through 
the sulfide. This picture has many direct supports. For example, it is 
found that the anode does not lose an equivalent of weight if a very large 
current is passed through the silver sulfide. In this case, the diffusion 
of neutral silver atoms is not rapid enough to change all the liberated 
sulfur to sulfide. 

^ The work on silver sulfide is discussed by 0. Wagner, Z. phyHk. Ckm.^ B, 21, 
42 (1933); 28, 469 (1933), 
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2. Measurement of the Hall constant . — In 1879, Hall^ found that an 
emf may be produced across a strip of metal which is carrying a current 
by placing the strip in a magnetic field. For a cubic crystal, the direc- 
tion and magnitude of the induced electrostatic field are given by the 
vector relationship 

E = jRJ X H. (1) 

Here, E is the electrostatic field vector, J is the current per unit area, H 
is the magnetic field intensity, and R is the Hall constant of the material. 
The effect usually is measured by passing a large current I through a 
thin strip of thickness t that is placed in the magnetic field in such a way 
that H is normal to the surface. In this case, the emf Eh is 


In Sec. 37, we shall discuss a simple theory of the Hall effect in which 
the conductor is treated like a gas of free electrons. The results of this 
theory may be summarized by saying that they relate the Hall constant 
to the number of electrons per unit volume n and the value of the elec- 
tronic charge — e by means of the equation 

R = 

8nec 


in which c is the velocity of light. The sign of the charge on the carriers 
is thus the same as the sign of R. Strangely enough, this sign is positive 
for a number of metals, such as zinc and antimony, although their 
conductivity is undoubtedly electronic. The interpretation of this 
anomaly is one of the striking successes of the zone theory of solids, which 
will be developed in later chapters. In order of magnitude, the mobility^ 
of the current carriers is given by the ratio of the Hall constant to the 
specific resistivity, which, in the vicinity of room temperature, is about 
100 cm^/volt-sec for most metals. These mobilities are about one 
hundred times larger than the mobilities of ions in the best solid ionic 
conductors. Incidentally, the Hall effect in ionic conductors is too small 
to be measured. 


^ E. H. Hall, Am. Jour. Maih.y 2, 287 (1879). A survey of early literature is 
giyea by L. L. Campbell in Oahanomagnetic and Thermomagnetic EffectSf (Longmans, 
Green & Company, New York, 1923). 

* The mobility m of a current-carrying particle in a conductor is defined as the 
velocity with which the particle moves when placed in a unit electrostatic field. Thus, 
the conductivity tr is equal to nen where, as in the equation for the fiaU constant, 
n is the munber of cenducting particles per unit volume and e is their charge. 
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Semi-conductors possess a measurable Hall effect, as Baedeker^ first 
found in 1909, and the mobility of the carriers turns out to be of the same 
magnitude as the mobilities of electrons in metals. At the present 
time, the existence of a measurable Hall effect is accepted as proof that a 
given substance is a semi-conductor. The apparent sign of the charge 
of the current carriers is positive for about as many semi-conductors as 
it is . negative. This anomaly is explained by the modern theory of 
solids in the same way as it is explained for metals. 

The sign of the Hall coefficient apparently changes from positive 
to negative in some specimens of cuprous oxide^ as the temperature is 
raised, being zero at about 500°C. The oxide remains an electronic 
conductor during the transition, however, a fact showing that the 
absence of a Hall effect does not furnish proof that the conductivity is 
ionic. 

3. Measurement of the thermoelectric effect. — A current flows in two 
wires of different metals, which are joined together to form a closed 
circuit, if the two junctions are kept at different temperatures. This 
thermoelectric effect is usually described by giving the emf dE/dT that 
is developed for each degree difference in the temperatures of the junc- 
tions. These thermoelectric coefficients are additive in the sense that the 
value of dE/dT for two metals A and C is equal to the algebraic sum 
of the values for the metals A and B and the metals B and C. Hence, it 
is possible to find the value for any pair of metals if the value of each, 
relative to a standard, is known. 

The thermoelectric effect is observed in semi-conductors but not in 
ionic conductors. For this reason, the effect is used as a test for elec- 
tronic conductivity in the same way that the Hall effect is used. 

c. Factors That Influence the Conductivity. — In addition to tempera- 
ture, there are three factors that strongly influence the conductivity of a 
semi-conductor, namely, its impurity content, the mechanical treatment 
it has received, and the vapor pressures of the gases of its constituent 
atoms that are maintained in the surrounding atmosphere. 

The first two of these influences have not been investigated in a 
systematic way. It is known, however, that different specimens of most 
monatomic semi-conductors, such as silicon, selenium, and tellurium, do 
not have the same conductivity at the same temperature, and it is 
concluded from this fact that impurities play an important role in 
determining the conductivity. Similarly, it is found that the conductiv- 
ity of powders that are prepared from the same material by grinding 
varies with the amount of grinding, and the conclusion is drawn that 

^K. Baedeker, Ann. Physik^ 29, 666 (1909); Physik. Z., 18, 1080 (1912). 

* W. ScHOTTKY and F. Waibel, Physik. Z., 84, 868 (1934). See also Physik. Z., 
86, 912 (1936) for correction in sign. 
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mechanical treatment influences the conductivity. It is possible that 
these phenomena are closely related, that is, that the distribution of 
impurity atoms in the semi-conductor may be partly connected with its 
mechanical history. Problems such as these await further investigation. 

A large amount of work has been done on the effect of vapor pressure 
upon the conductivity. These investigations have thrown a great deal 
of light upon the origin of electronic conductivity in many of those. semi- 
conductors which also may be catalogued under the heading of ionic 
crystals. The classical example of this type of work is Baedeker’s 
experiment^ on cuprous iodide, in which it was found that the conductiv- 

Table XX 

Substances in Which the Conductivity Increases with Increasing Vapor Pressure of the 
Electronegative Atom 
Substance Sign of Hall Coefficient 
Cul + 

CujS 

CujO -|- 

NiO 

UO2 

FeO 

CoO 

Substances in Which the Conductivity Decreases with Increasing Vapor Pressure of the 
Electronegative Atom 
Substance Sign of Hall Coefficient 
Ag2S 
ZnO 
CdO 

Substances in Which the Conductivity Is Practically Unchanged with Increasing Vapor 
Pressure of the Electronegative Atom 
CuO 
C08O4 
FejOi 
FejOa 

ity of this substance increases with increasing iodine vapor pressure. 
The Hall coefficient, which is positive in this case, decreases at the same 
time, a fact indicating that the number of conducting particles increases 
with increasing iodine vapor pressure. Similar work^ has been done 
on the effect of oxygen and sulfur vapor pressure upon the conductivity 
of oxide and sulfide semi-conductors. In some of these cases, the con- 
ductivity increases with increasing pressure of the electronegative 
element, and in others it decreases. Table XX contains a list of sub- 
stances upon which investigations have been made and summarizes 

> Baedeker, op. dt 

* A survey of work prior to 1936 is given by B. Gudden, Ergebnisse exakt. Natur., 
18, 223 (1934). Additional references may be found in Physik. Z., 88, 717 (1936); 
88, 721 (1936). 
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qualitatively the results of this work. Figures 76 and 77 show the 
dependence of conductivity^ upon vapor pressure in the cases of cuprous 
oxide and cadmium oxide. It may be observed that the conductivity 
is proportional to a power of the oxygen pressure in both these cases. 
This type of relationship occurs commonly. It should be mentioned 
that we have chosen some of the *‘best” curves that are available in the 



Fig. 76. — The dependence of the conductivity of cuprous oxide upon oxygen pressure. 
(After Diinwald and Warner.) 


literature and that all experimenters do not agree precisely upon the 
values of the conductivity of a given substance at a given temperature 
and vapor pressure. 

The vapor pressure of the metallic constituent of a semi-conductor 
usually is not varied in these experiments. Hilsch, Pohl,^ and their 
coworkers, however, have placed alkali halide crystals in an atmosphere 
of alkali vapor for a long enough period of time to observe changes in 
conductivity. The crystals become colored and exhibit a feeble electronic 



• Log,oO^ 


Fig. 77. — The dependence of the conductivity of cadmium oxide upon vapor* pressure of 
oxygen. (After Baurnhach and Wagner.) 


conductivity at the end of this treatment. This shows that even the 
most ideal ionic crystals may become semi-conductors under suitable 
conditions. 

It should be added that the ionic conductivity of some semi-conduc- 
tors (c/. Table XIX) seems to vary with the pressure of the electro- 


' H. H. V. Baumbach and C. Waqnbr, Z. physik. Chm., B22, 208 (1933); H. 
DOnwald and C. Waqnbb, iUd,, 22, 214 Jf. (1933). 

* See the survey article by R. Pohl, Proc. Phya. Soc. (Sup.)^ 49, 8 (1937). 
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negative gas in the same way as the electronic conductivity. For 
example, Nagel and Wagner^ have found evidence to support this in the 
case of cuprous oxide. 

Schottky and Wagner have suggested that there is a correlation 
between the conductivity of semi-conductors that are sensitive to vapor 
pressure and the amount by which their composition deviates from ideal 
stoichiometric proportions. On this basis, they have developed a 
theory of semi-conductors that will be presented at appropriate places 
in the following chapters. 

7. Molecular Crystals. — Of all the five solid types, we shall be least 
interested in molecular crystals. Since they are loosely bound aggregates 

of saturated atoms or molecules, 
many of their properties are deter- 
mined primarily by the internal 
molecular structure, rather than by 
the solid binding, and thus they are 
outside the scope of this book. A 
number of substances that form 
molecular crystals are listed in Table 
XXL 2 The prototypes of the class 
are the solids of the gaseous elements 
^1 2 3 4 5 A ® ® organic compounds that have 

Fig. 78.— The iodine lattice. low boiling points and low heats of 

sublimation. Several substances, 
such as sulfur, selenium, tellurium, phosphorus, and iodine, which are 
transition cases between molecular and valence types, are included as 
illustrations. 

The rare gas solids crystallize in the face-centered cubic lattice, as 
may be seen in Table XXL Helium forms a true solid only under a 
pressure of at least 25 atmospheres. The structure of this has not been 
determined. 

Hydrogen, nitrogen, and oxygen have several phases which prob- 
ably correspond to states in which the diatomic molecules have different 
relative orientations. All the high-temperature phases apparently are 
close-packed hexagonal structures of the diatomic molecules. 

The solid phases of hydrochloric and hydrobromic acid are face- 
centered cubic lattices of the diatomic molecules above 98° and 110°K, 
respectively. Below these temperatures the structures are face-centered 
tetragonal. It is believed that the molecules are more randomly oriented 
in the high-temperature forms than in the low-temperature forms. 

* See footnote 2, p. 70. 

* See, for example, the compilations of data by Bichowsky and Rossini, op. ciU, 
and Strukiurherichte. 
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The halogens, chlorine and iodine, have more complex structures in 
which the diatomic molecule behaves as a unit. The lattice of iodine is 
shown in Fig. 78. 

Sulfur forms a lattice in which the units are Sg molecules that have 
the ring structure shown in Fig. 79. The heat of sublimation relative 
to free Sg molecules is about 20 kg cal/mol, a fact indicating that there 
are fairly large intermolecular forces. Selenium, tellurium, and phos- 
phorus do not have typical molecular structures. 

The crystals of organic molecules show a strong tendency to crystal- 
lize in simple structures. For example, carbon dioxide and methane 


Table XXI. — Data for Molecular Crystals 



Heat of sublimation, 
kg cal/mol 

Structure 

He 

0 052 \ 


Ne 

0 52 / 


A 

1 77 > 

f.c.c. 

Kr 

2.67 \ 


X(i 

3.76 / 


H, 

2.44 ) 

There are several phases in each case. Appar- 

O2 

1 74 [ 

ently, the high-temperature phases are close- 

N2 

1.50 ) 

packed hexagonal arrangements of molecules 

HCl 

4.34 ) 

Two phases. The high-temperature phase is f.c.c. 

HBr 

4.79 > 

— the low-temperature, face-centered tetrag- 
onal 

Ch 

6 0 

Similar to Fig. 78 

I 2 

18.9 

See Fig. 78 

Ss 

20 

Lattice of Sg molecules (see Fig. 79) 

Se 

30 { 

Complex structures similar to those of arsenic, 

Te 

25 ) 

antimony, and bismuth 

P 

17.7 

Complex valencelike structure 

NHa 

6.29 

Slightly distorted f.c.c. lattice 

CO 2 

8.24 

Same as pyrites (Fig. 64) 

CH 4 

2.40 

f.c.c. lattice 


form face-centered cubic lattices of the constituent molecules. The 
ammonia lattice is very nearly the same, the difference being that the 
atoms at cube-corner and face-centered positions are slightly displaced 
relative to one another. This tendency toward comparatively simple 
arrangements ej^tends even to very large molecules. 
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Practically all molecular crystals are diamagnetic. This is in accord 
with the fact that the constituent molecules, being saturated, have no 
resultant spin. Oxygen is an exception, since the normal state of the 
molecule is triplet. Solid oxygen is strongly paramagnetic. 

The specific-heat curves of many molecular crystals have large peaks. 

The typical cases of methane^ and hydro- 
chloric^ acid are shown in Figs. 80 and 81. It 
is believed that these peaks are associated with 
changes in degree of molecular orientation. 

8. The Transition between the Solid Types. 
Figure 82 represents an attempt to show the 
interrelation of the solid types. The metals 
are at the left, the two main classifications of 
these being monatomic metals and alloys. 
There is necessarily an abrupt transition be- 
tween these two classes. Valence and ionic 
types stand next to the right and are in one-to- 
one correspondence with the monatomic 
metals and the alloys. The poorly conducting metals, such as bismuth, 
are transition cases between the ideal monatomic metals and the 
monatomic valence crystals diamond and boron. Similarly, alloy 



Fig. 79. — The unit ring 
molecule of sulfur. {After 
Warren.) 




''le 17 18 19 20 21 22 23 24 25 

T*K ► 

Fig. 80. — The specific heat of methane, showing the large peak at 20.4®K. 

are cal/deg-mol. {After Clusiua and Perlick.) 


The ordinates 


systems which have narrow phase boundaries, such as the antimony- 
magnesium system, are transition substances between alloys and 
ionic crystals. In the same way, valence crystals, such as quartz 

* K. Clttsius and A. Pbblick, Z. phynk, Chsm,^ 24 , 313 (1924). 

* A. Euckbn and C. Karwat, Z. phyaik. Chem.^ 112 , 467 (1924). W. P. Giauqub 
and R. Wibbu, J<mr. Am. Chem. Soc., CO, 2193 (1928); Cl, 1441 (1929). 
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and carborundum, that have strong polar characteristics should be 
classed between ideal valence and ionic types. The molecular crystals 
are on the far right. The transition cases between these and valence 
and ionic crystals are substances such as sulfur and titanium oxide 



Fio. 81 . — The specific-heat curve of hydrogen chloride. The ordinates are cal/deg-mol. 
(.After Oiaugue and Wiebe, and Eucken and Karwat.) 


, Bismuth 
I Graphite 
Indium 


M9j Sbj 



Fig. 82, — The interrelation of the solid types. 


or pyrites, respectively, which are bound more tightly than molecular 
crystals but which show molecular coordination between atoms. 

The several different types of semi-conductor cannot be fitted into 
this chart as a unit. Stoichiometrical defect or excess semi-cohductors, 
such as zinc oxide, may be classed as ionic crystals. On the other hand, 
impurity semi-conductors, such as selenium, are transition solids between 
valence and molecular types that contain foreign atoms. 





CHAPTER II 

THE CLASSICAL THEORY OF IONIC CRYSTALS 


9. Introduction. — The foundations of the classical theory of ionic 
crystals were laid about a quarter of a century ago by Madelung^ and 
Born.^ The basic concept of the theory is that the constituents of ionic 
crystals are positively charged metal atom ions and negatively charged 
electronegative atom ions. It is assumed that these ions are spherically 
symmetrical and that they interact with each other according to simple 
central force laws. The main interaction, according to the theory, is 
the ordinary electrostatic, or coulomb, force between the ions, which 
accounts for the large cohesive energies of the crystals. The electro- 
static forces, which tend to contract the dimensions of the crystal, are 
balanced by repulsive forces which, from the classical viewpoint, have 
uncertain origin and which vary much more rapidly with intorionic; 
distance than do the coulomb forces between chargers. Additional iiit(*r- 
actions are considered in the process of refinement and will be discussed 
later. 

The repulsive term usually is chosen as a function of interionic dis- 
tance that contains two adjustable parameters which are usually deter- 
mined empirically by making the expression for the total energy satisfy 
the following two relations: 



Here E is the energy of the crystal, V is its volume, and j8 is its compressi- 
bility.® These equations evidently express the conditions that the 
crystal should be at equilibrium under all forces and that the theoretical 
compressibility should be equal to the observed value. 

As we shall see, the theory is remarkably successful in correlating 
many of the properties of ionic crystals. From a historical point of 
view, it may be said to form the basis for a quantitative understanding 

IE. Madblung, Gdtt. Nock, 100 (1909), 43 (1910); Phyaik. Z., 11 , 898 (1910). 

* A survey of Born’s work may be found in the Handhuch der Physik, Vol. XXIV /2. 

» The compressibility is defined by the relation 


--(-) • 
V\9p)t 


^eep 


it follows that l/F/3 - 
76 
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of all solids, since it helped to distinguish between those facts which 
can be understood in terms of classical theory and those which cannot. 
We shall consider the theory here partly for this reason, and partly for 
the reason that the mathematical technique employed in it is of great 
value in more modern developments. 

We shall now discuss in detail the various interaction terms employed 
in the classical theory. These will be considered under three headings: 
(1) electrostatic interaction, (2) repulsive interaction, and (3) multipole 
interaction. 

10. Electrostatic Interaction Energy. — It is assumed in the classical 
ionic theory that the ions have charges corresponding to their normal 
chemical valence. Thus, sodium ions and chlorine ions in sodium 
chloride have, respectively, one electronic unit of positive and of negative 
charge, whereas magnesium ions and oxygen ions in magnesium oxide 
have two electronic units of positive and negative charge. According to 
electrostatic theory, the interaction energy of two nonoverlapping 
spherically symmetric charge distributions is 


where Ci and 62 are the total charges on the distributions and ri2 is the 
distance between their centers. Similarly, the total electrostatic energy 
Ee of n such charges of magnitude Ci (i = 1, • • • , n) is 


= 2 ? 


( 2 ) 


in which the summation extends over all pairs of charges, each pair being 
considered once. This also may be written in the form 



(3) 


where the summation is now a double sum over all charges and the super- 
script prime indicates that the cases i — j are to be excluded. This 
convention will be used throughout this volume. 

A detailed discussion of Ewald’s^ method of evaluating sums of type (3) 
for charges that are distributed in crystalline array may be found in the 
references of the footnote below. For two-atom crystals such as sodium 
chloride, cesium chloride, zinc sulfide, calcium fluoride, and aluminum 
oxide, the results may always be expressed in the simple form 


^ P. P. Ewald, Thesis (Munich, 1912); see also footnote 2, p. 76. 


( 4 ) 



78 


THE MODERN THEORY OF SOLIDS 


[Chap. II 


Here, Et is the energy per mol; and are the absolute values of the 
charges on the positive and negative ions, respectively; I is one of the 
characteristic crystal dimensions, such as the length of the cube edge, in 
cubic crystals, or the cation-anion distance; Nais the Avogadro number; 
and Ai is the Madelung constant, which is characteristic of the type of 
crystal structure and is independent of the dimensions of the lattice. 
The numerical value of the Madelung constant evidently depends on the 
nature of the parameter I and on the units of charge, length, and energy 
that are used. Values of Ai are quoted in Table XXII for the types of 
ionic crystals that were discussed in Sec. 4. These values are given for 
three different choices of 1: (1) when I is the closest cation-anion distance 
ro; (2) when I is the cube root of the molecular volume 6o; (3) when I is 
the length ao of the cube edge. The last case is significant only for cubic 
crystals. 

Table XXII. — Madelung Constants for Some Typical Ionic Crystals 
(The values in the three columns correspond to three different choices of lattice 
parameter: 

ro cation-anion distance 

fio cube root of molecular volume 

ao cube-edge length in cubic crystals.) 






Sodium chloride 

1.7476 

2.2018 

3.4951 

Cesium chloride 

1.7627 

2.0354 

2.0354 

Zincblende (ZnS) 

1.6381 

2.3831 

3.7829 

Wurtzite (ZnS) 

Fluorite (CaFa) 

1.641 

6.0388 

2.386 

7.3306 

11.6366 

Cuprite (CuOa) 

4.1156 

6.5436 

9.5044 

Rutile (TiOa) 

4.816 

7.70 

Anatase (TiOj) 

4.800 

8.04 


Corundum (AlsOi) 

25.0312 

45.825 





It follows from Eq. (2) that the zero of energy is chosen in such a way 
that Et vanishes when the ions are infinitely separated. Thus, the 
standard state is one of free ions. In the case of the alkali halides, — 
is about 10 per cent larger than the observed values of the cohesive 
energies C7, referred to this standard state. For example, we have in 
the cases of sodium and cesium chloride 



£?., kg 
cal/mol 

U (obs.) 

NaCl 

205 

182.8 

CsQ 

164 

155.1 
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According to the classical picture, the energy associated with repulsive 
forces should account for the difference. 

11. The Repulsive Term. — The repulsive force between ions is very 
small until the ions come into contact, whereupon it increases more 
rapidly than the electrostatic force. Two different forms of the repulsive 
interaction term have been considered in the course of the development 
of the theory. The first, which has no independent foundation, was 
introduced long before the advent of modern quantum theory; the 
second was introduced as a result of quantum theoretical treatments of 
ionic interaction. We shall now discuss both of these terms. 

a. The b/r” Interaction . — In his earlier work on ionic crystals, Born^ 
assumed that the repulsive forces between ions gave rise to an inter- 
action energy of the type 



for the entire crystal. Here, h and n are constants and r is the distance 
between nearest unlike ions. If we assume that only nearest neighboring 
ions contribute to (1), this term implies that ions repel each other with a 
central force that varies as l/r"+b 

In addition. Born assumed that the total energy of the crystal is 
simply the sum of the term (1) and an electrostatic term of the type (5) 
of the previous section. He then determined n and h by use of Eqs. (1) 
of the preceding section. We shall let E designate the energy of a 
mol of substance and shall express the molar volume V in terms of r by 
means of the equation 

V = (2) 

in which a is a constant that is characteristic of the type of lattice. Thus, 
the first two derivatives of E with respect to V are 

dE _ 1 dE 

dV MAOcr^dr’ 
d^E _ 1 d(l dE\ 

dV^ mioch^drYdr) 

Combining Eq; (1) with Eq. (4) of the previous section and solving 
Eq. (1) of Sec. 9 for 6 and n with the aid of Eqs. (3) and (4), we obtain 


n 

(5) 

1 1 

(6) 


(3) ’ 

(4) 


^ See footnote 2, p. 76. 
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The values of n that are determined from Eq. (6) by use of experimental 
values of 0 generally lie in the vicinity of 9. They are somewhat smaller 

Table XXIII. — Values op n Derived prom Compressibility Measurements 


Substance 

n 

LiF 

5 9 

LiCl 

8.0 

LiBr 

8.7 

NaCl 

9.1 

NaBr 

9.5 


Table XXIV. — Theoretical Energies op Alkali Halide Crystals Determined 
BY Use of the b / r ^ Repulsive Potential 


Salt 

n 

U (calc.), 
kg cal /mol 

U (exp.), 
kg cal /mol 

Affinity, 
kg cal /mol 

LiF 

6.0 

240.1 


100.1 

NaF 

7.0 

215.0 


96.7 

KF 

8.0 

190.4 


95.3 

RbF 

8.5 

181.8 


98.0 

CbF 

9 5 

172.8 


98.8 

LiCl 

7.0 

193.3 

198. i 


NaCl 

8.0 

180.4 

182.8 


KCl 

9.0 

164.4 

164.4 


RbCl 

9 5 

158 9 

160.5 


CsCl 

10.5 

148.9 

155.1 


LiBr 

7.5 

183.1 

189.3 


NaBr 

8.5 

171.7 

173.3 


KBr 

9.5 

157.8 

156.2 


RbBr 

10.0 

152.5 

153.3 


CsBr 

11.0 

143.5 

148.6 


Lil 

8.5 

170.7 

181.1 


Nal 

9.5 

160.8 

166.4 


El 

10.5 

149.0 

151.5 


Rbl 

11.0 

144.2 

149.0 


Csl 

12.0 

136.1 

145.3 



than 9 for salts involving light ions and somewhat larger for salts involv- 
ing heavy ions. Table XXIII contains several values that Slater^ 
derived, using compressibilities that he obtained from his own measure- 
ments by extrapolation to absolute zero of temperature. 

» J. C. Slater, Phys. Rev,^ 28 , 488 (1924). 
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Various workers have employed values of n that differ slightly from 
those derived from compressibilities. Thus, Lennard-Jones^ has deter- 
mined values from an investigation of the equation of state of rare gases, 
and Pauling^ has used values obtained by rules that he derived from an 
approximate theoretical treatment of the interaction of closed-shell 
electronic configurations. It is clear from Eq. (7) that a change of n by 
unity affects E by 1 or 2 per cent. Since the various choices of n for a 
given substance differ by no more than 1, their differences are of minor 
consequence as far as the total energy is concerned. 

Table XXIV contains a list of observed and calculated values of 
(!ohesive energies of alkali halide crystals. The theoretical values, which 

Table XXV. — Theoretical Energies of Oxides, Sulfides, and SeleniDBs 
Determined by Use op the 6/r" Repulsive Potential 
(The electron affinities of 0, S, and Se have not been determined by direct experi- 
ment. The last column lists the values of these affinities which must be assumed if 
the calculated and observed results are to agree.) 


Salt 

n 

U (calc.), 
kg cal /mol 

Affinity, 
kg cal /mol 

MgO 

7 0 

940 1 

-175 

CaO 

8.0 

842 1 

-171 

SrO 

8.5 

790.9 

-160 

BaO 

9.5 

747.0 

-157 

MgS 

8.0 

778.3 

- 72 

CaS 

9.0 

721.8 

- 71 

SrS 

9 5 

687 2 

- 77 

BaS 

10 5 

655 9 

i 

- 80 

CaSe 

9.5 

698.8 

- 94 

SrSe 

10.0 

667 1 

- 92 

BaSe 

11 0 

637.1 

i 

- 97 


were computed by Sherman,'"’ include small corrections that allow them 
to be compared with room-temperature experimental values. Sherman 
used the values of n appearing in the second column that were determined 
by use of Pauling’s rules. As we mentioned in the preceding paragraph, 
these differ only slightly from those of Table XXIII. Experimental 
values for the fluorides are not listed because the electron affinity of 
fluorine is not known. The last column, however, contains a list of 

^ J. E. Lennard-Jones, Proc. Roy. Soc., 106, 441, 463, 709 (1924); 109, 476 (1925); 
109, 584 (1925). 

"L. Pauling, Proc. Roy. Soc., 114, 181 (1927); Jour. Am. Chem. Soc., 49^765 
(1927); Z. Knst., 67, 377 (1928). 

® J. Sherman, Chem. Rev., 11, 93 (1932). 
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electron affinities of fluorine that must be assumed in order to make the 
calculated and observed values agree. A similar compilation for several 
oxides, sulfides, and selenides is given in Table XXV. It should be 
noted that the values of affinities that must be assumed are negative in 
these cases. 

Sherman used a set of affinities of negative ions that he derived from 
comparisons of theoretical and experimental cohesive energies of alkali 
halides and alkaline earth oxides, sulfides, and selenides in order to com- 
pare observed and computed energies of a number of other halides, 
oxides, sulfides, and selenides. Some of these cases are listed in Table 
XXVI. The agreement is very good for ideal ionic substances and is 
poor for substances such as cupric oxide. 

_r 

h. The ae ^ Interaction . — Investigations of interionic forces that 
have been carried out on the basis of quantum mechanics and that will 
be discussed in Chap. VII indicate that a repulsive term of the type 
b/r" cannot be rigorously correct, although it may be a fair approximation 
for a short range of r. Born and Mayer ^ attempted to bring the older 
theory more nearly into accord with the quantum mechanical results by 
modif 3 dng it in two important ways: (1) They replaced the repulsion 
term (1) by an exponential expression of the type 

e{r) = ae ^ (8) 

for the repulsive interaction of pairs of ions, in which a and p are con- 
stants. (2) They added another attractive term which is known as the 
van der Waals interaction. Mayer^ subsequently modified this term 
and added another, as will be seen in the next section. 

Born and Mayer found that they could take p in Eq. (8) as 0.345 X lO*"® 
cm for all types of ion if they determined a from the equation 

a = + (9) 

\ rii nj/ 

Here, h is another fixed constant, Zi and Zj are the valences of two inter- 
acting ions, ni and n,- are the numbers of valence electrons in the outer 
shells of the ions, and and r,- are the ionic radii. The valences have 
negative signs for electronegative ions, n is equal to 8 for all simple ions 
except those which are isoelectronic with lithium, in which case n is 2. 
Born and Mayer used the ionic radii given in Table XXXII (page 93), 

^ M. Born and J. E. Mater, Z. Physik, 76, 1 (1932); see paper following this 
as well. 

• J, E. Mater, Jour. Chem. Phys.f 1, 270 (1933); see also J. E. Mater and M. G. 
M4TBR, Phys, Rev., 48, 005 (1933). 



Sec. 11] THE CLASSICAL THEORY OF IONIC CRYSTALS 


83 


which were derived by Goldschmidt in the manner described in Sec. 14. 
Although Eq. (9) has some theoretical justification, its chief merit lies 

Table XXVI .—Experimental and Theoretical Cohesive Energies of Halides 
Oxides, Sulfides, and Selbnides Determined by Use of the 6/r~ Repulsive 
Potential 

(The experimental values are referred to a standard state of free ions. They 
involve the following electron affinities, obtained by Sherman in the manner described 
in the text: 

F 98 . 5 kg cal /mol 0 -168 kg cal /mol 

Cl 92 . 5 kg cal /mol S - 79.4 kg cal /mol 

Br 87 . 1 kg cal /mol Se — 97 kg cal /mol 

I 79.2 kg cal /mol 

The theoretical values are determined from the Born theory by use of the values of n 
which appear in the third column.) 


Substance 

Structure 

n 

U (exp.), 
kg cal /mol 

U (theor,), 
kg cal /mol 

Difference, 
kg cal /mol 

AgF 

NaCl 

■ i 

8.5 

223.0 

207.9 

15.1 

MgF2 

Rutile 

7.0 i 

688.3 

696.8 

- 8.5 

CaF2 

Fluorite 

8.0 

618.0 

617 7 

+ 0.3 

NiFj 

Rutile 

8.0 I 

713.2 

697 1 

16.1 

CuCl 

Zincblende 

9.0 

226.3 

206.1 

20.2 

AgCl 

NaCl ■ 

9.5 

207.3 

187.3 

20.0 

TlCl 

CsCl 

10 5 

170.9 

159.3 

11.6 

Li20 

Fluorite 

6.0 

693 

695 

~ 2 

CU 2 O 

Cuprite 

8.0 

788 

682 

106 

Ag20 

Cuprite 

8.5 

715 

585 

130 

NiO 

NaCl 

8.0 

966 

968 

- 2 

ZnO 

Wurtzite 

8.0 

972 

977 

- 5 

Pb02 j 

Rutile 

9.5 

2,831 

2,620 

-211 

AI 2 O 8 

Corundum 

7.0 

3,617 

3,708 

- 91 

NajS 

Fluorite 

8.0 

524 

516 

8 

CU 2 S 

Fluorite 

9.0 

683 

612 

71 

ZnS 

Wurtzite 

9.0 

851 

816 

35 

ZnS 

Sphalerite 

9.0 

851 

819 

. 32 

PbS 

NaCl 1 

10.5 

731 

705 

26 

ZnSe 

Sphalerite 

9.5 

845 

790 

55 

PbSe 

NaCl 

11.0 

735 

684 

51 

CuaSe 

Fluorite 

9.5 

685 

599 
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in the fact that it leads to a good correlation between observed and 
calculated results without additional assumptions. 

As an illustrative example, let us consider a crystal that contains two 
types of ion, each of which is surrounded by M like ions and M' unlike 
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ions. If we consider only nearest like and unlike neighbors, the total 
repulsive interaction energy per mol is 

[ ri + — r Tif'/ ^ —\ 

MCub ^ (10) 

where C12, Cn, and C22 are appropriate values of the quantity 
[1 + (zi/rii) + (zj/rij)] in Eq. (9), r is the distance between like ions, and 
aV is the distance between unlike ones. If we desire to use an approxima- 
tion corresponding to that of part (a), we should add the electrostatic term 
to this and apply Eqs. (1) of Sec. 9 to the sum. Instead, Born and 
Mayer included two additional terms which we shall discuss before 
proceeding further. 

12. The Multipole Interactions and the Zero -point Energy, a. Van 

der Wadis Terms . — It may be concluded^ from the existence of solid and 
liquid phases of the rare gases that the constituent atoms have a small 
but finite attraction for one another. London investigated this attrac- 
tion on the basis of quantum mechanics and was able to derive a simple 
approximate expression for the interaction energy. We shall use the 
results here and discuss the derivation in Sec. 58. It turns out that any 
two atoms or ions have, in addition to the terms of the type discussed in 
Secs. 10 and 11, an attractive energy term of the approximate form. 

where v\ and are the series limit frequencies of the discrete spectra 
of the two atoms or ions, and ai and are their polarizabilities. More 
accurate expressions have been developed for particular cases, but this 
expression is very useful for a general discussion. It will be shown in 
Sec. 58 that this attraction is connected with a synchronization of the 
motion of the electrons in the two atoms or ions. 

The total van der Waals energy for a lattice of the same type as that 
which we considered in deriving Eq. (10) of the preceding section is 

E, = (2) 

where ai 2 , an, and 022 are, respectively, the coefficients of 1/r® in Eq. (1) 
for the positive-negative, positive-positive, and negative-negative ion 
pairs. Sv and are, respectively, the sums over all unlike and like ions 
of l/EJ where Ri is the distance between a given ion and the fth ion in a 
lattice in which ro = 1. Numerical values of these rapidly convergent 
sums are given in Table XXVII for several types of structure. 

^LlNNABD-JONlDS, Op. cU, 
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In their original work, Born and Mayer evaluated the a that occur 
in (2) by means of London’s equation (1), using values of a and v that 
were determined from data on free ions. The results represent only 
about 1 per cent of the total energy and do not appreciably affect the 
order of magnitude of agreement between theoretical and experimental 


Table XXVII. — Coefficients for the van der Waals and for the Dipolb- 

QUADRUPOLE ENERGIES 


Lattice type 

s. 

s: 

Sm 

S'u 

Sodium chloride 

6.5952 

1 8067 

6.1457 

0.8002 

Cesium chloride 

8.7088 

3.5445 

8.2007 

2.1476 

Zincblende 

4.354 

0 762 

4.104 

0.253 


values. These terms, however, are of considerable importance in 
determining the relative stability of two different lattice types, for they 
are comparable with the difference in energy of possible modifications. 
From a study of allotropy, Mayer^ concluded that the a and v values 
for free ions, when used in Eq, (1), do not account for the fact that CsCl, 
CsBr and Csl form simple cubic lattices instead of face-centered ones. 
He proposed that ^'better” values of these quantities should be deter- 
mined from measurements of the optical properties of crystals by a 
method which we shall describe in Sec. 150. These values nearly double 

Table XXVIII. — Comparison of Values of the Constant C Appearing in the 
Dipole-dipole Term for the van der Waals Energy C/r® 

(In 10“®“ erg-cm®) 



Atomic data 

Mayer’s method 

LiF 

6 

18 

LiBr 

102 

183 

NaCl 

100 

180 

Nal 

247 

482 

RbCl 

384 

691 

CsBr 

1,258 

2,070 


the van der Waals energy. Table XXVIII contains several values 
of the coefficient of 1/r® that were determined by using the two types of 
data. We shall employ the energies given by Mayer’s method in the 
following sections of this chapter. It should be emphasized, however, 
that in doing so we are departing somewhat from the original concepts 
of the ionic theory. It probably is true that the treatment of ionic 
crystals that would reproduce Mayer’s values of a and v from the funda- 

’ J. E. Mayer, Jour. Chem. Phys., 1, 270 (1933); 1, 327 (1933). 
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mental equations of quantum mechanics would not substantiate all 
details of the classical picture. 

b. The Dipole-quadrupole Term , — The energy term (2), which varies 
with the inverse sixth power of the distance, actually is the first term 
in an infinite series of terms that successively decrease in importance. 
The next term, which was first investigated by Margenau,^ varies as 
1/r* and usually is about one-tenth as large as the van der Waals term 
at the observed interionic distance. We shall discuss the derivation 
of an expression for this interaction that is analogous to the derivation of 
(1) in Sec. 58. For present purposes, it is sufficient to point out that the 
contribution to the total energy of the crystal from this term is 

Em - — -f /SJf “ ^ (3) 

in which the d are analogous to the a in Eq. (2) and Sm and are sums 
of 1/R^ analogous to the sums in Eq. (2). Table XXVII contains values 
of Sm for several types of crystal. We shall use values of d that were 
derived by Mayer from empirical measurements [see part (a) of this 
section]. 

The energy term (3) is called the dipole-quadrupole interaction 
because it may be interpreted as arising from the interaction of a dipole 
moment on one atom with a quadrupole moment on the other. For the 
same reason, the van der Waals term is sometimes called the dipole- 
dipole term. The next term in the sequence, which varies as 1/r^®, is 
called the quadrupole-quadrupole term and is negligible in all cases in 
which we are interested. 

c. Zero-point Energy . — The mechanical motion of the atoms or ions 
in a crystal containing N atoms may be treated as though the crystal 
were an assembly of SN oscillators of various frequencies (c/. Sec. 22). 
According to quantum mechanics, an oscillator of frequency v retains an 
energy of hv/2 at the absolute zero of temperature, which must be 
included along with the other energy terms when a comparison of experi- 
mental and theoretical cohesive energies is made. For present purposes, 
it is sufficiently accurate to use the Debye theory, according to which 
the frequencies are distributed between zero and a maximum in the 
manner described by the density function 

/(•') = ( 4 ) 

^tn 

Here, fiv)dp is the number of oscillators having frequencies in the range 
from p to p + dv. Thus, the total zero-point energyTs 

‘ H. MABOSNAtr, Phys. Rev., 88, 747 (1931). See also Rev. Modern Phya., 11, 1 
(1989). 
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and the energy per mol of a diatomic crystal is 

Ek, = Nilhv^. ( 6 ) 

The maximum frequency may be estimated to a sufficient degree of 
accuracy by using infrared absorption data, since the zero-point energy 
actually is small. 

Following Mayer, we shall assume that the total energy of the crystal 
at absolute zero of temperature is given by the sum of the terms (2), 
(3), (6) of this section and Eqs. (4) and (10) of Secs. 10 and 11, respec- 
tively. This sum is 

Et = ^ ^ -f C,,e^)e ^ I - 

p S^aii + j - p Siidn + (7) 

If we eliminate h by means of the first of Eqs. (1) of Sec. 9, we obtain 



and 5 is the difference of the ionic radii. The parameter p may be 
determined from Et by means of the second of Eqs. (1), Sec. 9. Bom 
and Mayer actually employed a slightly modified form of this equation 
which allowed them to use room-temperature values of /3. 

Table XXIX contains a compilation of the values of the five con- 
stituent terms of Et for a number of halides. In addition, the sum of 
these terms is compared with the energies computed by Sherman (cjf. 
Sec. 11). Bom and Mayer did not use the dipole-quadmpole term Em 
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and the empirical van der Waals term when they derived the values 
of the repulsive term for the alkali halides that appear in this table. 
They completely neglected the first term and used a smaller value for 
the second (c/. part h, Sec. 11). We have subsequently added the Em 
and empirical terms, but we have not corrected for the change that 
this induces in the repulsive term. This change is practically negligible 
as long as we are interested only in a comparison of Et with Sherman’s 
values. 


Table XXIX. — Contributions to the Cohesive Energies of the Alkali Halides 
AS Given by the Born-Mayer Equation 
(In kg cal /mol) 



Madel- 

ung 

Repul- 

sive 

Dipole- 

dipole 

Dipole- 

qiiad- 

rupole 

Zero 

point 

Total 

Sherman 

LiF 

285.5 

-44 1 

3 9 

0 6 

-3.9 

242 0 

240.1 

LiCl 

223 5 

-26 8 

5 8 

0.1 

-2 4 

200.2 

1 193.3 

LiBr 

207 8 

-22 5 

5 9 

0.1 

-1 6 

189.7 

183 1 

Lil 

188.8 

-18 3 

6 8 

0 1 

-1 2 

176.2 

170.7 

NaF 

248 1 

-35 3 

4 5 

0 1 

-2 9 

214.5 

215.0 

NaCl 

204.3 

-23 5 

5.2 

0 1 

-1 7 

184 4 

180.4 

NaBr 

192 9 

-20 6 

5 5 

0 1 

-1 4 

176 5 

171.7 

Nal 

178 0 

-17 1 

6 3 

0 1 

-1 2 

166 1 

160.8 

KF 

215.1 

-28.1 

6.9 

0.1 

-2 2 

191.8 

190.4 

KCl 

183.2 

-21 5 

7.1 

0 1 

-1.4 

167.5 

164.4 

KBr 

174.5 

-18.6 

6 9 

0 1 

-1 2 

161 7 

157.8 

KI 

162.8 

-15.9 

7 1 

0.1 

-1 0 

153.1 

149.0 

RbF 

203.8 

-26.2 

7.9 

0 1 

-1 4 

184 2 

181.8 

RbCl 

175.8 

-19.9 

7.9 

0 1 

-1 2 

162.7 

158.9 

RbBr 

167.2 

-17.6 

7.9 

0 1 

-0 9 

156.7 

152.5 

Rbl 

156.5 

-15.4 

7.9 

0.1 

-0.7 

148.4 

144.2 

CsF 

191.1 

-23.9 

9 7 

0 1 

-1 2 

175.8 

172.8 

CsCl 

162.5 

-17 7 

11 7 

0 1 

-1.0 

155.6 

148.9 

CsBr 

155.8 

-16.4 

11.4 

0.1 

-0.9 

150.0 

143.5 

Csl 

146.8 

-14.6 

11.1 

0.1 

-0.7 

142.7 

136.1 


In computing the energy of the alkaline earth oxides and sulfides by 
means of Eq. (8), Mayer and Maltbie^ used the mean of the values of p 
that were determined from the alkali halides. They estimated the van 
der Waals term from London’s formula and omitted the dipole-quadru- 
pole term. The results of this work are given in liable XXX and may 

^ J. E. Mayer and M. McC. Maltbie, Z. Physik, 76, 748 (1932). 
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be compared with Sherman^s values in Table XXV. The affinities of 
oxygen and sulfur, determined from these newer computations, ^how a 
wider spread than those determined by Sherman. 


Table XXX. — Crystal Energies Derived from the Born-Mayer Equation 


Substance 

Structure 

—Et, kg cal/mol 

Affinity, kg cal/mol 

MgO 

NaCl 

939 

-190 

CaO 

NaCl 

831 

-165 

SrO 

NaCl 

766 

-144 

BaO 

NaCl 

727 

-147 

MgS 

NaCl 

800 

- 98 

CaS 

NaCl 

737 

-102 

SrS 

NaCl 

686 

- 85 

BaS 

NaCl 

647 

- 83 


Bleick^ has determined the lattice energy of the ammonium halides 
by the use of the Born-Mayer equation, treating the ammonium radical 
ion NH 4 '^ as though it were a centrally symmetric unit. He obtained good 
agreement with measured cohesive energies in this way. 

13. The Relative Stability of Different Lattice Types.— One of the 
important problems of crystal physics is that of determining the relative 
stability of different types of structure. This problem has a simple 
formal answer if questions of unstable equilibrium are neglected, for the 
stable lattice is that which has the lowest free energy. Unfortunately, 
the differences in free energies of different possible modifications may be 
extremely small; indeed, they are often less than the computational 
accuracy of the free energies. This fact is usually true, for example, of 
the differences in free energy of the four characteristic types of ionic 
structure {cf. Sec. 4). The free energies of different structures often are 
computed and compared in spite of this, the hope in such cases being that 
the computational errors lie in the same direction in each instance and 
cancel. 

Mayer,2 and Mayer and Levy,^ using the Born-Mayer equation, have 
examined the relative stability of several halides in each of the structures 
listed in Table XXXI. They made no attempt to include temperature 
dependence, and so their discussion is valid only for the absolute zero 
of temperature. As they changed from the observed lattice type to a 
hypothetical one, they evaluated the differences of each of the constituent 
energy terms in Eq. (7) of Sec. 12, keeping ro fixed and equal to the 

' W. E. Bleick, Jour. Chem. Phys., 2, 160 (1934).. 

® J. E. Mayer, Jour. Chem. Phys., I, 270 (1933); i, 327 (1933). 

* J. E. Mayer and R. B. Levy, Jour. Chem. Phys.^ 1 , 647 (1933). 
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value for the observed stable lattice. They then added to the sum of 
these terms the change in energy of the hypothetical lattice aa its inter- 
ionic parameter changed from ro to the observed equilibrium value Tq. 
This second term is equal to 

(ro - r'o)^ 

\ dr^ /r^ro’ 2 

where E't is the energy of the hypothetical lattice. The zero-point energy 
was assumed to be the same for the different modifications. Table XXXI 
contains a list of the differences of the energy for the parameter ro, the 
correction for change in density, and the sum of these two quantities. 
The sum would always be positive if the results agreed with experiment. 

Table XXXI. — The Relative Energies of Different Lattice Types for 
Several Halides 

(The first four columns of numbers are the changes in each of the contributions 
to the energy when the nearest-neighbor distance is held constant. The fifth column 
is the energy change 8E obtained when the lattice expands or contracts to the true 
equilibrium distance. In kg cal /mol) 



Stable lattice 

Hypothetical 

lattice 

Change for fixed ro 

1 

6E 

Total 

change 

Madel- 

ung 

Dipole- 

dipole 

Dipole- 

quadru- 

pole 

Repul- 

sive 

1 

AgP 

Sodium chloride 

Zincblende 

+ 14.7 

+ 7.9 

+ 1.3 

-13.7 

-1.9 

+ 8.3 

AgCl 

Sodium chloride 

Zincblende 

+ 13.0 

+ 9.7 

+ 1.9 

-13.8 

-1.9 

+ 8.9 

AgBr 

Sodium chloride 

Zincblende 

+ 12.6 

+ 9.7 

+ 1.6 

-13.4 

-1.9 

+ 8.4 

Agl 

Zincblende 

Sodium chloride 

-12.8 

-17.7 

-3.7 

+30.0 

-1.9 

- 6.1 

AgF 

Sodium chloride 

Cesium chloride 

- 2.0 

- 9.7 

-1.7 

+ 16.7 

-0.9 

+ 2.4 

AgCl 

Sodium chloride 

Cesium chloride 

- 1.7 

-11.8 

-2.3 

+24.7 

-0.9 

+ 8.0 

AgBr 

Sodium chloride 

Cesium chloride 

- 1.7 

-11.6 

-2.2 

+28.7 

-0.9 

+ 12.3 

TlCl 

Cesium chloride 

Sodium chloride 

+ 1.4 

+ 8.1 

+ 1.3 

-10.5 

-0.6 

- 0.3 

TlBr 

Cesium chloride 

Sodium chloride 

+ 1.4 

+ 7.9 j 

+ 1.2 

-10.1 

-0.6 

- 0.2 

TII 

Cesium chloride 

Sodium chloride 

+ 1.3 

+ 8.2 

+ 1.6 

-10.1 

-0.6 

+ 0.4 

CuCl 

jSincblende 

Sodium chloride 

-15.4 

-10.5 

-1.9 

+33.4 

-1.9 

+ 3.7 

CuBr 

Zincblende 

Sodium chloride 

-14.7 

-11.0 

-2.0 

+34.3 

-1.9 

+ 4.7 

Cul 

Zincblende 

Sodium chloride 

-13.6 

-13.6 

-2.6 

+34.0 

-1.9 

+ 2.3 


It is not positive for Agl, TlCl, and TlBr, for in these cases, the sodium 
chloride type of structure, instead of the observed one, has the lowest 
energy. It may be seen from the table that the attractive terms favor 
the stability of the following three types of structure in the order given: 
CsCl, NaCl, and ZnS. Conversely, the repulsive term favors them in 
the reverse order. It would require only a small increase in one of the 
attractive terms, sUch as the van der Waals term, to'^shift the calculated 
stable lattice of TlCl and TlBr from the sodium chloride type to the 
cWonde type. On the other hnnd, it would require a compara- 
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lively large change of an opposite kind to account for the stability of the 
zincblende structure in Agl. Mayer concluded from these facts that 
thallium salts and most silver salts conform closely to the assumptions 
of the ionic theory and that Agl has some nonionic characteristics. 

May^ has made a very thorough investigation of the problem of the 
relative stability of the cesium chloride and sodium chloride lattice for 
cesium chloride on the basis of the Born-Mayer equation. He found 
that this equation does not account for the stability of the cesium chloride 
lattice at absolute zero of temperature if a two-parameter repulsive 
term and Mayer’s value of are employed. In order to generalize 
the equation, he introduced two additional parameters. One of these 
was a multiplicative factor in the van der Waals term and the other was 
a factor in M' of Eq. (7), Sec. 12, In effect, the second parameter makes 
the constant h in the repulsive term different for like and unlike ions. 
These parameters were adjusted in order to make the cesium chloride 
lattice stable at absolute zero. The additional measured quantities 
that were used in doing this are the measured heat of the phase transition 
(about 1.34 kg cal /mol), and the observed change in lattice constant. 
The multiplicative constant of the attractive terms turns out to be 3.6, 
and the coefficient of M' to be 0.70. At the same time, the constant h 
is doubled, and p changes from 0,290 to 0.365A. May suggested that 
part of the required increase in the attractive terms should be associated 
with a change in the purely electrostatic energy caused by distortion of 
the ions from spherical form. It is easy to show that the distortion 
of the charge on an ion in a cubic crystal may be described in the first 
approximation by fourth-order surface harmonics and that the associ- 
ated potential, which is not centrally symmetrical, varies with r as 1/r®. 
There is, however, no conclusive quantitative evidence to support May’s 
suggestion. 

May also carried through a similar treatment of the stability of 
ammonium chloride and found further support for the conclusions drawn 
from the case of cesium chloride. In addition to this, he estimated the 
transition temperature for both cesium chloride and ammonium chloride 
and obtained qualitative agreement with the observed facts. • 

In contrast with May’s work is that of Jacobs,^ who correlated the 
phase transitions that occur in the alkali halides at high pressures 
with empirically determined constants that are more nearly like those 
used in the earlier work of Born and Mayer. 

14. Ionic Radii. — ^We saw, in Sec. 4, Chap. I, that the nearest ion dis- 
tances of the alkali halide crystals are additive. This fact, which was 


' A. Mat, Phya. Rev., 62, 339 (1937). 

* R. B. Jacobs, Phya. Rev., 64 , 468 (1938). 
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first emphasized by Goldschmidt/ suggests that the ions of these crystals 
may be regarded as rigid spheres and that the equilibrium interionic 
distance is simply the distance at which these spheres come into contact. 
This view is justified in a rough way by the Born theory, which shows 
that the repulsive forces between ions vary about ten times more rapidly 
with interionic distance than do the electrostatic forces. The rigid 
sphere concept, however, cannot be used very widely for quantitative 
purposes; we shall discuss some of its limitations in a later paragraph of 
this section. 

It is not possible to obtain the values of ionic radii from crystallo- 
graphic data without knowing at least one radius at the start. Gold- 

3 


2 


1 


0 

0.0 0.5 1.0 0, 1.5 2.0 

r(A) — ^ 

Fig. 1. The charge dietributions of Li+ and H“ ions as determined by Hylleraas and Bethe. 
The vertical line marks the point of contact of the Goldschmidt radii. 

schmidt began his extensive work on the tabulation of radii with the 
following values of the radii of F~ and 0“~: 

F-:1.33 A; 0“: 1.32 A. 

These values were determined by Wasastjernas^ who correlated measure- 
ments on the optical properties of fluorides and oxides with a classical 
quantum theory of dispersion and thereby determined the radii of the 
outermost orbits of these ions. The theoretical basis of this work need 
not concern us here. We may, however, compare the value of the radius 
of Li+ that is deduced from the value for F" with the electronic charge 
distribution of Li+ as determined by modern quantum mechanics,® which 
is shown in Fig. 1. It is obvious that there is no precisely defined radius; 
however, the vertical line corresponding to Wasastjernas’ radius is a 
reasonable point at which to say that the distribution stops. The right- 

^ V. M. Goldschmidt, Skrifter det Norake Videnakapa (1926, 1927). 

* J. Wasastjeenas, Comm. Fenn., 1, (1923); 6, (1932). 

® E. Hylleraas, Z, Phyaik, 54 , 347 (1929); H. Bbthe, Z. Phyaik, 57 , 816 (1929). 
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hand part of Fig. 1 shows the distribution in H“. The two curves are 
plotted in such a way that the distance between origins corresponds to 
the Li’^-H" distance in lithium hydride. Table XXXII contains a 


Table XXXII. — Goldschmidt’s Ionic Radii 




(In A) 



H- 

1.27 


0“ 

1.32 

F- 

1 33 


s- 

1.74 

ci- 

1 81 


Se— 

1 91 

Br- 

1 96 


Te-~ 

2.03 

I- 

2 20 




Li+ 

0 78 


Mg++ 

0.78 

Na+ 

0 98 


Ca^ + 

1 06 

K+ 

1 33 



1.27 

Rb+ 

1 49 


Ba++ 

1 43 

Cs--- 

1 65 


Be++ 

0 34 

T1+ 

] 49 



0 83 

Cu+ 

0 53 



1 03 

Ag-^ 

1 0 



1 12 

Mn++ 

0 91 


AD++ 

0 57 

Fe++ 

0 83 



0 83 


0 82 


Yt+++ 

1 06 

Ni++ 

0 78 


La''++ 

1 22 

Pb++ 

1.32 


Ga+^+ 

0 62 




In^++ 

0 92 




T1+++ 

1 05 


list of Goldschmidt's radii, which have been determined from additive 
systems. These values are self-consistent to within about 5 per cent. 

Other radii have been obtained by other workers using different start- 
ing assumptions. For example, Huggins and Mayer^ obtained the radii, 
given in Table XXXIII, for the alkali ions and halogen ions by adjusting 


Table XXXIII. — The Radii of the Alkali Metal Ions and the Halogen 
Ions as Determined by Huggins and Mayer 

(In 1 ) 


Li+ 

0 475 

F- 

1 no 

Na+ 

0.875 

ci- 

1.475 

K+ 

1.185 

Br- 

1.600 

Rb+ 

1.320 

I- 

1.785 

C8+ 

1.455 




the radii that appear in the Born-Mayer equation so that the theory 
would lead to the observed lattice constant; that is, h in Eq. (7) of 
Sec. 12 was given a fixed value and the ionic radii were adjusted so that 
^9- (1) of Sec. 10 was satisfied for the observed lattice spacing. The 
values in Table XXXIII differ appreciably from Goldschmidt’s values. 


^ M, L. Huggins and J. E. Mayer, Jour. Chem. Phijs.^ 1, 643 (1933). 
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The cesium chloride type of structure has a larger electrostatic 
cohesive energy than the sodium chloride type for a given value of ro, 
the nearest ion distance. In view of this fact, one might attempt to 
explain the stability of the sodium chloride type in most alkali halides 
on the basis of the rigid ion picture, by assuming that one type of ion is 
so large that like neighbors touch at greater values of ro in the cesium 
chloride structure than unhke ones do in the sodium chloride structure. 
A condition obviously necessary for this is that one set of ions should be 
so large that pairs touch in the cesium chloride structure for' the observed 
interionic distance of the sodium chloride type of structure, that is, that 
the radii Ri and Rz should satisfy the conditions 



The ratios must then obey the inequality 

< Vs - 1 = 0.73. 

til 

KF, RbF, RbCl, RbBr, and CsF do not satisfy this condition if Gold- 
schmidt’s radii are used; moreover, no reasonable and self-consistent 
change in radii would make all the ions in face-centered alkali halide 
crystals satisfy it. 

In view of the work of the previous section, the failure of the simple 
rigid-sphere concept to cope with this problem is not surprising. The 
stability of an ionic crystal in any given structure is determined by a 
delicate balance of several types of force. 

15. Implications of Deviations from the Cauchy-Poisson Relations. — 
In all the computational work that is discussed in the preceding sections 
of this chapter, it is explicitly assumed that the ions are spherically 
S3rmmetrical and interact with spherically symmetrical forces. If this 
assumption were correct, the three elastic constants,^ Cn, Cu, and Cu 

' We shall use Voigt’s notation for the elastic constants [see W. Voigt, Lehrhuch 
der KristaUphysik (Teubner, Leipzig, 1910; reissued 1928)]. If we designate the 
three tension components of the stress tensor by Xi, X2, and Xt, the three shear 
components by X4, Xi, and X^, the three tension components of the strain tensor 
by Xi, x%f and xt, and the three shear components by 0 : 4 , xt, and Xi, Hooke’s stress- 
strain relation is given in terms of the thirty-six elastic constants ca (i, j » 1, 2, 
• • • , 6 ) by the equations 

6 

Xi » ^^CifXj. *• 

y-i 

If E{xi, • • • , Xt) ia the energy per unit volume of the crystal as a function of the 
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of a cubic crystal should satisfy the Cauchy-Poisson relation 

Cl 2 = C 44 . 

The measurements of Rose,^ which are plotted in Fig. 2, show that 
this relation is not valid for sodium chloride at low temperatures, the 



Fig. 2. — The three elastic constants of sodium chloride, cu and cia cross at 240®K. 

{After Roae.) 

discrepancy being of the order of 10 per cent. Similar measurements^ 
strains, it follows from the relation between force, work, and energy that 


Thus, 


and 


E(xi, • • • , Xfl) » 

ij 

d^E 

^ dXxBXj 
Cii Cjt) 


hence, only twenty-one of the thirty-six c,-,- are independent. For cubic crsrstals, 
there are the additional relations. 


Cii as C22 ** Cjs, Cij s= Cta •“ C$1, C44 *= Cee ** Cat 

and all other components are zero if the coordinate axes and cube axes are parallel; 
hence, there are only three independent components in this case. In hexagonal 
crystals, there are the relations 

Cii ■■ Casi C18 ■* Cji, C44 ** Cti, C 86 “ ■^(cn — C18), 
and all other components except cu are zero, if the hexagonal axis is in the z direction. 
If the atoms of the crystal interact with central forces, there are the additional 
Cauchy-Poisson relations, which in the cases of cubic and hexagonal crystals are 

Cij ■■ Cu, and cu ■■ Cu, Cn * -l-cij, 

respectively. 

* F. C. Robb, Phps. Rev., 49 , 50 (1936). 

* Data furnished by Quimby, Balamuth, and Rose on magnesium oxide appears 
in a paper by Barnes, Brattain, and Seitz, Phys, Rev., 48 , 682 (1935). See also the 
correction, Phys, Rev., 49, 406 (1936); M. A. Durand, Phys, Rev., 60, 449 (1986). 
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on magnesium oxide show a deviation between ci 2 and cu of about 50 per 
cent. It is natural to ask how this discrepancy affects the Born 
theory. 

The terms in the Born-Mayer equation may be divided into two 
classes, namely: the electrostatic term /i, which varies slowly with r, 
and all others / 2 , which vary rapidly in comparison. The first term is 
rigorously known, for although the charge distribution may not be 
precisely spherically symmetrical, the electrostatic-correction term 
arising from this distortion varies at least as rapidly as 1/r® and may be 
classed in f^. It follows that the deviations from the Cauchy-Poisson 
relations occur because some of the terms in /2 should not be spherically 
symmetrical. 

We have seen in the preceding work that the absolute magnitude of /i 
is about ten times that of for equilibrium values of r, even though the 
force terms df/dr arc equal. The increase in importance of fi as we 
pass from a consideration of energies to one of forces is an immediate 
consequence of the fact that /2 varies more rapidly with r than does /i. 
This fact is shown in a striking way by the older form of the repulsive 
term h/r^, where n is of the order of magnitude 10. The ratio of this 
term to the electrostatic term is 


5 ^ 1 

Ar^~^ n 

whereas the ratio of the derivatives is n times this. Similarly, /J' is 
about ten times larger than /'/, whence we may conclude that the elastic 
constants, which are related to second derivatives of the energy, are 
primarily determined by / 2 . Thus, the experimental measurements of 
elastic constants show that /2 is in error by about 10 per cent in sodium 
chloride and about 50 per cent in magnesium oxide. This error affects 
the cohesive energy by only 1 per cent in the first case and 5 per cent 
in the second, because /2 accounts for only about 10 per cent of the 
cohesive energy. The energy differences of different crystallographic 
forms, however, are of the same order of magnitude as this error. Hence, 
it seems safe to say that these energies can be computed accurately only 
when the nonradial part of fz is properly included in the Born-Mayer 
equation. 

16. Surface Energy. — One of the factors that determines whether or 
not a given crystallographic plane is a cleavage plane is its surface energy, 
that is, the energy a per unit area required to separate the crystal along 
this plane. This energy usually is defined in such a way that the areas 
of the two halves of the crystal are counted separately. Surface energies 
of crystals with the sodium chloride lattice have been computed on the 
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basis of the ionic theory by Madelung/ Born and Stern, ^ and Yamada.*^ 
Madelung took into account only electrostatic forces and found that the 
energy of a (100) surface is 0.520eV«^ per unit area, where a is the cube- 
edge distance of the unit cell. Born and Stern improved this calculation 
by including repulsive forces and found the following values for the 
(100) and (110) planes: 


(Tioo — 0.116—^? 


0.315- 




( 1 ) 



Since the second is about 2.7 times larger than 
the first, it follows that rock salt should split 
more easily along a (100) plane than along a 
(110) plane. This result is in agreement with 
experiment, since only (100) planes show cleav- 
age. In both the preceding calculations, it was 
assumed that the ionic spacing near the surface 
is the same as in the interior of the lattice- 
Madelung, however, has shown that, in the 
case of (100) surfaces, there should be a slight 
contraction of interionic distance in the direction 
normal to the (100) plane. 

Yamada extended Born and Stern’s com- 
putations by calculating o- for all surface planes 
that have normals lying in the (100) plane. 

This includes as special cases planes that are 
equivalent to the (100) and (110) surfaces. His values of (t are shown in 
the polar diagram of Fig. 3, in which the angular variable is the angle 
between the (100) direction and the normal to the plane. This figure 
shows that the value of <t for the (100) plane is a relative minimum, 
whereas that for the (110) plane is a relative maximum. Yamada also 
found that the surface energy of the (100) plane is smaller than that of 
any other plane, so that the (100) value is also an absolute minimum for 
the three-dimensional <t surface. 

Wulff^ has proved that the crystal form corresponding to the lowest 
surface energy may be obtained from a polar diagram of this type by 
taking the envelope of those planes that are orthogonal to lines passing 
through the origin at the points where these lines intersect the surface. 


Fig. 3. — Polar diagram 
of the surface energy of crys- 
tals with the sodium chloride 
lattice. The angular vari- 
able is the angle l^tween the 
normal to the surface plane 
and the (100) direction. 
Although this plot is valid 
only for planes whose nor- 
mals lie in a principal plane, 
the minimum in the (100) 
direction is an absolute 
minimum. The dotted 
square represents the crystal 
form of lowest surface 
energy, as determined by 
Wulff’s method. {After 
Yamada.) 


1 E. Madelung, Physik. Z., 19, 524 (1918); 20, 494 (1919). 

2 M. Born and 0. Stern, Sitzb. yreusa, Akad. Wise., 901 (1919). 

3 M. Yamada, Physik. Z., 24, 364 (1923); 26, 52 (1924). 

< G. WuLFF, Z. Knst., 84, 449 (1901). 
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It is clear that this form is the dotted square of Fig. 3 in the two-dimen- 
sional case corresponding to Yamada’s result for the (100) plane and is a 
cube in the three-dimensional case. In order to obtain the condition 
for thermodynamical equilibrium above absolute zero, Wulff's construc- 
tion should be applied to the free-energy polar diagram instead of to 
the energy diagram. 

If ionic crystals were perfect, it should be possible to estimate their 
breaking strength from the surface energy. Following Polanyi,^ we 
shall assume that the interatomic forces between two separating crystal 
planes are important for a distance Al of about ten angstrom units and 
shall determine a rough value of the breaking stress S by use of the 
energy equation 

2<r ^ AlS (2) 

where cr is the surface energy per unit area of the crystal. The value 
of ff for sodium chloride that is given by the first of the equations (1) 
is about 147 ergs cm”^ which corresponds to a value of S of about 
300 X 10^ dynes cm~h The values ordinarily observed are about one 
hundred times smaller than this. Zwicky^ carried through a more 
exact calculation of S on the basis of the ionic theory and found the value 

S = 2,000 X 10^ dyne-cm-^^ 

which is in even worse agreement with the measured values. Since 
measurements of the surface tension of molten salts lead to values of cr 
that are in comparative agreement with the theoretical values, we may 
not conclude that the computational methods for a perfect lattice are 
badly in error. 

At the present time, it is believed that these discrepancies between 
observed and calculated breaking strengths arise from lattice imperfec- 
tions. This type of explanation was first proposed by Grifi&th,* who 
suggested that the weak spots are tiny surface cracks. A more complete 
theory of plastic flow and related topics has been developed by Taylor 
and others. However, we shall refer the reader to other sources® for a 
discussion of this work. 

1 M. POLANTI, Z. Physik, 7, 323 (1921). 

*F. ZwiCKT, Physik. Z., 24, 131 (1923). 

» A. A. Griffith, Phil Trans. Roy. Soc.f 221, 163 (1920). 

*G. I. Taylor, Trans. Faraday Soc.j 24, 121 (1928); Proc. Roy. Soc.j 146, 362, 
888 (1934). 

*See E. Schmid and W. Boas, KristaUplasUzit&t (Julius Springer, Berlin, 1935); 
C. F. Elam, The Distortion of Metal Crystals (Oxford University Press, 1935); also the 
report of the Bristol Conference on this topic, Proc. Phys. Soc.f Jahuary, 1940. 



CHAPTER III 

THE SPECIFIC HEATS OF SIMPLE SOLIDS 


17. Introduction. — It was shown in Chap. I that the specific heats of 
practically all simple solids approach zero monotonically as the tempera- 
ture approaches absolute zero. Since this fact cannot be explained 
satisfactorily on the basis of classical mechanics, Einstein's qualitative 
interpretation^ on the basis of quantum theory may be regarded as one 
of the first triumphs of the theory. Einstein postulated, as had been 
done previously, that a simple crystal could be regarded as an aggregate 
of atomic oscillators, all of which vibrate with the same natural frequency. 
In addition, he assumed that the allowed energy states of these oscil- 
lators are integer multiples of hvj where v is the frequency of oscillation 
and h is Planck’s constant. In classical mechanics, it would have been 
assumed that the allowed energy states are continuous ; and this assump- 
tion, according to classical statistical mechanics, would mean that Dulong 
and Petit’s law should be valid at all temperatures. Einstein found 
upon applying Boltzmann’s theorem to his postulated assemblage of 
quantum oscillators that the observed decrease in specific heat could be 
explained qualitatively. 

A few years later, Debye^ showed that most of the quantitative 
discrepancy between Einstein’s results and observations could be removed 
by the introduction of a more accurate analysis of the modes of vibration 
of a simple solid. In short, he improved upon Einstein’s assumption 
that aU atoms oscillate with the same frequency. One outstanding 
result of Debye’s work is the prediction that the specific heat should 
approach zero as near the absolute zero of temperature. This law is 
accurate for a large range of temperature in many cases; in others, it is 
not accurate. 

Born and von Kdrmdn® developed a method for computing the modes 
of vibration of a solid about the same time as did Debye. Although 
their method actually is more accurate than Debye’s, since it is based 
upon fairly rigorous principles of atomic dynamics, Debye’s results 
agreed so well with available experimental material that his theory was 
considered sufficiently accurate for practical purposes. In recent years, 

» A. Einstiin, Ann. Physik, 22, 180, 800 (1906); 84, 170 (1911). 

• P. Didbte, Ann. Phyaik, 89, 789 (1912). 

’ and Tb, yon KXbmXn, Physik. Z,, 18, 297 (1912); 14, 15 (1913). 
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howevef^ a number of striking deviations from Debye’s theory have 
been found in the low-temperature range where it might be expected to 
be most accurate. For this reason, Blackman^ reopened the question 
of determining the distribution of frequencies, and he found that Born 
and von Kdrmdn’s method gives something more nearly like the observed 
specific-heat curves. Blackman’s work is essentially qualitative, how- 
ever, and it remains to be seen how well the low-temperature anomalies 
actually can be explained. 

The three stages of development of the vibrational theory of specific 
heats, namely, the theory of Einstein, of Debye, and of Born, von Kdrmdn, 
and Blackman, may be included in an approximation in which it is 
assumed that interatomic forces obey Hooke’s law. We shall treat 
specific heats of solids by this method in the present chapter. 

It is believed that the details of specific-heat curves that cannot be 
explained by the Hooke’s law approximation have two origins, namely, 
anharmonic interaction terms and thermal excitation of electrons. 
These topics will be discussed in later chapters. Anharmonic inter- 
action terms supposedly account for the following facts: (a) the anomalous 
peaks in the specific-heat curves of molecular crystals, such as solid 
methane, and of ionic crystals, such as ammonium chloride; and {h) 
a part of the high-temperature deviations from Dulong and Petit’s law. 
Electronic interaction is believed to account for: (a) the linear tempera- 
ture dependence of the specific heats of some metals near absolute' zero, 
(6) the anomalous peaks in the specific heats of ferromagnetic metals and 
paramagnetic salts, and (c) a part of the high-temperature deviation 
from Dulong and Petit’s law — particularly that of transition metals. 

18. The Energy of an Assembly of Oscillators. — It will be shown in 
Sec. 22 that a crystal which contains N atoms that interact according to 
Hooke’s law is mechanically equivalent to* a set of 3N independent 
oscillators. Thus, the mean total energy E of such a crystal is equal 
to the sum of the mean energies of the individual oscillators. We shall 
derive the expression for the mean energy of an oscillator by assuming 
discrete energy levels in accordance with quantum theory. 

The relative probability^ of finding in its fth level a system that has 
levels of energy and degeneracy Qi is 

n = Qie ( 1 ) 

.• 1 M. Blackman, Z. Phynk, 86 , 421 (1933); Proc. Roy. Soc., 148 , 384 (1936), 
169 , 416 (1937); Proc. Cambndge Phil. Soc.y 33 , 94 (1937). 

*For a discussion of Boltzmann^s theorem, see various books on statistical 
mechanics such as: E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book Com- 
pany, Inc., New York, 1938); L. Brillouin, Die Quantenstatistik (Julius Springer, 
Berlin, 1931). 
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where j is summed over all levels. The mean energy e of the system 
obviously is 


which is identical with the expression 


'd{l/kT) 




We shall call the sum 


the partition function and shall designate it by /. 

Let us evaluate Eq. (3) for a harmonic oscillator of which the energy 
levels, in accordance with quantum theory, are given by 

€ = nhv (5) 

where n takes all integer values and v is the natural frequency of the 
oscillator. The levels are not degenerate in this case, whence Qi is unity. 
Thus, the partition function for the system is 

* nhv * hv 


1 _ e *r 

According to Eq. (4), the mean energy is 


d(l/kT) 


-hi hve 

log (1 - e *0 = 

1 - e"*r 


1 


( 7 ) 
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whereas the mean total energy of an assembly of ZN oscillators of differ- 
ent frequencies * 1, 2, * • • , ZN) is 


hvi 


1 


( 8 ) 


This sum may be replaced by an integral if the distribution of frequencies 
can be represented by an integrable function. In this case, which occurs 
commonly, as will be seen later, 


£ = 



q{v)dv 


(9) 


where q{y)dv is the number of oscillators in the frequency range from v 
to p + dp, and Pm is the maximum frequency of any oscillator. Obvi- 
ously, we may expect q{v) to satisfy the equation 

= ZN. (10) 

The derivative of Eq. (8) or (9) with respect to T is the molar heat 
Cv in the case in which N is the number of atoms in a mol of substance 
Nm- We have 


- 


hvi 


hvt 

(e*r - 1)» 


in the general caee, and we have 

when Eq. (9) may be used. The summand in (11), namely, 


( 11 ) 


(llo) 


hr 



ekT 

hv 

(e*r - 1) 


2 


( 12 ) 


increases monotonically with temperature. It is zero at absolute zero; 
and as T approaches infinity, it approaches the constant value k in the 
manner incficated in Fig. 1. It should be clear that, with positive coeffi- 
cients, any sum or integral of such a monotonically increasing function 
abo must increase monotonically. Therefore, we may conclude that 
Cy is an increasing function of temperature regardless of the frequency 
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distribution. This conclusion is valid only when the interatomic forces 
obey Hooke’s law and when electrons do not contribute to the specific 
heat. Since (12) is equal to k when kT is much greater than hvm, the 
sum (11) in this case reduces to 

Cv = ZNJc = SnR (13) 

where R is the gas constant and n is the number of atoms per molecule 
of the crystal. Thus, the law of Dulong and Petit is valid at high temper- 
atures for an assembly of oscillators. This limiting case also corresponds 
to the case in which quantum theory degenerates to classical theory, 
that is, when h approaches zero. 

It is not possible to draw further important conclusions from this 
theory unless the form of the frequency distribution function q{v) is 
known. In the next section, we shall discuss several different assump- 
tions that have been made about this function. 

19. Einstein^s and Debye’s Frequency Distributions, a. Einstein^s 
Distribution. — Einstein^ postulated, for simplicity, that the atoms of a 
solid oscillate independently and with the same frequency v. The 
summand in Eq. (8) of Sec. 18 is constant under this assumption, whence, 

E = 3N-^> ( 1 ) 

ekT I 

and 

Cy = 

^ (e*? - 1)2 

( 2 ) 

will be called the Einstein specific-heat function (c/. Fig. 1). The 
parameter v in Eq. (2) is usually adjusted so as to obtain the best possible 
fit of theoretical and observed specific-heat curves. Its magnitude 
usually is of the order of an infrared frequency. Although the parts of 
specific-heat curves for which is greater than 3nE/2 usually can be 
fitted closely with an Einstein specific-heat function, the low-temperature 
portions usually cannot. It may be recalled from the discussion of 
Chap. I that the observed specific heat usually drops to zero as T®, 
whereas Eq. (2) varies as 



^ Einstein, op. cit. 
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which approaches zero more rapidly. We shall discuss the comparison 
of observed and theoretical values in more detail after presenting Debye’s 
theory. 

h. Debye’s Distribution. — Debye^ pointed out that the possible 
oscillation frequencies of a solid body range from very low values, corre- 
sponding to sound waves, to very high ones, corresponding to infrared 
absorption peaks of solids. Since the contribution of a low-frequency 
oscillator to the low-temperature specific heat is larger than that of a 
high-frequency one, we might have anticipated that Einstein’s assump- 
tion, which neglects the long waves, would not give a large enough specific 
heat at very low temperatures. 



associated with the Einstein curve is equal to the maximum Debye frequency. 

Debye suggested that a more accurate distribution might be found 
by treating the crystal as though it were a continuous elastic medium 
which has elastic constants that are independent of frequency. It has 
become conventional to follow Debye’s original simplified treatment 
of the problem in which the medium is assumed to be isotropic. Instead, 
one might use the actual elastic constants. The factor that makes the 
more precise procedure difficult to apply is not so much the problem of 
finding the normal modes of vibration as the problem of expressing the 
frequency density in a tractable analytical form. In the isotropic case 
the frequency is independent of the direction of propagation, so that the 
distribution function may be expressed simply. We shall proceed with 
the simplified treatment and discuss the alternative one later. 

The following point should be kept in mind. The vibrational fre- 
quencies of a continuous medium range from zero to infinity, correspond- 
ing to wave lengths that range from infinity to zero, wherfeas, in an actual 
solid, wave lengths shorter than interatomic distances are not independ- 

1 Debye, op. cit. 
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ent of longer ones. This interdependence is shown for a simple example 
in Fig. 2. The transverse displacements of the particles in this figure 
may be described equally well by the function a or h, or by any one 
of an infinite number of shorter waves that have the same amplitudes 
as a or b at the atomic positions. 

The same conclusion may be drawn from the fact that a system which 
contains N atoms has only degrees of freedom, whereas a strictly 
continuous medium has an infinite number of degrees of freedom. This 
interdependence of different modes is not exhibited as long as the medium 
is treated as though it were continuous. Hence, it is necessary to intro- 
duce a condition that limits the number of modes used in determining 
the specific heat. This may be done conveniently by neglecting all 



Fig. 2. — An example of the way in which a given periodic displacement of a lattice may 
be described by different harmonic functions a and b. The wave numbers Ca and ab of the 
two functions bear the relation Cb = ffo + I /I, whore I is the lattice distance. 

modes having a frequency greater than the value Vm defined by the 
equation 

= ZN, (3) 

in which /(r) is the distribution function for a continuous medium. This, 
however, is not a unique way of selecting the modes of vibration. We 
could, for example, choose them by placing a restriction upon the range 
of wave lengths rather than upon the range of frequencies. The question 
of choosing modes does not arise when they are derived by a detailed 
atomic treatment like that of Secs. 20, 21, and 22 for this method auto- 
matically gives us a unique set of SAT modes. 

Let us consider a rectangular parallelepiped of an isotropic medium, 
bounded by the six planes x = 0, x = L,, y = 0, !/ = Ly, 2 = 0, z = L*. 
The equations for the propagation of longitudinal and transverse vibra- 
tions in this medium are 
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respectively, where ui and Ut are the amplitudes of the vibrations and 
Cl and Ct are their velocities. These velocities may be related to the two 
elastic constants for isotropic media by means of the equations^ 


Cl 





2m 


Cll + Ci2 


in which m is the density. 

The boundary conditions employed when one searches for the norma) 
modes of vibration depend upon the specific physical conditions under 
which the body vibrates. Since the frequency distribution turns out 
to be insensitive to the choice of boundary conditions, we shall assume 
for simplicity that the surface planes are rigidly held. In this case, the 
boundary condition is that u should be zero at these planes. With this 
condition, the normal modes are 


. . 7rn*a: . vnyy . 7rn*z . . 

ui Ai sm -y— sin sin -y— sin 2'Kvity 
Ijx 

, . m,x . irtiyy . . . , 

U( = At sin -f — sm sm -f — sm aircii, 


(5a) 

(5b) 


where the n< are arbitrary integers and the At are constants. The fre- 
quencies Cl and vt are related to the n* by means of the equations 


LI + Ll)’ 
" 4\Ll ^ ly uj 


(6o) 

(6b) 


There are three independent modes of vibration associated with each 
set of integers n,, n„ namely, two transverse waves of frequency vt 
and one longitudinal wave of frequency vi. 

The quantities 


X. 



X, 


2Ly 

, 

7ly 



(7) 


^ In an isotropic medium, the elastic constants Ci,- (qf. footnote 1, p. 94) are 
related by the equations. 


Cn » C22 = Cif, 

C12 * C 2 J ■" Cai, 

(cn — C 12 ) 

C 44 * Cea ■■ c«« «■ 


and all others are zero. Thus only two constants are independent. The equations 
for propagation of a wave in an elastic medium degenerate to Ha) and (4b) in this 
case. See, for . example, W. Voigt, Lehrbuch der KristaUphysik, p. 587 (Teubner, 
Leipzig, 1928); G. Joos, Theoretical Physics (G. E. Stechert & Company, New York, 
1984). 
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are the wave lengths of the modes (5a) and (56) measured along the ic, 
y, and z axes, respectively. The reciprocals of these quantities give the 
number of waves per unit length, or the wave-number components or*, o-^, 
and <r,: 







( 8 ) 


In terms of these quantities, the frequencies (6a) and (66) become 


Pi = C/0-, 

Pt = Ctc, (6c) 

where 

0- = Vo-* + O’J -h (tI. (9) 

The standing wave (5) may be viewed as the sum of a set of traveling 
waves, for which the prototype function is the exponential function 

^^i2ir(«r.r-v0 (IQ) 

where ^4 is a constant, o- is a constant vector having components o-*, ay, 

and (Tg, p is the frequency of the wave, and r is the position vector 
whose components are the Cartesian coordinates of space x, y, and z. 
At a given time the phase of (10) is constant at all points that satisfy 
the equation 

d • r = constant, 

that is, on planes orthogonal to the direction d. Thus these planes are 
the wave fronts. The normal distance between planes that differ in 
phase by 27r clearly is l/|d|. Hence, |d| is the reciprocal wave length 
or the wave number, that is, the number of waves per unit distance 
normal to the wave front. For this reason, d is called the wave-number 
vector. The phase of (10) is constant at points that satisfy the equation 

d • r — = constant, 

which describes the motion of the wave front planes in the direction of d 
with a velocity equal to v/\6\. The standing wave (5) may be obtained 
by adding together the sixteen functions that can be derived from (10) 
by exchanging the signs of p and of the three components of d. 

The number of modes of vibration having values of d less than the 
value d' may be computed conveniently in the following way: 

Let us represent the continuous variables (r*, ay, and Cg in a three- 
dimensional coordinate system. The points defined by Eqs. (8) are 
then distributed throughout the positive octant of this reference system 
and are arranged at the mesh points of a simple rectangular lattice. 
The equation d == d' defines a sphere in the same reference system, and 
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the volume of the part of this sphere lying in the positive octant is 
•ffTTor'®. The total number of points (8) that lie in this octant is 

( 11 ) 

since the average volume occupied by any one point is l/SLa^LyL*. Equa- 
tion (11) may be written as 

( 12 ) 


where V is the volume of the crystal. 

There are three modes of vibration associated with each point (8); 
therefore, the total number of modes for which a is less than a' is 

iV((rO = (13) 


The equation v — v' defines two spheres in d space, one corresponding 
to longitudinal modes of vibration, and the other to transverse modes. 
The radii of these spheres are given by the equations 


= 


V 

Cl' 



(14) 


respectively. Using Eq. (12), we find that the number of points in the 
first sphere is and the number in the second is iTrcrJ'l Hence, the 
total number of modes having frequency less than v' is 

- '’Kl + 1)''‘ 


since one longitudinal mode and two transverse modes correspond to 
each value of d. We may define a mean velocity c by means of the 
equation 


3 

c* 



(16) 


and we may write Eq. (15) in the form 


N{v') 





(17) 


The corresponding expression for the case of a nonisotropic medium 
cannot be derived so simply, for the dependence of v on the variables 
(Tx, (Ty, and usually will not be so simple as in (6a) and (65). 

Debye determined the highest allowed frequency vm, by setting (17) 
equal to SiV where N is the number of atoms in the solid. In addition, 
he assumed that the number of modes of vibration in the frequency range 
from p' to p' + dv' is given by the differential of (17), which is equivalent 
to assuming that the distribution function /(p) in Eq. (9) of Sec. 18 is 
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/(.) = 


(18) 


Uncier these conditions, Eq. (9) of Sec. 18 becomes 

VUrh 


E = 


^ r""* vHv 

I 

^kT __ I 


(19) 


We may eliminate c by means of ICq. (17), after setting N{v') = SiV. 
E then is 


E 


9Nh r*'” vHv 

I ‘ 

-'O - 1 


Next, we may set x = hv/kT and write (20) in the form 

hvm 

/ kjy CkT 

"•VWJo e--l' 

Thus, the molar heat is equal to 


E = Mhp 




hvm 

e^x*dx 


( 20 ) 


( 21 ) 


( 22 ) 


(e* - 1)2 

Following Debye, we shall define a characteristic temperature Qd by the 



Fia. 3. — Comparison of the Debye specific-heat curve and the observed specific heats of i 
number of simple substances. 

equation fcOp = hvm and shall write (22) in the form 
Cy = 3nB/p(^) 


( 23 ) 
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where 


•(^)=<a’xW 


'(24) 


The function /D(a;) is shown in Fig. 1, along with Einstein’s function. It 


Table XXXIV. — The Debye Chaeactbristic Temperatures op Solids 


Substance 

On 

Substance 

Od 

" Metals 

Na 

150 

A1 

390 

K 

100 

Ga 

125 

Cu 

315 

In 

100 

Ag 

215 

T1 

100 

Au 

170 

La 

150 

Be 

1,000 

Ti 

350 

Mg 

290 

Zr 

280 

Ca 

230 

Hf 

213 

Sr 

170 

Ge 

290 

Zn 

250 

Sn 

260 

Cd 

172 

Pb 

88 

Hg 

96 

Sb 

140 



Bi 

100 

Cr 

485 

Ta 

245 

Mn 

350 

W 

310 

Fe 

420 

Re 

300 

Co 

385 

Os 

250 

Ni 

375 

Ir 

285 

Mo 

380 

Pt 

225 

Ru 

400 



Rh 

370 



Pd 

275 



Ionic Crystals 

KCl 

227 

CaFa 

474 

NaCl 

281 

FeSi 

645 

KBr 

177 



Aga 

183 



AgBr 

144 




should be noted that/p approaches zero as (T/0 d)*. 

Figure 3 shows the manner^ in which the atomic-heat curves of a num- 
ber of simple solids may be fitted with a Debye function. It is obvious 
^ See, for example, the compilation of data in Landolt-Bomstein. 
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from Fig. 1 that the Einstein function would not apply nearly so well 
at low temperatures. Table XXXIV contains values of 0 d that were 
determined from curves of this type. 

The mean velocity c and the characteristic temperature are related 
by means of the equation 

k ~ A:®V4irFj ■ 

Born and von Kdrmdn/ employing room-temperature values of the 
elastic constants, found excellent agreement between the observed and 
calculated temperatures of aluminum, copper, silver, lead, sodium 
chloride, and potassium chloride for temperatures above 25°K. Similar 
agreement has been found by Hopf and Lechner^ for calcium fluoride 
and iron sulfide and by Schrodinger^ for iron and carbon. Eucken,^ 
however, showed that this close agreement usually disappears if the 
(Mastic constants for absolute zero are used instead. For example, 
Table XXXV contains a comparison of observed and calculated values 

Table XXXV. — Comparison of Characteristic Temperatures Determined 
FROM THE Law with Those Computed from the Low-temperature 
Elastic Constants 


Substance 

Qd {T^ law) 

i 

0D (calc.) 

Cu 

329 

353 

Ag 

212 

241 

A1 

399 

502 


of 0i) for copper, silver, and aluminum. It should be noted -that the 
0D calculated from absolute-zero data are larger than the observed 
values. We may invariably expect this kind of discrepancy if the 
observed 0 d agrees with the value computed from room-temperature 
data, since the elastic constants increase with decreasing temperature. 

In addition to the discrepancy pointed out by Eucken, ’Griineisen 
and Goens® have found that the 0 d for zinc and cadmium determined 
from room-temperature data are larger than the experimental values. 
The disagreement would be emphasized even more in this case by using 
elastic constants corrected to absolute zero. 

^ Born and von KXbmXn, op . cit . 

*L. Hopp and G. Lechner, Verh. deut. physik. Ges., 16, 643 (1914). 

® E. Schr5dingbr, Handhuch der Physik, Vol. X. 

^ A. Eucken, Verh. deut. physik. Ges., 15, 671 (1913). 

‘ E. GrUnbisbn and E. Gobns, Z. Physik, 86 , 260 (1924). 
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Thus, we may say that at least part of the excellent agreement 
between the observed specific-heat curves and Debye’s curve is fortuitous. 

c. Modifications of Debye’s Equation Based upon the Continuum 
Hypothesis. — Several modifications of Debye’s equation were suggested 
in the period following his paper. We shall discuss briefly the work of 
Born,^ the theoretical basis of which is examined in Sec. 21. 

In treating molecular solids, Born postulated that only those SN 
degrees of freedom that correspond to intermolecular vibrations of a 
system of N molecules should be treated by the continuum method. 
The specific heat associated with the remaining 3(n 1) sets of N 

frequencies that correspond to intramolecular vibrations of the n atoms 



Fig. 4. — Frequency versus wave-number relationship for an isotropic continuous medium. 
The two lines represent curves for the two types of polarization. In the Debye scheme the 
HN modes are selected by choosing all waves having frequency less than Vm- Thus the 
transverse modes corresponding to the wave-number range a-b are excluded, whereas 
the longitudinal modes in the same range are retained. In the Born method all modes 
having wave numbers less than Vm are retained, all others are discarded. 


in a molecule should be approximated by 3(n — 1) Einstein functions. 
In addition, he suggested that the continuum frequencies that are used 
should be selected by taking all modes of vibration associated with a 
region of wave-number space instead of restricting the range by means of 
Eq. (17). The difference between Born’s and Debye’s methods may be 
understood by considering an isotropic medium. The two lines of 
Fig. 4 represent the dependence of frequency on wave number for the 
transverse and longitudinal waves. In Debye’s scheme, the modes are 
selected by taking all frequencies less than Vm. Thus, waves having 
only one type of polarization are used in the range of <r extending from 
a to h. Born suggested that it would be preferable to use all waves for 
which ff is less than the value am that is defined by the condition that 
in Eq. (13) be equal to SN ; that is, 


^ M. Bobn, Dynamik der KristaUgitter (Teubner, Leipzig, 1916). 
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(Tm = 



(26) 


where no is the molecular density. The limiting frequencies of the 
longitudinal and transverse waves then are 


^m,l Clfffn) 

Vm.t = Ct<Tm, 

and the density of each type of vibration is 

fl{v) = i) < V < 

/,(.) = 0 < f < r„.,J 

I 

The contribution to the specific heat from these modes is 


(27) 


(28) 



where 0^ = hvm.i/k and Ot = hvm,t/k. To this, Born would add 3(n - 1) 
Einstein terms in order to include the intramolecular vibrations. 

Born suggested that the same method of selecting frequencies could 
also be used in good approximation in anisotropic solids. In this case, 
the three waves of different polarization have different velocities for 
each direction of propagation. Thus, the limiting frequencies 
Vm, 2 , and Vm,z are functions of the direction of propagation. . If the direc- 
tion variables are taken to be the polar angles 6 and <p, the specific heat 
associated with the continuum modes of vibration now is 


y-1 

where 

m <p) = (30) 

and dil is the differential of solid angle. If we add to this the Einstein 
term associated with intramolecular vibrations, we obtain 

3(n-l) 

Cv = c* + 2 (31) 

*«= 1 

Forsterling^ computed Cb for the cubic salts sodium chloride, potas- 
sium chloride, calcium fluoride, and iron sulfide, using the room-temper- 

^ K. FftRsTEELiNG, Z. Physik, 3, 9 (1920); Ann. Physiky 61, 549 (1920); Z, Physik, 
8 , 251 ( 1922 ), 
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ature elastic constants. As we shall see in Sec. 23, it is doubtful whether 
Born^s method of dividing the specific heat into Debye and Einstein 
terms can be justified in the case of these ideal ionic crystals. Forsterling 
employed an ingenious expansion method for evaluating the integrals in 
Eq. (29) and found that the result could be approximated closely by 
means of three Debye functions. The three Einstein frequencies were 
taken to be the same in the diatomic case, whereas two sets of three 
equal values were used in the triatomic cases. These frequencies were 
chosen in order to give the best fit with the observed results. The thrfee 
computed characteristic temperatures and the assumed vibrational 
frequencies are listed in Table XXXVI. Table XXXVII contains a 


Table XXXVI 


Substance 

Calculated characteristic temperatures 

Assumed frequencies 



1 




01 

02 

0» 

hvi/k 

hvifk 

NaCl 

354 

216 

194 

218 


KCl 

289 

170 

150 

186 


CaFj 

658 

348 

274 

306 

502 

FeSj 

631 

439 

1 

404 

406 

620 


Table XXXVII. — Comparison of Observed and Calculated Molar Heat of 
Potassium Chloride 
, (In cal /mol) 


T, "K 

Observed 

Calculated 

70 

7.54 

7.S2 

87 

8.66 

8.63 

137 

10.36 

10.38 

235 

11.46 

11.38 


comparison of the observed and calculated values of Cv for potassium 
chloride above 70°K. The accuracy is about the same in the other 
cases. The contributions from the Einstein terms decrease very rapidly 
at low temperatures and are negligible below 10°K. Hence, only the 
Cb term need be considered in this range. This term, however, varies 
as where 1/0^ is the mean of <p). Since Keesom and Clark 

have found that potassium chloride does not satisfy the T* law below 
10® K, it follows that Born^s modification of Debye's theory is subject to 
some of the same objections as the original theory. 

More recently. Lord, Ahlberg, and Andrews^ have applied a modifica- 
tion of Bom's theory to crystalline benzene, which is an ideal molecular 

' R. G. Lobd, J. £, Ahlbbrq, and D. H. Andrews, Jour, Chm.Phy8,t 0,649 (1937). 
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substance. In addition to using the continuum theory for the SN 
intermolecular vibrations, they employed the theory for the SiV" modes 
of motion in which the molecules undergo coupled torsional oscillations.^ 
Einstein functions were employed for the remaining 27N intramolecular 
modes of vibration, the observed vibrational frequencies of the free 
benzene molecules being used in these terms. Since the intramolecular 
frequencies are comparatively high, the Einstein terms are negligible 
at 60°K and only the continuum modes need be considered below 

T®K — ► 



sonts the low-temperature heat, the upper curve corresponds to the higher temperature 
values. (After Lord^ Ahlberg and Andrews.) 

this temperature. These workers found that the molecular heat in 
this region could be fitted closely by the single Debye term 

in which 0 d = 150°. The agreement is shown in the lower half of 
Fig. 5. The observed and calculated molar heats for a wider range are 
given in the upper half of the same figure. Unfortunately, a rather 
questionable Cp — Cr correction must be added above 150°K, so that the 
agreement in the higher temperature range is not so significant as that 
in the lower. It may be observed that the Einstein terms play an impor- 
tant role between 60° and 150°K. 

The preceding method cannot be applied to a molecular crystal in a 
temperature range in which torsional oscillation changes to free rotation. 
We shall discuss the theory for this case in Chap. XIV. 

^In a molecular crystal in which the inner molecular forces are much larger 
than the intermolecular forces, it may be expected that there are a set of ZN low- 
frequency torsional modes of vibration as well as the 3JV low-frequency trans- 
lational ones. 
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A striking example of a substance for which Born’s equation (29) 
is more successful in predicting the specific heat than Debye’s is the 
alkali metal lithium. The elastic constants of this substance have been 
computed by Fuchs, ^ using a method that will be described in Chap. X. 
The elastic constants of lithium have not been measured, but those of 
sodium have been measured by Quimby and Siegel. ^ The agreement 
between observed and calculated results in this case may be found in 
Table LXII, Chap. X. It should be observed that the relation 

2C44 ^ j 

Cll — Ci2 

for isotropic media is far from being satisfied, showing that these crystals 
are much less isotropic than the alkali halides. Fuchs used the elastic 



T®K — ► 

Fig. 6. — The observed and calculated OniT) curves of lithium. The theoretical curve I 
was calculated by Fuchs using Bom’s modification of Debye’s theory and the theoretical 
elastic constants of lithium. The experimental curve II was determined by Simon and 
Swain. 

constants of lithium to compute the three characteristic temperatures for 
each direction of propagation [cf. Eqs. (29) and (30)] and then computed 
the specific heat from these. Figure 6 gives a comparison of the observed 
and computed values of 0(T) obtained by equating the observed and 
calculated specific-heat curves to a single Debye function. It is evident 
from curve II that Debye’s law is inaccurate over a range of temperature 
comparable with the mean Debye temperature. The theoretical curve 
duphcates the general trend of the experimental curve and, hence, is in 
better agreement with it than the straight line corresponding to Debye’s 
theory would be. However, the agreement is still far from exact. It is 
possible that Blackman’s method of computing the specific-heat curve, 
which is discussed in Sec. 23, would further improve the theoretical 
values.® 

1 K. Fuchs, Proc. Roy. Soc., 163 , 622 (1936); 167 , 444 (1936). 

*S. L. Quimby and S. Siegel, Phys. Rev., 64 , 293 (1938). 

• R. C, Lord has pointed out to the writer that the specific heat of lithium may be 
fitted closely by a combination of Einstein and Debye functions, which suggests that 
the lattice may be somewhat molecular. This suggestion awaits X-ray confirmation. 
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20. Observed Deviations from Debye’s Law of Vibrational Specific 
Heats. — The specific heats of a number of simple solids exhibit deviations 
from Debye’s law that imply that Debye’s theory requires modification. 
We shall exclude molecular crystals from consideration at the present 
time and shall discuss only the cases that involve metals or simple ionic 
crystals. The discrepancies may be placed under three headings, as 
follows: 

a. The Linear Term in Metals. — Figure 19, Chap. J, shows that 
nickel has a linear specific-heat term in addition to the Debye term. A 
number of other metals show a similar anomaly near absolute zero 
that is now ascribed to the specific heat of their free electrons. We shall 
discuss a simple theory of this term in the next chapter. 

h. Low-temperature Anomalies of Monotonically Increasing Curves . — 
Figure 68, Chap. T, shows the variation with temperature of the Debye 
characteristic temperature of potassium chloride. This curve was 
obtained by Keesom and Clark by equating the observed molecular heat 
to Debye’s expression 


and solving for Ou. It may be observed that, instead of being a constant, 
this quantity shows a distinct peak about 4.3°K. As we mentioned in 
the previous section, Born’s modification of Debye’s theory cannot 
explain this because the Einstein terms in Eq. (29) are negligible in this 
temperature range. Deviations of this type have been explained 
qualitatively by Blackman. We shall discuss his work in Sec. 23. 

c. The Anomalous Peaks of Germanium and Hafnium. — These peaks, 
which are shown in Fig. 16, Chap. I, cannot be explained by any theory 
that assumes Hooke ’s4aw forces, for no superposition of Einstein functions 
leads to a curve with a maximum. Although the peaks in these metals 
are similar to the peaks occurring in molecular crystals, the explanation 
in terms of molecular rotation evidently cannot be applied. 

21. The Vibrational Modes of One -dimensional Systems, a. Mona- 
tomic Lattice. Suppose that we have a one-dimensional lattice of atoms 
extending along the x axis. We shall assume that the atoms are spaced 
at distances a from one another and that they interact with Hooke’s-law 
forces. Consider the longitudinal modes of vibration from the following 
two standpoints: first, the Debye standpoint in which the modes are 
determined by solving the equation 
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where is the longitudinal displacement and ci is the constant velocity 
of propagation of very long waves; and, the atomic standpoint in which 
the normal modes are determined by solving simultaneously the equations 
of motion for each atom. 

The independent harmonic solutions of (1) for a string of length L 
fixed at both ends are 

\l/{x) = An sin sin 2Trvt (2) 

where n is an integer and the frequency v is related to it by the equation 

= ciff. (3) 

It is obvious that n/2L is the wave number a of the standing wave. 
Since there are an infinite number of independent modes of vibration 
for a continuous string, we must limit the frequencies if we want to take 
account of the fact that there are a finite number of atoms in the string. 
This may be done by excluding those modes for which n is greater than N, 
the total number of atoms, that is, by neglecting modes with wave 
lengths less than 2a. 

Next, let us derive the equations of motion for the atoms of the 
string. We shall number the atoms consecutively from 1 to N, starting 
at the origin of coordinates, and we shall let Xn be the variable that 
measures the displacement of the nth atom from its equilibrium position. 
In addition, we shall assume that each atom interacts only with its 
immediate neighbors. Under this condition, the equation of motion 
of the nth atom is 

d^x 

- Xn+l) “ {Xn-l - X„)] (4) 

where m is Hooke’s constant for a pair of atoms and m is the mass of an 
atom. 

The equations for the two end atoms obviously are different from the 
equations for interior atoms, for the former lack neighbors on one side. 
This fact could complicate the procedure of finding solutions of (4); 
however, we shall avoid the difficulty by using a method that was 
employed first by Born and von Kdrmdn.^ We shall assume that there 
are additional atoms on both sides of the string, in order that the equa- 
tions for the end atoms may be the same as those for interior atoms. This 
assumption cannot affect the nature of the frequency-distribution func- 
tion in any important way, as long as the number of atoms is sufficiently 
large. In addition, we shall assume that the phase of Xi is the same as 

^ Bobn and von KXrmXn, op. cU. 



Sec. 21J 


THE SPECIFIC HEATS OF SIMPLE SOLIDS 


119 


the phase of the hypothetical N + 1st atom. As an alternative, wo 
might assume that the end atoms are fixed. The ‘Aperiodic” boundary 
condition is more advantageous, however, since it allows us to find 
elemental running-wave solutions without dealing with an infinite 
string and, at the same time, takes proper account of the number of 
degrees of freedom. 

The function 

x„(l, v) = ■ ■^), (5) 

where A is a constant and I is an integer, satisfies the periodic boundary 
condition and reduces all of Eqs. (4) to the same form, namely, 

—4ir^mv^ = ~m 2^1 cos (6) 

Hence, the real and imaginary parts of (5) are physically interesting 
solutions of Eq. (4). Each of these parts defines a real traveling wave 
of wave length X = Na/l, or wave number o- = l/Na, for which the end 
atoms move in phase. We may also construct real standing-wave 
solutions of fixed frequency v' by properly combining the four functions 
of type (5) for which I = ±1' and v ±/. The two independent 
waves of this type are 


and 


Xn = A sin sin (v't + 5) (7a) 

2-7rZ' 

Xn - A cos -jjj-n sin {v't + 5') (7b) 


where 5 and 3' are arbitrary phases. 

The set of independent modes of different wave number are those 
corresponding to values of I for which the quantities (5) are different 
functions of n. Thus, the modes belonging to I = V and Z = Z' -f A 
are not independent, since a;„(Z', v) is equal to Xn{l' + N, v) for all values 
of n. It is clear that there are only N independent values oi l and that 
these may be chosen to be those lying in the range from zero to N — 1. 
The sine and cosine functions of 2Tl'n/N appearing in (7a) and (7b) are 
different only for half this range of Z, because of the relation 

sin x = — sin (27r — x), (8a) 

cos X = cos (27r — x). (8b) 

Thus, if we choose to represent the normal modes by means of the func- 
tions (5), the independent range of Z extends from zero to iV — 1, whereas, 
if we choose the two functions (7a) and (7h) instead, the range extends 
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from zero to N /2. In either case, however, there are just N independent 
modes, in agreement with the fact that there are only N degrees of freedom 
in the system. 

The relationship between frequency and wave number, given by 
Eq. (6), may be reduced to 



(9) 


This equation becomes identical with Eq. (3) for values of a small enough 
to allow us to replace the sine by its argument, for then 


V 



Figure 7 illustrates the expression (9) for the independent range of the o-. 
This curve shows that it is not generally permissible to assume that the 



Fig. 7. — The v{<t) curve for a monatomic linear lattuje. The independent range of c is 
taken to extend from -l/2o to l/2o corresponding to values of I extending from -N/2 to 
N/2, 

velocity of propagation of elastic waves is independent of frequency, as 
one does in deriving Debye’s frequency distribution. 

Grlineisen and Goens^ first suggested that one might explain the 
discrepancy between the characteristic temperatures obtained from the 
law and those computed from elastic data on the basis of differences in 
velocity between long and short waves. The fact that short waves 
travel more slowly in the linear lattice suggests that in computing Qd 
we should use elastic constants somewhat smaller than those obtained 
from ordinary measurements. Blackman has investigated more fully 
the significance of this suggestion (c/. Sec. 23). 

We shall next find the frequency distribution corresponding to 
Eq. (9). Equal ranges of <t contain equal numbers of modes, since <t is 
proportional to 1. Moreover, 


GBtJNBiSEN and Gobns, op. cit. 
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Hence, the density dl/dv is 

d ^ _J__ ^ Na ^ N 

dv dv/dl dvjdd \/ [ijm cos Tro-a 

_ Ny/mJjl 
Vl — {vVm/^) 

Thus, the density is constant for small values of v, just as in the continu- 
ous case, but it becomes infinite when <t = l/2a. 

6. Diatomic Lattices , — ^Let us extend the preceding problem by adding 
parti (iles of mass M at points midway between the particles of mass m 
so that the distance between neighbors now is a/2, We shall label the 
masses with integers extending from 1 to 2N in this case so that the odd 
integers correspond to the masses m and the even ones to the masses M. 
The equations of motion are then 


= -fJi[{X2n+l - Xu) - (a:2n+2 “ 3-2u+l)], 

- x,„)], 

where m is the force constant between unlike neighbors. 

If the Born-von Kdrmdn boundary conditions are used again, a 
normal coordinate substitution is 





( 11 ) 


for integer 1. The wave number a is l/Na in this case. A and B satisfy 
the homogeneous linear equations 


{Air^mv'^ — 2ju)A + 2jLi cos 



0 .) 


2ju cos 



+ (4ir2Jlfv2 - 2 m)B = 0,; 


( 12 ) 


which have a solution only for those values of v that satisfy the compati- 
bility equation 


(47r^wi^* — 2/i) 



- 2m)| 


( 13 ) 
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in Fig. 85. On the other hand, we may choose the range of a to extend 
from zero to 1/a, and we may use both branches of the frequency curve 
in the manner shown in Fig. 8c. It is also possible to obtain a sym- 
metrical v{(t) curve in this case by choosing a so that it ranges from 
-l/2a to +l/2a, as in Fig. Sd. We shall usually use this mode of 
description, which is called the ^‘reduced-zone scheme.’^ 

The relationship between A and B may be determined by substituting 
j/2 from Eq. (14) in either of the equations (12). The ratio A/B is 

•A ^ 2M cos 2ir{l/2N) 

B [ikf — m ± 's/ip -f -h 2Mm cos (27r^/JV)] 

It is interesting to note that the two normal modes which correspond 
to the points of discontinuity at o- = ± l/2a are those in which one of the 
two types of mass is stationary. This fact may be shown by setting 
/ = N/2 in Eq. (12). In addition, it should be noted that v approaches 
zero linearly near the origin, just 
as in the monatomic case, a fact 
showing that acoustical waves 
travel with constant velocity. 

The number of modes of vibra- 
tion per unit range of <t is constant 
for each branch of the v{<7) curve 
and is equal to Na. Hence, the 
distribution as a function of fre- 
quency is 

/(.) . 

which may be evaluated from Eq. 

(14). This function, which is 
shownr in Fig. 9, has nonvanishing values over two ranges of frequency 
corresponding to the two branches of the v{a) curve. 

It may be seen that we obtain a new equation of type (12) for each 
particle added to the unit cell of the lattice and that a new root is simul- 
taneously added to the determinantal equation that determines the 
frequency. Hence, if we want to retain v as a single-valued function 
of ff, we must extend the domain of cr by 1 /a for each particle added. 

Another interesting one-dimensional case is that in which the two 
particles in the unit cell of a one-dimensional lattice have equal masses 
but interact more strongly with one another than with their neighbors. 
This ease is analogous to that of a molecular crystal in which intra- 
molecular forces are stronger than intermolecular ones. If a is the 



quency distribution of modes of vibration for 
the diatomic linear lattice. The density 
approaches infinity at the three points indi- 
cated by vertical dashed lines. 
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Hooke’s constant for interaction between the pairs in the unit cell, ^ the 
constant for interaction of one of these atoms with the neighbor in a 
different cell, and m the atomic mass, the equation analogous to (14) is 

± .a- ±vi< - » +. 1^ - (2.1/m 


N N 

zone scheme, I is an integer extending from — 75 - to 75 -; and the wave 

I I 

number is o- = l/Na, as before. When a becomes very large in com- 
parison with jS, the upper branch of this function reduces to the constant 
value 


V 



which is the natural frequency of two atoms having mass m and force 
constant The lower curve reduces to 


r = - 


ttI 

isin^ 


under the same conditions. This expression is almost the same as (9); 
however, 2m appears instead of m. It is clear that the pair of atoms in 
the unit cell move as one in the modes associated with the low-frequency 
branch of the v{(t) curve and oscillate as though in free space in the 
modes of the high-frequency branch. This condition obtains, of course, 
only when a is much larger than If a and |3 are comparable, the pair 
of atoms in the unit cell will behave less as an independent unit. 

These simple one-dimensional examples illustrate most of the impor- 
tant features of the general three-dimensional case, which we shall 
discuss next. In particular, it is possible to see the origin of Born's 
postulates which were presented in part c of Sec. 19. 

In connection with Born’s first postulate, it should be pointed out 
that only the modes associated with the lowest branch of the v{a) curve 
approach acoustical vibrations at long wave lengths. Hence, this is 
the only branch we may reasonably expect to approximate by means 
of the v{(r) curve for a continuous medium. There are no other branches 
for a monatomic lattice (case a), but there are others in polyatomic cases. 
The number of degrees of freedom in the lowest branch or in any single 
branch is equal to the number of unit cells in the lattice in the linear 
case and is equal to three times this number in the three-dimensional 
case. From this fact. Born concluded that it is not permissible to 
obtain the distribution of more than SiV” modes by treating the solid as 
though it were continuous. He effectively assumed that the other 
branches of the v{(t) curve are constants when he assumed that their 
contribution to the specific heat could be expressed in terms of Einstein 
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functions. This assumption is reasonable for molecular crystals, in 
which the intramolecular forces are much stronger than intermolecular 
ones (c/. the last one-dimensional example); but it cannot apply to 
crystals such as potassium chloride, in which there is high coordination 
between the atoms in the lattice. 

Born’s second assumption follows from the fact that in three dimen- 
sions each of the three branches of v(<t)j corresponding to the three 
directions of polarization, extends over the same range of wave numbers, 
just as the different branches do in the one-dimensional case. 

22. General Three-dimensional Case.* — ^Let us now consider a 
general three-dimensional lattice^ of atoms that interact with Hooke’s- 
law forces. We shall discuss a crystal having translational vectors 
Ti, t 2 , and Ts that are not necessarily orthogonal to each other. The 
unit cell may be taken as a rhombohedral parallelepiped the edges of 
which are determined by the translational vectors. The crystal specimen 
may have an arbitrary shape; we shall conveniently assume, however, 
that it is a rhombohedral parallelepiped of which the faces are parallel 
to the faces of the unit cell and the edges Li, L 2 , and Ls are large integer 
multiples of the lengths of the edges of a unit cell; that is, 

Li = L 2 = La = iValtal. (1) 

The crystal obviously contains NiN^Nz unit cells. A given cell may 
be specified relative to one corner of the crystal by the vector 

T(Pi,P2,P8) = PlXl + ^>2X2 + PzXZi (2) 

which extends from the corner of the crystal to the corner of the cell in 
question. We shall call the cell that is specified by the integers pj, p' 2 , pz 
the p'th cell in the lattice. In addition, we shall assume that there are 
n atoms in the unit cell and that the positions of these relative to the 
corner nearest the origin of coordinates are specified by the n position 
vectors pa(ce = 1, 2, • • • , n). The position vector Ta{pi,P 2 ,Pi), of the 
ath atom in the pth unit cell relative to the origin is then given by the 
sum 


ra{PhP2,Pz) = T(Pi,P2,P3) + 9a. 

* This section may be omitted in a first reading. It is demonstrated that the 
general conclusions that were drawn from the one-dimensional case concerning the 
v{ff) curves also apply to the three-dimensional one with the difference that the wave 
number is now a three-dimensional vector whose independent values rang© 
throughout a polyhedron. 

^ For additional details concerning the problem of determining the vibrational 
inodes of lattices, see R. B. Barnes, R. R. Brattain, and F. Seitz, Pkys. Rev,, 
48, 582 (1935); R. R. Lyddane and K. F. Herzfeld, Phys. Rev., 64, 846 (1938). 
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We shall designate the coordinates of the ath atom in the pth unit cell 
relative to its equilibrium position by xj{pi,p 2 ,pz) where i takes values 1, 
2, and 3 corresponding to each of three orthogonal Cartesian coordinates. 
The equations of motion for this atom have the form 


dHa*{Vi,Vt,Pt) 

’"“IF 


= U(V) 


(3) 


where rria is the mass of the ath atom and fa^p) is a homogeneous linear 
function of the relative displacements of the a-pth atom and all other 
atoms: 


/a* = - *.'(p)]- (4) 

We shall consider the interaction with all neighbors rather than, as in 
the one-dimensional case, merely the interaction with nearest neighbors. 
The coefficients M'Kp,p')f which obviously are the interatomic Hooke 
constants, depend only on the relative values of p' and p for given a, jS, 
i, j, that is, only on the relative equilibrium positions of two atoms. Thus, 
the equations of motion for the atoms in the pth cell differ from those for 
equivalent atoms in the ^th cell only by the translation T(pi,p 2 ,p 3 ) — 
T(gi, 92 , 93 ). We shall make no assumptions about the number of 
physically important terms that appear in the right-hand side of (4), 
although we may expect that nearest neighbors will have the largest 
coefficients. 

Since we shall generally be interested in forces that may be expressed 
as the gradient of a potential, we may require that 


faKp) = 


dV 

dxj{p) 


(5) 


The necessary and sufficient conditions for these equations to be satisfied 
are 


dfJip) ^ 
dXp^Xp') dxJip) 

or, as one may readily see, 

= PfiJKp'>P)j (6a) 

(Ob) 

fi,p' y,p" 

In order to introduce the Born-von Kdrmdn boundary conditions, we 
shall assume that surface atoms of the crystal have the same equations 
of motion as the interior atoms. We are then able to show that the 
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SnNiN^Ni equations (3) may be reduced to 3n independent equations. 
The appropriate substitution that satisfies the Born-von Kdrmdn 
boundary conditions is, in fact, 

xJ{VhP2)Vi) = (7) 

V^a 

where the are constants and d is a vector that satisfies the conditions 

d.T(iVi,0,0) ^ JVid.^i = U 

d.T(0,iV2,0) = J\r2d.t2 = ^2,? (8) 

d.T(0,0,i\r8) ^i\r8d.t3 = is,) 

where ii, h, and U are integers. The solution of Eqs. (8), which obviously 
express the Born-von Kdrmdn boundary conditions, is 

rt = A ^ I A "^8 ^ *^1 I A ^ N 

Nl |'Ci':2'53| Ni |'Ci^2'C8| Ni 1^1^2X81 ^ 

where the cross designates the conventional vector product and |'Cit 2 't 8 | is 
the determinant 

111 i21 ijl 

112 ^22 ^32 • 

il8 ^28 iss 

Equation (8a), like Eq. (2), defines the mesh points of a lattice having 
primitive translation vectors Si, S 2 , and Ssi where 


— '^2 X 'ts __ 'Vi X i;i _ X t2 

iVi|tiT2‘t3l ^ iV2|TlT2't8| ^ iV^3|tlt2X8| 


This lattice has been called the reciprocal lattice by Gibbs, who first 
used it. 

Let us consider for a moment the simple lattice consisting of one type 
of atom, say the ath in the unit cell. When the (i = 1, 2, 3) are 
fixed, expression (6) describes a running wave for which the wave-number 
vector is d. There are NiN 2 Ni ways of choosing the U in (8) to give 
independent waves, and these may be selected to lie in the range 


< Z < 


W 2 < , < W 2 


“T ^ ^ t: 


This domain obviously corresponds to values of the wave-number vector d 
that lie within the rhombohedral parallelepiped having corners at the 
eight points 


d * 


.Nl 


N 


Ni^ 


±^Si ± ^82 ± 


( 10 ) 
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The waves (7) are independent for a larger domain of d if we consider 
all atoms at once; in fact, it is easy to see that the domain may be chosen 
to be n times larger. However, the difference between modes for which 
d lies inside ( 10 ) and those for which it does not is simply a matter of the 
relative phases of the motions of different atoms in the unit cell. Hence, 
we may condense the larger domain of d to the domain determined by ( 10 ) 
by absorbing these phases in the and introducing n sets of instead 
of one. This procedure is analogous to the one used in passing from 
the description of Fig. 86 to the reduced-zone scheme of Fig. Sd in the 
one-dimensional case. 

We shall frequently use the relation 


( 11 ) 

P 

where the summation extends over all N 1 N 2 NZ values of p, and 
the Kronecker delta function, is zero when d 7 ^ d' and is equal to 1 
when d = d'. 

Substituting (7) in Eq. (3) and multiplying the result by ^ 

we obtain the following 3n equations for the after summing over p': 

‘ d). (12) 


gj clearly is a homogeneous linear function of the and of the differ- 
ences Ta{p) — We have, in fact, 


^ V Wla \V 'S/ma/ 

= 2x,s«(d){s'' 

where 

X^i.(a) = ^ -r„(p)l 

y/rriam^ 

p' 

for a 5 ^ and p 9 ^ p', and 


(13) 


(14a) 


2 '‘Xp-P'). (14b) 

The \afi are real only in the special case in which each atom is a center 
of symmetry, that is, in the case in which there is all atom of type ^ 
at the position —[Tfi{p') — r«(p)], relative to atom a in the p'th cell, 
for each atom at the position +[r^(p') — ra(p)]. This condition is 
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satisfied in some of the simplest lattices, but the X «/5 are usually complex. 
We see, however, that 

(16) 

because of Eqs. (6a) and (65). Hence, the matrix of the Kb is Hermitian. 
The homogeneous linear equations (12), namely, 


-47ri/2j„i(<j) = (Ifi) 

j.B 

will have solutions only for those values of v which satisfy the usual 
determinantal condition. This secular equation has 3n real roots 
vl {t = 1, • * * , 3n), since Kb is Hermitian. The 3n independent sets 
of which we may distinguish by a subscript t, satisfy the orthogonal 
ity relation 


= 0 (17) 

i,a 

when t 7 ^ t'. These coefficients may be normalized in such a way that 
this sum is unity when t = t'; that is, 

= «<•<'• (17a) 

t' 

Thus, we see that in all there are SnNiN 2 Nz independent functions of 
type (7) when we include the NiN^Nz independent values of d. 

The ia" are usually complex when the Kb are complex. We may 
obtain physically interesting real functions, however, by taking the real 
and imaginary parts of the quantities This pro- 

cedure does not double the modes of vibration, since spatial parts of the 
3n complex functions associated with — d are the complex conjugates of 
those associated with +d, as may be seen by taking the complex conju- 
gate of Eq. (16). The real functions have the form 

xj{p) = aj sin 27r[d • r«(p) - vt] -f hj cos 2T[d • Ta(p) vt] 

where aj and hj are now real. Thus the motion of the ath atom is 
described by the vector 

Aa sin 27r[d • Ta{p) ~ vt] + Ba cos 2ir[d • Ta{p) — vt]f (18) 
where Aa and B* are the vectors 
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If A and B are not equal and if neither is zero, the quantity (18) describes 
harmonic motion in an elliptical path, the plane of the ellipse being the 
plane containing the two vectors A and B. The direction of the major 
and minor axes may be found in the following way: Let us choose Car- 
tesian coordinates x and y in the plane determined by A and B. Then, 
the motion of the particle is given by 


X — sin a -h -Bx cos a 


y — Ay sin a By cos a 

where a = 27 r[d • Taip) — vt] and Ax^ Ay and Bx, By are the components 
of A and B. The condition that the ellipse should be in normal form is 
that 




= ■\/Al + Bl cos 


(„ + tan-'0 


Ax 



( 20 ) 


If d is the angle between B and A and if <i> is the angle that A makes with 

the X axis, we have 

Ax = |A| cos (f), 

Ay = |A| sin (f>, 

Bx == |B1 cos (e + <f>), 

By = |B| sin {$ -f <^), 

and (20) becomes 

1B|2 sin 2(0 + 0) = -|A|2 sin 2<^, 

which determines <f>. 

Thus, we see that the real normal 
modes usually describe elliptically 
polarized elastic waves. They are 
plane-polarized in the special case in 
which A or B is zero, that is, when 
is real. 

The Xau that appear in (16) are continuous functions of d. Hence, it 
may be expected that the frequencies p(d) are continuous functions of d 
in the domain (10). In general, there are 3n continuous branches of the 
frequency curve. These branches may coincide for certain values of d, 
particularly if the lattice haa a high degree of symmetry. In analogy 
with the one-dimensional case, there are three branches of the p(d) curve 
that approach zero linearly as d approaches zero. The long wave- 



Fig. 10. — Schematic diagram of the 
p((r) curves of a monatomic three-dimen- 
sional lattice. Actually the values of <r 
range over a three-dimensional zone 
rather than a one-dimensional one so 
that this corresponds to the y((r) rela- 
tion for a line in <r space that passes 
through the origin. It should be hoted 
that the p(<r) relation is linear near the 
origin. 



Sec. 22] 


THE SPECIFIC HEATS OF SIMPLE SOLIDS 


131 


length modes of this type correspond to ordinary acoustical waves which 
travel with constant velocity. Thus, we may expect that the three 
branches of v{6) will behave schematically, as illustrated in Fig. 10, if 
there is one atom per unit cell. Similarly, the six branches will behave 
as illustrated in Fig. 11, if there are two atoms in the unit cell, etc. 

Before leaving this treatment of the three-dimensional problem, we 
shall derive expressions for the total 
energy and for the Lagrangian and 
Hamiltonian functions. In terms of 
the xj{p), the kinetic energy is 

T = (21) 

i,a,p 

The potential energy, which is defined 
by Eqs. (5), is given by the expression 

-V = X - 

i,a,p 3,P,p' 

= iX^a{p)Xa'ip). ( 22 ) 

i,a,p 

Let us now express xj{p) ^ a series 
of the form 

Xc'ip) = (23) 

V pjQ 22 — Schematic diagram, analogous 

to Fig. 10 for the diatomic case. 

where N is the total number of unit 

cells and af(d) is the time-dependent amplitude of the tih. mode having 
wave number d. We shall assume that the { are normalized in the sense 
of Eq. (17a). The amplitude ai(d) may then be expressed in terms of the 
xj{p) in the following way. If Eq. (23) is multiplied by 

(24) 

and the result is summed over t, a, and p, the right-hand side reduces to 
3Tia<'(d') because of the orthogonality relations. Hence, 

(25) 

i,a,P 

Since the secular equations for d and — d are identical, we may choose 
the index t in such a way that 

{...‘(-<») = W*(4) 



(26) 
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and write Eq. (23) in the form 


xJiv) 






<r,t 


2*io‘tg^{p)'^ 


(27) 


where S" implies that the summation of 6 is carried out in such a way 
that only one of the two points ± d is counted. We may now specify that 

a,*(d) = a,(-d) (28) 

in order that (27) may be real. If (27) is substituted into Eqs. (21) and 
(22), it is found that these equations reduce to 


r = V di(d)dt*(d), 

7 = ^ 47r^j'J(d)a<(d)a/*(d), 

a,i 


(29) 


because of the orthogonality conditions. Now it is convenient to replace 
the complex variable at(d) by the two real variables 

h(d) + a,*(d)] V2, (30a) 

[a,(<J) - c,*(<J)]^- (30b) 


We shall do this in such a way that the 3n variables (30a) are associated 
with the point d and the 3n variables (306) are associated with the point 
—d; that is, we shall introduce real variables a<(d) defined by the relations 


Q!«(d) = 


at(-d) = 


[at(d) -h ai*(d)] 

V2 ’ 

[oi(<}) - at*(<t)] 

iV2 


(31) 


Since the inverses of the equations are 

«((<>) + 

V2 ’ 

a<(d) ~ iati — 6) 

. V2 ^ 

Eqs. (29) may be transformed to 


at(d) = 

at* (6) = 


T = 

<,«r 

V = |'^ 4irVf(d)aK<>)i 


(32) 


( 33 ) 
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where d is now summed over the entire zone of wave numbers. Thus, 
the Lagrangian function of the system is 

L = T-V = (34) 

t,ff 

whereas the Lagrangian equations are 

at(d) = (35) 

which are the same as those for a linear harmonic oscillator, as we should 
expect. 

The momentum variables pt(d) are defined in terms of the Lagrangian 
function by the equations 

O'W - «3j - »“>■ 

Thus, the Hamiltonian function is 

t,<T 

~ + 4ir2>'K4)«K4)]. 

t,<T 

23. Blackman’s Computations. — Blackman^ has determined by 
direct computation the frequency-distribution function of the normal 
modes of several simple lattices and has used the results to determine 
specific heats. The lattices he treated do not correspond to actual 
cases; however, the consequences of these computations make it seem 
reasonable that the discrepancies between experiment and the Debye 
theory which we listed under h in Sec. 20 may be explained, at least in 
part, by an extension of his work. 

We shall discuss the results of two of Blackman’s computations, 
namely, those for the linear lattice with two different atoms and those 
for a three-dimensional simple cubic lattice. 

a. The Linear Lattice . — In Sec. 21, we derived the expression for the 
energy of the vibrational modes of a one-dimensional lattice containing 
two atoms. The result is 





-f m* -f 2mM cos 2irda) 


where d is the wave number, which may be taken to extend from — l/2a to 
V2a. The distribution of modes as a function of frequency is shown in 


^ Blackman, op. cit. 



134 


THE MODERN THEORY OF SOLIDS 


[Chap. Ill 


Fig. 9. We may compare the specific heat derived by the use of this 
distribution function /(p) with that derived by the use of the distribution 
for a continuous string. It is easy to show from the results of the first 
part of a in Sec. 21 that the distribution function in the second case is 



K we restrict the domain of v so that the number of modes is 2Nj then 
/.(.) = ^ 0 £ . ^ (2) 
from which we obtain a one-dimensional Debye specific heat 

where 0 = hvm/k. 

Blackman evaluated the specific heat, using the actual distribution 

function for the one-dimensional 
lattice, and then equated this to (3) 
at each temperature and obtained a 
value of 0. The maximum fre- 
quency of the lattice was chosen in 
each case so that hvm/k = 200®. 
The dependence of 0 on tempera- 
ture for several values of the ratio 
m/M is shown in Fig. 12. It may be 
observed that the curves approach a 
nearly constant value at high tem- 
peratures but deviate considerably 
in the range below 40®K. The 
details near T = 0 are not given 
exactly in this figure; more precise 
computations show that the 0(r) 
curve for m/M = 8 has a minimum 
near 10®K. 

These curves leave little room for doubt that the deviations from 
Debye^s distribution function can be important. 

6. Simple Cubic Lattice . — Blackman carried through a similar compu- 
tation for a monatomic simple cubic lattice (c/. Fig. 13). He assumed 
that each atom interacts only with its six nearest neighbors and twelve 
next nearest neighbors. For simplicity, he fixed the ratio y/a of the 



0 20 40 60 80 too 120 140 
T«K ► 


Fig. 12, — 0(7') curves for a one-dimen- 
sional lattice. (1) m/M » 1, (2) m/M =* 3, 
(3) m/M m 8, (4) m/M - 13, (5) con- 
tinuum. {After Blackman.) 
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force constants at 0.05, where a is the Hooke's constant for nearest 
neighbors and y is that for next nearest neighbors. 

There is one particle per unit cell in this case; hence, the secular 
equation is of third degree, the three roots corresponding to the three 
directions of polarization of vibrational 
waves. It turns out that the three 
branches of the j'(d) curve meet at d = 0 
and at the eight corners of the cube 
defined by 

(T. = ± l/2a, <r„ = ± l/2a, = ± l/2a, 

where a is the distance between nearest 
neighbors. For this reason, the range 
of frequency happens to be the same for 
each branch of j'(d). 

Figure 14 shows the relative num- 
ber of modes as a function of for each 
of the branches of v(d). The unit of 
frequency has been chosen arbitrarily to make = 1.55. The fourth 
continuous curve is the relative distribution of all modes. Actually, 



0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 

Fig. 14.— Relative scale plot of the frequency distribution of modes of vibration for the 
simple cubic lattice. Curves b, c, and d correspond to separate directions of polarisation ; 
curve a is the sum. {After Blackman,) 

these curves were determined by approximate means; the stepwise curve 
illustrates the total distribution function as Blackman computed it. 

One striking difference between the three-dimensional and one- 
dimensional cases is that the peak in /(v) does not occur at in the 



Fig. 13. — The simple cubic lattice. 
The Hooke’s constant for nearest 
neighbors is |3. That for next nearest 
is y. 
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former. Although the gradient of v{6) does vanish at the corners of the 
cube in 6 space within which all independent modes lie, this fact does not 
lead to a peak in/(p), for the volume of d space in which the gradient of 
p(d) vanishes is an infinitesimal of higher order. Blackman believes 
that the three-dimensional and one-dimensional cases usually differ in 
this respect. 

Figure 15 is a plot of the 0 versus T curve that Blackman obtained 
by comparing the specific heat of the simple cubic lattice with that for 
the Debye continuum. The absolute units of Vm were fixed arbitrarily 
in order that the high temperature 0 should be 144°. It may be seen 
that 0 varies considerably in the range below 40° and that it does not 
approach the high-temperature value at 0°K. Thus, if this were an 
actual crystal, Debye’s law would appear to be valid experimentally 
above 40°K, but the value of 0z) that would be obtained would differ 



T®K 

Fig. 15. — The 0(T) curve for the simple cubic lattice. {After Blackman.) 


from the value obtained from observations near absolute zero. In 
addition, the law would not be valid below 10°K, as one might expect 
from Debye’s theory. 

The substances that conform most closely to Blackman’s model are 
the alkah halides, such as potassium chloride, in which the masses of 
positive and negative ions are nearly equal. The low-temperature 
behavior of 0 for KCl has been measured by Keesom and Clark and is 
described in part h, Sec. 20. Blackman’s results do not agree with their 
experimental results very closely, since 0 passes through a minimum at 
low temperatures in his model, whereas a maximum actually is observed. 
It is possible that more extensive assumptions about the interaction 
forces between neighboring atoms would give better agreement with 
experiment. 

24* The Cp — Cv Correction. — The molar heat ordinarily measured 
is Cp, the heat at constant pressure. However, the theories we have 
been discussing in this chapter are based on the assumption that the 
interatomic distance is kept constant as the temperature changes; hence, 







The coefficient of volume expansion is practically equal to three times 
the coefficient of linear expansion; hence, 

Cp-Cv = TfH (4) 

Although ai is comparatively easy to measure at any temperature, ^ is 
usually measured only in the vicinity of room temperature. For this 
reason, it is necessary to obtain values of p at other temperatures by 
an extrapolation method of some kind. 



TOC ► 


Fig. 16 . — The Cp and Cv curves for sodium chloride. The ordinate is in cal/mol-deg. 

Figures 16 and 17 show Cp and Cv for sodium chloride and for lead as 
determined by Eucken and Dannohl.^ They used their own values of 
oLi and values of p that were extrapolated linearly from room-temperature 
values of Slater and Bridgman. One of the most interesting features of 
these results is the fact that Cv seems to drop below the Dulong and 

^ See, for example, G. Birtwistle, The Principles of Thermodynamicst pp. 71 ff. 
(Cambridge University Press, 1925). 

® A. Eucken and W. DannOhl, Z. EUktrochem.^ 40 , 814 (1934). 
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Petit value at high temperatures in the case of sodium chloride. The 
same workers have found a similar drop in silver. Since the rise at high 
temperatures in the case of lead may be explained in terms of an electronic 
specific heat (c/. Chap. IV), they conclude that the drop observed in 
the other cases is a common property of the contribution to Cv from 
lattice vibrations. 

Unfortunately, this conclusion rests upon the assumption that the 
linearly extrapolated values of p are correct. Eucken and Dannohl 



T®c — ► 

Flo. 17. — The Cp and Cv curves for lead. The ordinate is in cal/mol-deg. 

believe that this assumption is justified by the fact that the quantity y 
defined by the equation 


y = 


SaiV 

Cvp' 


(5) 


in which Cf is their value of the specific heat at constant volume, is 
practically independent of temperature, the reason for this being that 
Griineisen,^ in developing an equation of state for metals on the assump- 
tion of central-force interaction of atoms, found that y should be temper- 
ature-independent. It does not seem entirely safe to accept this result of 
Griineisen^s theory, however, since the interatomic forces are far from 
central. If Grilneisen’s relation were correct, the determination of Cf 
would be greatly simplified, for then p could be replaced by y and we 
should have 


^ = 1 + dycc,T. ( 6 ) 

Of 

Thus, y could be determined from room-temperature measurements, and 
values of ai alone would need to be measured at other temperatures. 

It should be added that the deviations from Dulong and Petit’s law 
implied by Fig. 17 are not unreasonable, for Born and Brody^ have shown 
that potential interaction terms that are cubic in atomic displacements 
have an effect of this kind at high temperatures. 

‘ E. GbUnbisdn (see Handbuch der Phynkf Vol. X, for a survey of this work). 

* M. Bobn and E. Bbodt, Z. Physikt 6, 132 (1921). 
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THE FREE-ELECTRON THEORY OF METALS AND 
SEMI-CONDUCTORS 

26. Introduction. — Drude^ first suggested that the electrical and 
thermal properties of metals might be correlated by assuming that metals 
contain free electrons in thermal equilibrium with the atoms of the solid. 
This hypothesis has passed through several stages of development and 
remains the cornerstone of the theory of metals. Drude employed the 
hypothesis to derive approximate expressions for electrical and thermal 
conductivity. In this work, he introduced the concept of a mean free 
path for collision of the free electrons, which has also been retained in a 
modified form in subsequent developments. 

Lorentz^ carried Drude’s postulates to their logical conclusion in a 
more accurate and extensive treatment of the problem. He assumed 
that the electron velocities in a metal that is in field free space at constant 
temperature obey the Maxwell-Boltzmann distribution laws, and he 
determined by an ingenious method the appropriate modification of this 
distribution when electric fields and temperature gradients are present. 
Using these results, he was able to make more precise computations 
of the conductivities than Drude had made. In addition, he was able 
to treat various thermoelectric effects. As sometimes happens in such 
cases, Drude’s results were in somewhat better agreement with experi- 
ment than Lorentz’s results. These differences are of minor importance, 
however, when compared with two major objections to the theory, 
namely: (1) The manner in which Maxwell-Boltzmann statistics were 
employed implies that the electrons contribute a larger share of the 
specific heat of metals than is possible if the Einstein-Debye theory is 
applicable to atomic vibrations in metals. (2) It was necessary to 
assume that the electronic mean free path becomes infinite at the absolute 
zero of temperature in order to explain the vanishing of resistance at 
absolute zero. The theory presented no plausible reason for this fact. 

The theory remained in this unsatisfactory state until after the dis- 
covery of the Pauli principle and the development of Fermi-Dirac 

^ P. Drude, Ann. Physik, 1, 566 (1900). See H. A. Lorbntz, The Theory of Elec- 
trons (Teubner, Leipzig, 1909 and G. P. Stechert & Co., New York, 1923) for a dis- 
cussion of this early work. 

’ H, A. Lorbntz, Amsterdam Proe., 1904-1905; see also Lorentz, op. at. 



140 


THE MODERN THEORY OF SOLIDS 


[Chap. IV 


statistics. Then Sommerfeld^ modified Lorentz's treatment by employ- 
ing quantum statistics instead of classical statistics. This procedure, as 
we shall see, removed practically all the difficulties except those relating 
to the behavior of the mean free path at low temperatures. Houston^ 
and Bloch,® however, were able to justify the occurrence of large mean 
free paths on the basis of a quantum mechanical investigation of the 
interaction between electrons and lattice ions. 

On the whole, then, Drude’s original idea has withstood the test of 
time. The free-electron theory merits a thorough discussion, partly for 
this reason and partly because it furnishes us with a clear semiquantita- 
tive picture of some of the most useful properties of metals. We may 
point out, however, that the free-electron picture, as we shall present it in 
this chapter, does not include an interpretation of the cohesive properties 
of metals and does not explain why some substances are metals and 
others are not. These topics can be understood clearly only when solids 
are treated on the basis of quantum mechanics. 

A. METALS 

26. Distribution of Electron Velocities. — Following Drude, we shall 
employ the following simple model of a metal. We shall assume that 



Fig. 1. — Schematic diagram of the potential of a metal. The value of the potential 
inside is —Wa, that outside is zero. The major part of the variation between ~Wa and 
zero takes place near the surface. 

the electronic potential energy is constant in the interior of the metal 
and is equal to — Wa, relative to an arbitrary zero of potential at infinite 
distance. The precise way in which the potential energy varies in the 
vicinity of the surface need not concern us at present; a schematic dia- 
gram of the variation is shown in Fig. 1. The total energy of a moving 

1 A. SoMMERFBLD, Z. Physik, 47, 1 (1928). See also the review articles: A. 
Sommerfeld and H. Bethe, Handbuch der Physik^ Vol. XXIV /2 (1934). A. Sommer- 
feld and N. H. Frank, Rev. Modern Phys., 3, 1 (1931). 

» W. V. Houston, Z. Physik, 48, 449 (1928). 

« F, Bloch, Z. Physik, 53, 555 (1928). 
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electron in the interior of the metal then is 

® ( 1 ) 

where p is the momentum vector. If the electronic potential actually 
were constant, m* would be the electronic mass. It happens, however, 
that it often is possible to approximate the electronic energy by an 
equation of type (1), even for fairly complex internal potential fields, by 
allowing m* to take values different from the electronic mass. The 
reason for this fact will be made clear in later sections of the book that 
deal with methods of computing the energies of electrons in solids. 

We shall now develop the expressions for the velocity distribution of 
electrons in a metal in those cases in which classical and Fermi-Dirac 
statistics^ are valid. Actually, it is permissible to use only the second 
type of statistics, but it is interesting to compare the differences between 
iiie two forms. 

Before proceeding, we shall determine the number of states having 
energy- E, since this quantity is involved in the expressions for the dis- 
tribution functions. In a rigorous treatment, the degeneracy should be 
determined by solving the Schrodinger equation; however, the following 
simple method leads to correct results. We may associate with each 
electron a six-dimensional phase space of which the six coordinates are 
the three positional coordinates x, z and the three components of 
momenta Px, Vv, Vz of an electron. If we arbitrarily divide this phase 
space into cells of volume h^, we may obtain the proper density of states 
by associating two states with each cell. These two states correspond 
to electrons that move in the same orbit with opposite orientation of 
electron spin. This procedure may be justified roughly by use of the 

^ For a discussion of the differences between Fermi-Dirac and classical statistics, 
see, for example, G. Joos, Theoretical Physics, Chap. 37 (G. E. Stechert & Company, 
New York, 1934) ; also Sommerfeld and Bethe, op. cit, and L. Brillouin, Die Quantensta- 
tistik (Julius Springer, Berlin, 1930). 

In classical statistics, the number of particles in an assembly that are in the level 
of degeneracy g, and energy ci is 

nt =» g^Ae 

where A is a constant that is to be adjusted so that the sum of rii over all levels is 
equal to the total number of particles. 

In Fermi-Dirac statistics, which is valid for electrons, 


+1 

in which is the adjustable parameter analogous to A in the classical case. It may 
be shown that e' is the free energy per particle. 
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phase-integral condition of classical quantum mechanics, which states 
that the volume of phase space associated with each level is h for each 
positional coordinate. Thus, the volume is for a particle in ordinary 
three-dimensional space. A more rigorous justification will be given in a 
later chapter. 

In the present case, in which the electrons are allowed to wander 
freely throughout the volume V of the metal, we may assume that each 
cell in phase space extends throughout the volume 7 associated with the 
positional coordinates. Then the different cells may be completely 
specified by giving the domain of momentum space they cover. The 
average number of cells in the parallelepiped that has edges extending 
from p* to Px + Ap*, Pv to py d- Ap^, and pz to p* + Ap«, etc., is 


¥ 


( 2 ) 


since 7Ap*ApyAp, is the volume of phase space occupied by the parallele- 
piped. In a crystal of ordinary size, for which 7 is greater than 
10"^2 cc, the values of Ap*, Apy, Ap, that are associated with one cell are 
infinitesimally small for all practical purposes. Hence, we may replace 
the discrete distribution of cells by a continuous one and say that the 
number of cells dG, in the volume Vdpdpydpz of phase space, is 


= Y ^PidPydpz 


(3) 


The number dG, of states of both kinds of spin, associated with the 
same volume, is twice dG; that is, 


dG. = 


(4) 


We may now derive the expression for the number of levels lying in 
the range from E to E + dE. According to Eq. (1), the relation 

E = constant 


defines a sphere in momentum space of radius \/(E + T7a)2m*. The 
volume dP between concentric spheres the radii of which differ by dE is 
clearly 

dP = 4^{E + Wa)2m*dV{E + T7a)2m* 

= 2kV{E + Wa){2m*ydE. ^ (5) 

This may be simplified by setting 


€ = ^ + Wa, 


( 6 ) 



Sec. 261 THE FBEE-ELECTRON THEORY OF METALS 143 

for then 

dP = 2T(2m*)«\/^e. (7) 

The variable € evidently measures the electronic energy relative to — Wa- 
According to Eq. (4) the number of states associated with this volume of 
momentum space is 

fif(e)d€ = ^ ^/ed€ = C\/~ed€ (8) 


where 

^ _ 4TF(2m*)* 

^ “ hr~ 


( 9 ) 


and g(e) is the density of states. It should be emphasized that Eq. (8) 
is valid only when (1) is true. 

We are now prepared to discuss the distribution function for classical 
and Fermi- Dirac statistics. 

a. Classical Distribution.— The classical, or Maxwell-Boltzmann, 
distribution function, is^ 

Ui = QiAe (10) 

where Ux is the number of particles in the level of energy €» which is 
fift-fold degenerate, and A is the normalizing parameter. Thus, according 
to Eq. (8), the number dn of electrons in the energy range dt is 

dn = (11) 

If the total number of particles is AT, we find, upon integrating (11) over 
all values of e from zero to infinity, that A is related to N by the equation 

A - ^ 1 _ 

(kTy C ■” 2i2irm*kT)i 

where no = N/V is the number of electrons per unit volume. Hence, 

This result, which is independent of h and of 7, shows that the size of 
the cell in phase space is not important so long as the cell is small enough 
to permit the use of a continuous distribution of levels. Incidentally, 
(13) is identical with the corresponding equation for the Maxwell 
distribution of kinetic energies of gas molecules. 

^ See footnote 1, p. 141. 
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The mean energy per electron e is equal to 1/N times the integral of edn 
over all values of €; that is, 

= pT. (14) 

Thus, according to classical statistics, the total electronic energy per mol 
of a monatomic metal is 


E = izRT 

where z is the number of free electrons per atom. This result is contra- 
dicted by experiment, if we assume that z is equal to the number of 
valence electrons per atom, for it predicts an electronic heat per gram 
atom of SzRI2. We have seen in Chap. Ill, however, that practically 
all the specific heats of most metals can be ascribed to lattice vibrations. 
This contradiction is sufficient to rule out the use of classical statistics 
for describing the distribution of the free electrons in metals. 

h. Fermi-Dirac Distribution . — The quantum statistical distribution 
function that should replace (10) is^ 


‘ ~ TTjZ 5EZ) — 

e " + 1 e + 1 

where, for convenience, a has been replaced by e'/kT. This equation 
becomes 

dn = (16) 

e *3^ + 1 

when the continuous distribution method is used. 

The parameter e', which must be fixed in such a way that the integral 
of (16) is equal to the total number of electrons, cannot be determined so 
easily as the corresponding parameter in the classical case. We shall 
evaluate d for several limiting cases, using different methods in each one. 
1. Absolute zero . — The form of 



(17) 


as a function of c is illustrated in Fig. 2 for various relations between T 
and e'. In the limiting case of absolute zero, (17) is unity when € is less 

^ See footnote 1, p. 141. 
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than the value of e' at 0°K, and is zero for greater values of e. Hence, 
Eq. (16) written 

dn = V^« 0 ^ e ^ . . 

(0 €'<€ . 

That is, at absolute zero all the energy levels below ej are completely 
filled with electrons, whereas all above cj are completely empty (c/. 
Fig. 3). Also, all cells in momentum space for which p is less than 



Fig. 2.7-The Fermi-Dirac distribution function for several relationships between T and e'. 



Fig. 3. — The filling of the lowest energy levels of the metal at absolute zero. All levels 
below € = Co are completely occupied; all above are empty. The work function tp is the 
difference between the top of the filled region and the potential at a; = w . 

V 2 meJ are entirely filled, whereas those that have greater momenta are 
completely empty. 

The integral of (18) is 


= crvde = ^ 

' - /stioV 

^ ”” 2m*\87r / 


where no = A/F, as previously. It is interesting to note that 60 depends 
only upon the density of particles. 

Using Eq. ( 20 ) we find that the mean energy is 


1 r^n rA 3, 3 
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The value of cq for a number of metals is given in Table XXXVIII, in 
which we have assumed that m* is the actual electronic mass, Since 
these numbers are of the magnitude of several electron volts, we see that 
the results of quantum statistics are appreciably different from those of 
classical statistics, in which i is zero at absolute zero. Thus, in classical 
statistics, an energy Wa would be required to remove an electron from a 
metal, whereas, in quantum statistics, the minimum energy required 
is <l) = WjL - eo {cf. Fig. 3). The quantity <f>, which is called the work 
function, may be evaluated experimentally by determining the light 
quantum of lowest energy that will eject electrons from a metal. Photo- 
electrically determined^ values of <f> are listed in Table XXXVIII. <f} is 
greatly dependent on the condition of the surface through which elec- 


Table XXXVIII 


Metal 

Valence 

ei, ev 

</>, ev 

Wa^e', + <f> 

Li 

1 

4.72 

2 2 

6.9 

Na 

1 

3.12 

1.9 

6.0 

K 

1 i 

2.14 

1.8 

3.9 

Cu 

1 

7.04 

4.1 

11.1 

Ag 

1 

5.51 

4.7 

10.2 

Au 

1 

5.54 

4.8 

10.3 

Be 

2 

14.3 



Ca 

2 

4.26 

3.2 

7.5 

A1 

1 

5.63 

3.0 

8.6 

A1 

3 

11.7 

3.0 

14.7 


trons are ejected, and the values in Table XXXVIII are averages for the 
cleanest surfaces that have been obtained. 

We shall see below that at low temperatures e is equal to ej plus a term 
that varies with temperature as {kTy/ei Since this term ordinarily is 
very small compared with unity, the complete filling of the lowest 
energy levels that are shown in Fig. 3 is not appreciably altered at 
ordinary temperatures. 

2, The case in which kT is small in comparison with eJ.-^This case 
is a very useful one since €$ is much larger than kT below the melting 
point of most metals. 

The equation for determining in this case, as well as the general 
one, is 


e*" i- 1 

‘ See, for example, the compilations by J. A. Becker, Rev. Modem Phye., 7, 96 
(192$6), and A. L. Hughes and L. A. DuBridge, Pholodettrio Phenomena (McGraw-Hill 
Book Company, Inc,, New York, 1932), 


Jo 


•v/eife 


( 22 ) 
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Sommerfeld and Bethe^ have developed a convenient method for evaluat- 
ing integrals of this type. Let us write Eq. (22) in the form 

N = cf^'fVtdt, (23) 

using the notation of Eq. (17)! Integrating this expression by parts, we 

obtain 

It will be found that a number of important integrals may be expressed 
in an analogous form, namely, 

a = cj^"|'a(€)de (26) 

where a(e) is a continuous function of e. 

Following Sommerfeld and Bethe, let us transform the integration 
variable in (25) from € to r? defined by 



This is equivalent to choosing e' to be the origin of the energy scale and 
expressing the energy in units of kT. In addition, let us write 

a(€) = 

Then, Eq. (25) becomes 

a = cj" )3(D)^<i,. (26) 

~Wf 

For small values of kT, e' /kT is so large that the lower limit may be 
replaced by — oo , whence 

a S (27) 

Let us assume that ^ may be expanded into a Taylor series. Then, 


^ SoMMBEFBLD and Bbthb, Op. eit. 
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and Eq. (27) is 

The first integral is 

= mcifiv)]^, = -me. 

The second integral vanishes because df/dr} is an even function of 17 . 



The third term, which is the only other one that need be considered in 
the low-temperature approximation, is 


L»i’ 


.fS- 


r}^e~ 


.{e-^ + 1) 


,^ 77 . 


(28) 


This may be evaluated by expanding the int,egrand in powers of e”’'. 
The integral then is 


- • • • )<i») = 4^1 - + p - p + • • • ) 


TT^ 

Y 


Hence, 




oS -0(0 

Transforming back to the variable e, we have 

.a-c(,M+|W[0D- 


(29) 
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It is easy to see that the infinite series of which the terms in (29) are 
the first few members converges very rapidly when fcT" is much less than 
e'. The form of the function df/d^ for this case is illustrated in Fig. 4. 
It is obvious that this function vanishes everywhere except in a region 
of width kT Sit e = e', where it has a steep maximum. Since 




the main term in the expansion of a is simply — Ca(€'), the value of the 
integrand at e'. The additional terms are corrections for the finite width 
of the function df/de, and are small as long as the width is small. 

Let us return to Eq. (24). Using Eq. (29), we find that 


which reduces to Eq. (19) when T becomes zero. We may solve this 
for e' when T is not zero by replacing c' in the denominator of the second 
term by cj. It is found in this way that 


€ ^€o 


r Wfc; 

rVl* 

nii 




L 12V € 

0 / . 


The mean energy per electron is 




(31) 


(32) 


When Eqs. (19) and (29) are used, this reduces to 


Upon simplifying this equation by means of Eq. (31), we find 



where io is the value of i for absolute zero [cf. Eq. (21)]. 


( 34 ) 
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The derivative of Eq. (34) with respect to T is the electronic heat 
7 ,,; that is, 


Yv 



(35) 


A linear term, which ordinarily is much smaller than the classical value of 
3fe/2, has been observed in a number of metals and will be discussed in 
Secs. 27 and 28. It is easy to see from the method we have used to 
arrive at Eq. (34) that only the part of the electronic distribution near 
e = e' contributes to the temperature-dependent part of e. The elec- 
trons of lower energy are hemmed in by filled cells to such an extent that 
ordinarily they are not excited. Thus, only those electrons that are 
in the energy range of width kT near the top of the occupied levels are 
free in the classical sense. In fact, one may obtain a specific heat of the 
same order of magnitude as (35) by assuming that a fraction kT/e' of the 
electrons are free and have the classical electronic heat 3k/2. 

Equation (29) may be used to derive expressions for the mean value 
of various quantities in cases more general than that in which ^(e) has 
the form (8). Suppose that gie) is an arbitrary function of e. Then, 
the integrals for iV and i are 



■J. 

'J. [/.'‘W*]!*' 


(36) 

(37) 


Using Eq. (29), we find that these expressions may be reduced to 

N = jj(7(e)de + f (fcr)V'(*'), (36a) 

Ni = ^(e)de + + g{,')]. (37a) 


The total electronic heat may be derived from (37a) by differentiating 
this equation with respect to T and is 

Nyy = |*'ff(«') +^“[2ff'(e') + ^WgV) +g(*')]. (38) 


An expression for the derivative of t' with respect to temperature may be 
obtained by taking the temperature derivative of Eq. (36a). The 
result is 
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Substituting this in Eq. (38), we find 

“ 3 N ’ 


(39) 


Equation (35) is the special case of this equation in which g has the value 

Cy/ €. 

3. The case in which ^ is large and negative . — We shall see that this 
case is of interest at very high temperatures. When e' is negative, the 
quantity 

e^ (40) 

is less than unity. Hence, we may expand the expressions for N and e 
in terms of it. The results, to terms in the first power of (40), are 



(41«) 


(41b) 


These equations become identical with those for the case of classical 
statistics, which was discussed in part a, when we set 

A = 6^. 


This result shows that classical statistics are valid under the conditions 
in which (40) is small in comparison with unity. Substituting A from 
Eq. (12), we find that 

= log 

kT ^ 2(2imkT)i 

The condition that must be satisfied if this is to be negative and large is 

For most metals, this condition is satisfied only at temperatures far 
above the melting point. 

4. Intermediate case . — The evaluation of integrals in the intermediate 
case, in which kT^is comparable with ej, involves a relatively large 
amount of computation and will not be discussed here. Some of the 
more important results have been derived by Mott^ and by Stoner.® 

' N. F. Mott, Proc. R(yy. Soc., 162, 42 (1935). 

® E. C. Stoner, Phil. Mag., 21, 145 (1936). 
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For example, the behavior of the electronic heat, as a function of kT/4, is 
shown in Fig. 5. 

27. The Specific Heats of Nontransition Metals. — The expression 
that was derived in the preceding section for the heat of free electrons 
in a metal, namely, 


yv 


k JcT 

r'4 


( 1 ) 


per electron, is small compared with the contribution from lattice vibra- 
tions at ordinary temperatures. 
At low temperatures, however, it 
should become comparable with the 
Debye value of 

<«) 

per atom, since the quantity (2) 
decreases more rapidly with decreas- 
ing temperature than (1). The 
ratio of (1) to (2), namely, 

5 fcr/eeV 

approaches unity in the neighbor- 
hood of 1°K when 0/) is of the order 
of 100° and ej is of the order of 1 electron volt. Thus, according to this 
result, an appreciable part of the specific heat of simple metals in the 
neighborhood of 1°K should have electronic origin. 

Keesom^ and Kok have observed an electronic specific heat of this type 
in the simple metals silver, zinc, copper, and aluminum. The most 
accurate measurements have been made on copper and aluminum, for 
which the molar heats are 



0 0.5 1.0 1.5 2.0 



Fig. 6. — The electronic heat as a func- 
tion of temperature during the transition 
from the degenerate to the non degenerate 
state. (After Mott.) 


Cu: Cy = 0.888 ‘ lO'^T + SRfn 
A1 : Cy = 1.742 • IQ-^RT + SRfn 



where / d( 0/T) is the Debye function. Equation (4), is valid only above 
1.13°K, for the metal changes to the superconducting phase at this 
temperature. It is possible to determine an “experimentar' e'o from a, 

^ Ag, Zn: W. H. Keesom and J. A. Kok, Physica, 1, 770 (1934). Cu: J. A. Kok 
and W. H. Keesom, Physica^ 8, 1035 (1936). Al: J. A. Kok and W. H. Keesom, 
Physica, 4, 835 (1937). 
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the coefficient of T in the linear term in (3) and (4). In fact, we have 
from Eq. (1) 

€o(exp.) = (5) 

where z is the number of valence electrons per atom. Values of this 
quantity are given in Table XXXIX. In the case of copper, it is assumed 
that there is 1 free electron per atom, whereas with aluminum values are 
given for the cases in which it is assumed that there are 1 and 3 electrons 
per atom. Evidence that will be discussed in Chap. XIII indicates that 
there actually are 3 free electrons per atom. Dividing the computed 
cj of Table XXXIX by the experimental ones, we obtain the ratio of the 
effective electronic mass to the real mass. These ratios also appear in 
Table XXXIX. 

Equations so precise as (3) and (4) are not given for silver and zinc. 
The experimenters estimate, however, that m*/m is of the order of unity 
in both cases. 


Table XXXIX 



€o (exp.), ev 

z 

m*lm 

Cu 

4.78 1 

1 

1.47 

A1 

2.44 

1 

2.30 


7 30 

3 

1.61 


28. The Electronic Specific Heats of Transition Metals at Low Tem- 
peratures. — Experimental investigations that we shall discuss presently 
show that transition metals often have a much larger electronic specific 
heat than do simple metals. In order to treat this topic at the present 
point, it is necessary to accept some simple consequences of the band 
theory of solids; these will be justified in later chapters. 

According to the band theory,^ the ten states of an atomic d shell 
contribute a quasi-continuous band of lOAT electronic levels to the metal, 
where N is the total number of atoms. Of these levels, dN correspond 
to one orientation of spin, and the other 5N correspond to the opposite 
orientation. Figure 6 shows the position and width of the d electron 
band relative to the levels of the ordinary valence electrons. At present, 
we shall not discuss the quantum mechanical principles that determine 
the width AE of the d band, and the relative position of the valence and d 
levels. The density of valence-electron levels is so much less than the 
density of d levels that the point below which there are 11 A” levels of both 
valence and d type is above the top of the d band. In other words, the 

^ This d electron-band model was first proposed by N. F. Mott, Proc. Phya. Soc , 
47, 571 (1935). and has been extended by J. C. Slater, Phys. Rev., 49, 537 (1936). 
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ordinary valence levels are filled above the top of the d band if N electrons 
are added to the valence band (c/. Fig. 6). Thus, the d band is com- 
pletely filled in metals such as copper, silver, and gold, which have UN 
electrons outside the rare gas shells. Conversely, the d band is not 
completely filled in the transition metals that immediately precede 
copper, silver, or gold in the periodic chart. 

We shall let gv(i) and respectively, designate the density of 
levels in the valence and d bands, as functions of energy. The origin of e 
will be taken to be at the bottom of the valence band. For present 


/O Eledrons 
per atom 


s Band 

Fio. 6. — The relative widths and the density of levels in the s and d bands. The shaded 
area of the s band represents the width of energy levels occupied by one electron per atom. 
There is room for ten electrons per atom in the d band. If there are eleven valence elec- 
trons per atom, as in copper, silver and gold, both bands are filled as shown in this figure. 
For the case in which there are ten electrons per atom see Fig. 7. 

purposes, we shall assume that g^i^) has the form of git) in Eq. (8) of 
Sec. 26, namely, 

gv{t) = CVt ( 1 ) 

where the mass appearing in C does not differ from the true electronic 
mass by a factor larger than 2 or 3. As we shall see, there is good evidence 
that near the bottom of the d band gd(c) has the same form as the expres- 
sion (1) for free electrons, namely. 



gdit) = Chy/^ — Ed 6 ^ Ed- 

where 

^ 4T7(2mO* 


( 2 ) 

( 3 ) 


in which is the effective mass at the bottom of the band. We shall 
assume that near the top of the band 

gdU) = Cty/ {Ed + AJ^ — e) e j&d + AE (4) 

where 

^ __ 47ry(2m0* ... 

hi W 

in which is the effective mass near the top of the band. 
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It may be expected that mb and mt will turn out to be much larger 
than the electronic mass, since the density of levels in the d band is much 
larger than the density of levels in the valence-electron band. 

According to Eq. (39), which is valid when kT is much less than cj, the 
electronic heat is 


yv 


3 N 


( 6 ) 


per electron, where ^(€'o) is the total density of levels at the top of the 
filled region. If there are more than lOiV electrons, 


g(4) = gv(ei), 


(7) 


since then the d band is completely filled and the valence band is filled 
beyond the top of the d band. Hence, we may expect that in this case 
the electronic heat is of the same magnitude as that of other simple 
metals. This was shown to be true in the previous section, for it was 
found there that the electronic heats of copper, silver, and zinc are the 
same order of magnitude as that of aluminum. On the other hand, 
g{4) is 

= gv{4) + 9dWo) ( 8 ) 


when there are fewer than lliV electrons, for then the d band is only 
partly filled. We may expect (8) to be much greater than (7), since 
we have seen that the density of d levels is much greater than the density 
of valence levels. Consequently we may expect a larger electronic 
specific heat for transition metals. 

Before presenting the experimental facts for nickel, we shall find it 
convenient to discuss the implications of ferromagnetism from the 
energy-band picture. Let us divide the d band into two bands, each 
having density fifd(c)/2, corresponding to two opposite orientations of 
electron spin (c/. Fig. 7). In a paramagnetic transition metal, these two 
bands are filled to exactly the same level when no external magnetic 
field is present (c/. Fig. 7a). Thus, the intrinsic magnetic moment is 
zero in this case. We may interpret many of the properties of ferro- 
magnetic substances by assuming that at the absolute zero of tempera- 
ture one of the two d bands is completely filled, whereas the other is 
filled to the same height as the valence band (c/. Fig. 75). The metal 
then possesses an intrinsic magnetic moment per unit volume, since 
there is an excess of electrons with spin oriented in the direction asso- 
ciated with the filled band. If )3 is the magnetic moment per electron, 
the magnetic moment M per unit volume is seen to be 

M » Qdkiid 


(9) 
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where Ana is the difference between the numbers oi eVectrons per vm\t 
volume in the d band having each orientation. This occurrence of the 

freezing of electrons in one-half of the d band is accompanied by a decrease 
in the total energy of the metal. We shall discuss this in a later chapter. 
Since all ferromagnetic metals become paramagnetic at sufficiently high 
temperatures, after a continuous decrease of the intrinsic magnetization, 
we may conclude that the frozen electronic structure gradually melts as 
the temperature is raised. 




Fig. 7. — Filling of levels in transition metals, which have ten or fewer valence electrons 
per atom. Case a, paramagnetic metal in which levels of both spins in the d band are 
filled to the same height. Case b, ferromagnetic metal in which the levels in the d band of 
one spin are preferentially filled. The levels in the other half of the d band and in the s 
band are filled to the same height. 

The number may be determined for ferromagnetic metals from 
Eq. (9) by using experimental values of M and assuming that p is the 
Bohr magneton 


B = 

iirmc 


( 10 ) 


This number, which is given for nickel, cobalt, and iron in Table VII, 
Chap. I, is also equal to the number of electrons per unit volume missing 
from the unfilled half of the d band. For this reason, it is often called 
the number of holes in the d band. Thus, there is 0.6 hole per atom in the 
d band of nickel, etc. Since the nickel d band is nearly filled, we shall 
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assume tbat the density fld/i of vacant levels in the partly filled half band 
is half of (4), or that 

/ Cty/Ed — € 

gd/2{€) = g 

The parameter e' may be determined from this by means of the following 
equation which states that the number of holes is 0.6A^, where N is the 
total number of atoms: 

0.6 = ^ I VE, + AE-ed,. (11) 

Integrating this, we find that 

$(' ^E, + AE-e', = (12) 

where be' is the width of the unfilled region. Hence, the density of 
levels, at the point e' in the partly filled half of the d band is 

9d/2(e') = ^(1.8JV)i. (13) 


According to Eq. (6), the contribution from the d electrons to the elec- 
tronic heat is 


Ty = 


3 2m 


(1.8)1 


(14) 


per electron. If we use Eq. (12), we may replace Ct by be'. The result 
is 


7v = 0.3- 


,TrVT 


(15) 


or the molar heat is 


IcT 

Cy = 0.3Et2^- 
oe 


( 16 ) 


Keesom and Clark^ have found that the molar heat of nickel at very 
low temperatures can be expressed by the equation 

Cr = 8.72 ■ l(i-*RT + (17) 

The electronic term is about ten times larger than that for simple metals 


‘ W. H. KbesOm and C. W. Clark, PhyHca, 2, 513 (1935). 
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such as copper or aluminum. Equating (16) to the first term in (17), we 
find 

Y S 3400‘’K, 

which is about 0.29 ev. This should be corrected slightly to include the 
small contribution of the valence electrons to the specific heat. The 
result, however, would not be appreciably different. 

The ratio of rtit to the true electronic mass may be determined easily 
from the preceding equations. The result is 


which shows that the d electrons behave as though they were relatively 
heavy particles. 

Keesom and Kurrelmeyer^ have measured the specific heat of a iron 
at low temperatures and find 

Cv = 0.60 • + 2.36 • iO-<^RT\ 


In this case, the number of holes in the d band is of the order of 2.2 per 
atom, if we assume that we may interpret the data of Table VII of Chap. 
I (page 23) in the same way as for nickel. The corresponding values of 
5e' and mt/m are listed in Table XL. The fact that rrit/m is smaller than 
for nickel is partly connected with the fact that Eq. (4) is not valid for 
the holes in the d band of iron, as will be seen in Chap. XIII. 

It has become conventional to associate the specific heat of the d 
electrons in transition metals with the holes in the d bands. -This 
procedure is convenient because the use of quantities such as An in (9) 
and be' in (12) and (16), which are, respectively, the number of holes in 
the unfiilled region and the width of this region, reduces the expression 
for the specific heat to its simplest form. We shall see later that this 
convention has many other advantages. 

Large electronic specific heats have been observed in palladium and 
platinum.* However, it is not possible to determine be' for these metals 
from the observed data, for they are not ferromagnetic. Since these 
metals occupy positions in the periodic table similar to nickel, we shall 
assume that they also have 0.6 hole per atom. These holes are dis- 
tributed equally among levels of both kinds of spin so that the equation 
relating Ct and be' is now different from (12). Instead of (12), we find 



^ W. H. Kebsom and B. Eubrblmeter, Physica, 6, 364 (1939). 
* Pd: G. L. Pickard, Nature, 138, 123 (1936). 

Pt: J. A. Kok and W. H. Keesom, Physica, 8, 1035 (1936). 
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however, the equation connection Cv and Se' turns out to be the same as 
(16). Using the observed electronic heats per mol of metal, namely, 

Pd: Cv = 1.6 • lO-^jRT, 

Pt: Cv = 0.804 • lO-^RT, 


we obtain the values of and mt/m given in Table XL. 


Table XL. — The Effective Masses op the Holes in the d Bands op Several 
Transition Metals 

(Derived from the observed electronic heats on the assumption that the holes 
are perfectly free) 


Metal 

5c', ev 

mtim 

Ni 

0.29 

28 

a Fe 

1.58 

12 

Pd 

0.16 

43 

Pt 

0.32 

22 


29. The Pauli Theory of the Paramagnetism of Simple Metals. — It 

may be seen from Fig. 20, Chap. I, that the metals that follow the rare 
gases in the periodic chart are weakly paramagnetic. Since it may be 
shown that the inner closed-shell electrons of these substances give a 
diamagnetic contribution to the total 
susceptibility, we may conclude that the 
paramagnetic susceptibility is associated 
with the valence electrons. Pauli^ pro- 
posed the following simple semiquantita- 
tive interpretation of this paramagnetic 
term. 

Let us divide the quasi-continuous 
band of levels shown in Fig, 3 into two 
bands, one for electrons of a given spin 
and one for electrons of the opposite spin, 
just as we did for the d band in the preced- 
ing section. The density of levels in each 
of these two bands obviously is just half 
the density in the band of Fig. 3. In the 
absence of a magnetic field, each band is 
filled to exactly the same value of e. If the metal is placed in a homo- 
geneous magnetic field of intensity H, the band of levels associated 
with electrons having spin parallel to the field is lowered by an amount 
j3H, and the other band is raised by the same amount. Here, jS is the 
magnetic moment of the electron which, according to the theory of 

» W. Paxju, Z. Physik, 41, 81 (1927). 



2/3H{ 


Fio. 8. — The relative displace- 
ment of the levels of dififerent spin. 
The levels with magnetic moment 
parallel to the field are lowered by 
/3H, those of opposite spin are 
raised by the same amount. The 
energy difference 2/3H is ex- 
aggerated. 
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electron spin, is given by Eq. (10) of the preceding section. Figure 8 
shows schematically the behavior of the levels. Evidently, the equilib- 
rium distribution of electrons is that in which both types of level are 
filled to exactly the same point on an energy scale, for otherwise we could 
gain energy by removing electrons from the highest filled band to the 
lowest. Hence, more electrons have their magnetic moment parallel 
to the field than antiparallel to it. The number An of electrons that 
leave the antiparallel band and enter the other is equal to the number of 
electrons in the energy range of width jSH at the top of one of the bands, 
that is, 

An = (1) 

where g,{e') is the density of levels of given spin at the top of the filled 
region. The relation (1) is valid only for fields that satisfy the condition 

All ordinary fields are included in this condition, since jSH is of the order 
of 10~^ ev for the strongest attainable fields and e' is of the order of 1 volt. 
The difference between the number of electrons in the two bands, namely 
2An, is 

2An = 2^H^.(€'), (2) 

whence the magnetic moment per unit volume M is 

and the susceptibility is 

X - (3) 


We shall assume that the electrons are perfectly free and shall substitute 
from Eq. (8) of Sec. 28; that is, 


Tlien, 





The relationship between x, ej, the number of valence electrons per atom, 
Z, and the atomic volume a, is 


81 . 0 Z 


io-« 


X 


( 4 ) 
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where x is now expressed in cgs units, a is expressed in cubic angstroms, 
and e'o is expressed in electron volts. 

Table XLI contains values of x, computed from Eq. (4), for the alkali 
metals and several alkaline earth metals. It should be observed that 
the computed susceptibilities are often more positive than the observed 
ones, a fact indicating that a diamagnetic correction is frequently needed. 
One of the principal sources of this correction is the closed-shell ion cores 


Table XLI. — A Comparison of the Observed Susceptibilities of Several 
Metals with Those Computed on the Basis op the Freb-electron Theory 
(In cgs units) 


Metal 

X • 

10« 

Observed 

Calculated 

Li 

2 0 

0.80 

Na 

0.63 

0.65 

K 

0.58 

0.53 

Be 

-1.85 

1.38 

Mg 

0.87 

0.98 

Ca 

1.70 

0.89 


of the atoms. In the cases of copper, silver, and gold, the diamagnetic 
contribution from the newly filled d shells is large enough to cancel the 
paramagnetic term and to make the metal diamagnetic. 

The transition metals such as platinum and palladium are strongly 
paramagnetic. Since the frce-electron theory may be used to explain the 
elecitronic heat (c/. Sec. 28), we naturally should attempt to apply to 
these metals the analogue of Eq. (4), namely, 


X = 


81.0Z 

adel 


io-« 


where Z is the number of holes per atom. It was first shown by Mott 
and Jones, ^ and may be verified by simple calculations, that the, values of 
ScJ that are required to explain the observed values of x are four or five 
times smaller than those derived from the experimental values of the 
electronic heat. This discrepancy shows that the free-electron model is 
much too simple for the d-shell electrons. 

30. Thermionic and Schottky Emission. — Up to this point, we have 
had no cause to consider the way in which the electronic potential of a 
metal varies near the surface. The form of this curve is important, 
however, when we consider any process in which electrons pass through 

^ N. F. Mott and H. Jones, Theory of the Properties of Metals and Alloys, pp. 194 ff. 
(Oxford University Press, 1936). 
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the surface. We shall discuss two phenomena of this type in the present 
section, namely, thermionic emission and Schottky emission. Therm- 
ionic emission^ is the phenomenon in which an electronic current evapo- 
rates from a heated metal in the absence of an external electric field, 
whereas Schottky emission refers to the evaporation that occurs when 
the metal is at a negative potential. Both these emission phenomena 
are strongly temperature-dependent. An additional temperature-inde- 
pendent emission occurs when the potential of the metal becomes suffi- 




Fiq, 9. — a, the image-force potential barrier [cf. Eq. (3)]; 6, the effect of a field on the 
image-force barrier [cf. Eq. (5)]. 


ciently negative. This field emission^ which can be explained in terms 
of the quantum mechanical process of penetration through a barrier, will 
not concern us in the present chapter. 

Suppose that we have an electron at a distance x from the surface 
of an uncharged metal, where x is large compared with an interatomic 
distance and small compared with the dimensions of the surface. Then 
the only force that acts upon the electron is the classical attractive 
image force which is given by the equation 




_£l 


( 1 ) 


^ See the following review articles; S. Dushman, Rm. Modern Phys.^ 2, 381 (1930); 
Becker, op, bit. See also J. H. de Boer, Electron Emission and Adsorption Phe- 
nomena (The MacmiUan Company, New York, 1935) and A. L. Reunann, Thermionic 
Phenoniena (Chapman and HaU, London, 1934). 



Sec. 30 ] 


THE FREE-ELECTRON THEORY OF METALS 


16? 


in which e is the electronic charge. The potential energy associated 
with this force is clearly 


The form of the potential may be expected to deviate from this when the 
surface is not homogeneous, when x is comparable with the interatomic 
distance, or when x is comparable with the linear dimensions of the 
surface. 

We shall assume for simplicity that the actual potential has the form 


F(a:) = 1 4x + (eyWa) ^ ~ (3) 

x<0, 

where the region in which x is negative corresponds to the interior of the 
metal. It is clear that this function, which is illustrated in Fig. 9, 
changes continuously from —Wa to zero as we pass from the interior 
of the metal to infinity and that it approaches (2) for large distances. In 
an actual case, we might expect dV/dx to be continuous; however, the 
function (3) does not satisfy this condition. 

If the metal is charged negatively, so that the repulsive field is E, the 
potential 

Ve = -Eea; (4) 

must be added to (3). The total field Vt then is 

F, = |“4x + (eVIF,) (5) 

(-TF„ x<0. 

The additional field term in (5) has the effect of lowering the height of the 
potential barrier at the surface of the metal. The maximum value of 
Vt is 


F» S — N/Ee*, 


( 6 ) 


as may be proved by solving the equation dVfdx = 0. 

Hence, when there is a field present, the effective work function (p^ is 


^ — -y/Ee*, (7) 

where (p is the work function defined in Sec. 26. 

Let us now compute the number of electrons that evaporate from a 
unit area of the metal in unit time. We shall assume that the energy € 
of the electrons inside the metal may be written as a function of the 



164 


THE MODERN THEORY OF SOLIDS 


[Chap. IV 


components of momentum, and we shall choose the x axis to be normal 
to the surface. Then, as long as the potential is a function of x alone, 
the y and z components of the momentum of any electron that passes 
through the surface are preserved. Hence, if a given electron moving 
toward the surface is to surmount the surface barrier, its total energy e 
must be greater than the barrier height — \/Ee^ = e' + by an 
amount (pj + pl)l2m. Thus, we must have 

e > 6' + + Pl) = (8) 


The total number of electrons with momenta in the range p* to 
Px + dpx, etc., striking a unit area of the surface in unit time, is 


n{px,py,pz)vjpjpydpz = n{p^,py/pz)^dp,dpydpz, (9) 


since 



(9a) 


According to Eqs. (4) and (15), Sec. 26, n(px,Pv,Pz), which is the number 
of electrons per unit volume of phase space, is 


n(Px,PyyPz) 


2 1 


( 10 ) 


The total number of electrons v that strike a unit area in unit time is 
equal to the integral of (9) over all values of px, Py, and Pz that satisfy 
the relation (8). The integration over dpx may be replaced by an 
integration over the variable €, since 

~ — dpx = d€. 
bpx 

The resulting integral is 

^ ^ C * dedpydpz 

^ J- «>J- « _|. I 

= J “ J log [1 + ]dpjp.. (11) 

The exponential function appearing in the integrand ordinarily is very 
small, since is much greater than kT, Hence, we may expand the 
logarithm and keep only the first terms. The result is 
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SirmikTy 


/:/: 

‘^Jo 


Pv*+P»* 

2m*r dpydpt 


xdx = - 




Equation (12) is the Richardson-Dushman^ equation which was first 
derived on the basis of thermodynamics. 

If we let r designate the probability that the electrons which have 
sufficient energy to get over the barrier are reflected back, we find that 
the current per unit area is 


where 


-JL -v'E— 

1 = AT\l - r)e ^ 

. 4iTrmek‘^ amp 

4 = -^- =120^^^- 


(13) 

(14) 


Had we used the classical distribution function 


where no is the number of electrons per unit volume, we should have 
found that 

PPr 

^ 

This becomes identical with Eq. (13) at high temperatures if we set 

lEa = €' + 

and if we recall that 

^ 2{^mkT)\ 

^ h^no 

On the other hand, the emission corresponding to Eq. (16) is much 
larger than that corresponding to (13) if Ifa in (16) is regarded as the 
measured work function. As a matter of fact, Eq. (16) gives the same 
result as Eq. (13) in this case only if a fraction 



of all electrons is assumed to be free. 

The reflection coefficient r is much less than unity if the barrier is 
described fairly well by the image-force potential. This fact was shown 

^ See footnote 1, p. 162. 
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first by Nordheim^ on the basis of wave mechanics. With this simpUfica- 
tion, Eq. (13) may be written 

I = ATh~^e~^^. (^7) 

The relative dependence of I upon field strength has been found to obey 
this equation very closely. Table XLII contains values of A and of <p 
that have been determined by experimental measurements^ on thermionic 
emission. It should be observed that A actually does not have the 
theoretical value (14) in any case. The observed values do not depart 
from the calculated ones by a very large factor in most cases, but there 
are large deviations in a few. The possible interpretations of these 
deviations may be understood by examining the assumptions upon 

Table XLII. — Thermionic Data for Several Metals 


Metal 

At amp /cm Meg® 

(Pt ev 

Ca 

^ 60 

3.2 

Cs 

^>-160 

1.8 

Mo 

60 

4.3 

Ni 

^ 27 

-5.0 

Pt 

^ 10* 

5.0 

Ta 

60 

4.1 

Th 

^ 60 

3.4 

W 

^ 60 

4.5 


which the derivation of Eq. (13) was based. We shall present these 
assumptions categorically. 

a. Apparently, we were assuming that the electrons are strictly free 
inside the metal when we set the mass m that appears in Eq. (8) equal 
to the electronic mass. Actually, this assumption* has not been made, 
for the momenta and mass in Eq. (8) may be regarded as the values 
outside the metal. It is necessary to assume, however, that the com- 
ponents of momenta in the plane of the surface are preserved as the 
electrons pass through the surface, if the manner in which Eq. (8) was 
used in deciding the limits of integration of (11) is to be correct. This 
assumption is justifiable only if the potential gradient parallel to the 
surface is zero. 

h. We were implicitly assuming that the electrons do not interact 
appreciably when we used the Fermi distribution function for each 

^L. W. Nordheim, Proc. Roy. <Soc., 121, 626 (1928). 

* These values of A and <p have been taken from the compilations referred to in 
footnote 1, p. 162. 

’ Cf. Sommerfeld and Bethe, op. cU.^ p. 436. 
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electron without including interaction terms. The density of electrons 
emitted through the surface is so small that it is easy to justify^ this 
assumption. 

c. The fact that the integration over p, could be replaced by an 
integration over e is valid under broader conditions than those contained 
in our model. In wave mechanics, the integration variable that replaces 
the X component of momentum is h times the x component of electronic 
wave number /c*. It turns out that the group velocity in the x direction 
t?*, is related to the energy by the equation^ 

- lii 
h dkj 

which is equivalent to the relation 


de 



that we used previously. 

d. We also assumed that the surface is plane. There seems to be 
little doubt that even the smoothest surfaces are rough in a submicro- 
scopic sense. Metal surfaces are apparently made® of many different 
crystallographic planes which are inclined relative to one another. 
The form of the potential function before each plane depends both upon 
the crystallographic orientation of the plane and upon the nature of 
any contamination that may be present on it. Although the total 
potential difference between any point inside the metal and a point at 
infinity is Wa when there is no external field, the barrier before some of the 
surfaces may rise to values higher than Wa and drop to W® at larger 
distances. Since the highest point of the barrier determines the work 
function, we should expect the entire surface to behave as though com- 
posed of many surfaces which emit more or less in accordance with Eq. 
(13) but which have different work functions. The variations in sur- 
face potential from point to point also imply that there is a tangential 
force. The existence of this force makes the process of separating the 
integral (11) into independent integrals over p* and over py and p* an 
approximation. 

e. The assumption that the reflection coeflicient r is zero seems to be 
justifiable for any reasonably clean surface. It is not justifiable,^ how- 

1 This does not mean that the electrons will not congregate outside the metal and 
give rise to space-charge effects. 

* See Chap. VIII. 

3 Direct evidence for this has been given by R. P. Johnson and W. Shockley, 
Fhys, Rev., 49 , 436 (1936). 

^Evidence for other barriers has been presented by W. A. Nottingham, Phys. 
Rev., 49 , 78 (1936). 
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ever, if the potential function has a large peak at a distance comparable 
with the electronic wave length before it approaches the image-force 
value. There is no reason for expecting such peaks for clean metal 
surfaces; they may occur, however, when the surface has been oxidized 
or when layers of other foreign atoms have been absorbed. • 

/. Finally, it should be pointed out that in deriving Eq. (13) we have 
assumed that the work function is independent of temperature. Since 
metals are heated to very high temperatures during thermionic experi- 
ments, this assumption is not justifiable.^ This topic will be discussed 
further in Chap. XI. 

By way of summary, it may be said that the deviations from the 
Richardson-Dushman equation probably arise from a combination of 
effects that are connected with the composite nature of metal surfaces 
and the temperature dependence of the work function. 

31. Boltzmann’s Equation of State ; Lorentz’s Solution^. — ^Let us con- 
sider a system of particles that is in dynamic equilibrium under external 
forces. For example, the system may consist of the electrons in a metal 
that is acted upon by stationary external electric and magnetic fields. 
When the steady-state current is flowing, this system is in a state of 
dynamic equilibrium of the type we wish to consider. 

Let 


fn{x,y,z,Vx,Vy,Vz) dxdydzdvxdvydvz ( 1 ) 

be the number of particles having position coordinates in the range from 
X to X + dx, etc., and velocity coordinates in the range from Vx to Vx + dvx, 
etc. We may obtain a condition on/n, whenever the system is in a steady 
state, by asking that it should be independent of time. Now, / may 
vary with time in two independent ways: (1) It may vary because 
particles are moving from one region of space to another and are acceler- 
ated by the external field during this motion. This variation, which 
takes place continuously, is called the ‘‘drift variation’’ and may be 
evaluated in the following way. The number of particles that, at time 
t + dt, have drifted to the cell of phase space corresponding to the 
coordinates x, y^ z, Vx, Vy, v* must be equal to the number that were in the 
cell located at x — y Vydtj z Vx ocxdi) Vy ctydt^ Vz oiidi 

at time t, where ax, ay, at are the components of acceleration. This 
relationship holds only for a time interval dt so short that collisions have 
not had a large effect on the distribution. Thus, the change due to drift 
in the number of particles having coordinates x, y, and z and velocity 
Vx, Vy, Vz in a time dt is 


^ See J. A. Becker and W. H. Brattain, Phys. Rev., 46, 694 (1934). 
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{^f)d = fn(x - Vjdt,y — VydtjZ - v/ityVx — aadtfVy - aydt^Vt - a4t,t) - 

f niXjV ,ZjVx,Vy,Vt,t) 

(dfn , a/n , a/n , ^/n . ^/n . dfn V, 

\dx dy ^ dz dVx dVy dVz / 

Consequently the rate of change of / caused by drift is 

(df\ _ dfn dfn dfn dfn dfn dfn 

\ dt /d dx dy dz dVx dVy dVz 

(2) f may vary because of the relatively discontinuous changes in veloc- 
ity that accompany collisions. If 

e{vx,vy,vz;vl,yy,v'f)dv'jvljd,v^ (3) 

is the probability per unit time that a particle will change its velocity 

from Vx, Vy, Vz to a value having components in the ranges extending 

from Vg to vl -f dv^, etc., the total number the velocity of which alters 

from Vx, Vy, Vz to some other value is 

« = fni^,y,z,^x,Vy,Vz)J eivx,Vy,Vz;Vg,vl,v'f)dVgdvljdVg, (4) 

Similarly, the number the velocity of which changes to Vx, Vy, Vz from 
another value is 

^ = ^fn{vg,vy,v”)^{vg,vy,v'f\vg,vy,vf)dvgdvydv^ (5) 

Thus, the rate of change of /„ caused by collisions is 

(f ). ® 

The total rate of change of /„ is the sum of (2) and (6). The condition 
for equilibrium is that this sum should vanish or that 

dfn , d/n ,dfn , dfn , dfn , dfn , 

-^Vx -~Vy -{■ -~-Vz -r ^otx 5 — “v — h — a, (7) 

dx dy dz dVx dVy ^ dvt ' 


which is Boltzmann's equation^ of state. 

In a homogeneous specimen of metal that is at constant temperature 
in a field-free space, the components of the gradient of /n, d/„/dx, dfjdy, 
dfn/dz, and the components of acceleration a*, ay, a* vanish. Equation 
(7) then reduces to 

a = b 


which states that the numbers of particles that leave and enter a given 
volume of momentum space as a result of collisions are equal. On the 

^ L. Boltzmann, Vorlesung uber Gastheorie (J. A. Barth, Leipzig, 1923). 
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other hand, the left-hand side of Eq. (7) does not vanish if there is a 
temperature gradient in the metal or if there is^an external field. Hence, 
a is not equal to h in this case. 

Suppose that we have homogeneous electrical fields in the x and y 
directions and a homogeneous magnetic field in the z direction. Accord- 
ing to classical mechanics, the acceleration o is given by the equation 


ma = ~eE - -v X H 
c 


( 8 ) 


where E and H are the electric and magnetic fields, respectively, and e 
is the absolute value of the electronic charge. For the field assumed 
above, we have 

twa* = “^eE^ + 

may = — ^eEy — 

mat — 0 . 

Hence, Eq. (7) becomes 



dfn ,d/u 


3/"., 


■*" dz* 


j. £ ^ -ip 

dvX m c m V dvy\m^ 



h — a. 


( 10 ) 


We shall discuss this equation in the case first treated by Lorentz,^ 
namely, when the medium is homogeneous and isotropic, no magnetic 
field is present, and the electrical field is in the x direction. Equation 
(10) then reduces to 


dfn dfn eE* 

—Vx - = 

dx dVx 


( 11 ) 


since fn does not depend upon y and z. 

Lorentz simplified the collision terms by making the following three 
assumptions. 

1. The electrons undergo only elastic collisions. This assumption 
seemed to be reasonable at the time it was made since it had been postu- 
lated that the electrons were deflected principally by direct collisions with 
the ions. It may be shown that electrons, being relatively light, would 
lose little energy in such processes. This interpretation of the electronic 
collisions is not accepted as completely rigorous at the present time. 
Nevertheless we shall employ Lorentz^s assumption since the results 
that may be derived from it have semiquantitative valufe. 

‘H. A liORBNTZ, The Theory of Electrom (Teubner, Leipzig, 1909, and G. E. 
Stechert A CSompany, New York, 1923). 
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2. The electronic scattering is isotropic; that is, 0 in (3) is independ- 
ent of the relative directions of the velocity before and after collisions. 

3. The distribution function /«, for the case when a field is present, 
is related to the function /J, for the case when no field is present, by the 
equation 

/n = /" + ».X(V) (12) 

where x is a small undetermined function that depends upon the velocity 
only through the speed v - vl + vl vl. Equation (12) may be 
regarded as expressing the form of /« when it is expanded as a series in 
powers of and only first-power terms are retained. 

According to assumption 1, the probability 0 is' zero unless 

t; = t;'. 

It is important to note that 0 should be infinite when this condition is 
satisfied if the total probability of a collision, namely, 

is different from zero. In order to avoid the mathematical difficulties 
that accompany the use of a discontinuous func- 
tion, we shall introduce a new collision function 

T]{v;d,(p]d',<p') sin 6'dd'd<p' (13) 

which gives the probability that a particle that is 
traveling with speed v in the direction described by 
the polar angles 6, <p (cf. Fig. 10) is deflected into 
the solid angle sin d'dS'd^p' in the direction S', (p' 
without a change in speed. 0 and are obviously 
connected by the equation 

ri(v;e,<p;e'<p') = f^'oivx,v,,v.;vi,vl,v'.yW. (14) 

According to assumption 2, tj is isotropic; hence, we see that • 

a = fni^Aw, (15 

or according to Eq. (12), 

= K(«^) + Vxx{v)]Ainj» ( 16 ') 

Substituting (12) in the expression (5), we find 

b = fl4frv + sin 


X 
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(17) 

and 

6 — a = —Vxx(p)i7rii]. (18) 

We might have foreseen that h — a would not contain from the fact 
that a is equal to h when E* is zero. 

Since the factor iirr) is the total number of collisions an electron 
makes in a second, iirr}/v is the total number that it makes in traveling 
1 cm, and the reciprocal this quantity is the mean free path 1. Thus, 



(19) 


We may now simphfy ^he drift terms by using Eq. (12). Substituting 
(12) in the left-hand side of Rq. (11), we find 







dx 


"dx 


^dx 


k-x « X ^ ■' k-xX • 

m dVx m dfx m 


( 20 ) 


We may drop the terms in x since, by assumption, they are considerably 
smaller than those in/J. Hence, Eq. (11) becomes 


efl 




‘dx m ‘dv, I 


( 21 ) 


We may replace the derivative with respect to Vx by one with respect to e 
if we use the relation 


€ 


m m 
~ 2 ^ ~2 


{vl + vl). 


Equation (21) then becomes 


-^(s) 


( 22 ) 


Solving this equation for x we obtain 




(23) 


which relates the unknown function x to the properties of the known 
distribution function /J. 

The process of reasoning that leads to Eq. (23) may be summarized 
as follows: In using (12), we assume that the distribution function is 
modified by the addition of a small term if an electric field is present. 
The form of this term implies that there are more electrons moving 
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in the direction of the force than in the opposite direction, since this term 
is negative for negative values of v® if it is positive for positive ones. 
Since the collision probability is unaffected by the field, the contribution 
of /o to the collision terms is zero in the presence of a field, just as in the 
absence of one, and the collision terms depend only upon x- The drift 
terms are calculated by considering the effect of the field on the unper- 
turbed distribution function. It is assumed that the small additional 
term in x does not appreciably affect the drift terms. 

The equation for x reduces to the simple form (23) only as a result 
of the simplifying assumptions that were made concerning the collision 
probability 0. It would not be possible to remove x from under the 
integral sign in the expression for h if the particle speeds were not con- 
served during collisions. Hence, we should arrive at an integral equation 
in place of (23) in a more general case. This occurs, for example in the 
quantum mechanical treatment^ of the equation of state for electrons in 
metals, since th(‘ electrons are found to be inelastically scattered by 
the lattice when the collision process is examined in the light of quantum 
mechanical laws. 

Gans^ has generalized the Lorentz equation to include the case in 
which there are both electric and magnetic fields present. We shall 
assume that the electric field is in the x and the y directions and that the 
magnetic field is in the z direction, so that the equation of state is (10). 
In place of (12), Cans assumes that 

/n = /n + v^xi + VyX2 (24) 

where xi and X 2 depend upon the velocity components only through the 
speed V. In place of Eq. (18) he then obtains 


h - a = -jiv^oxi + VvX 2 ). 


(25) 


We may substitute Eq. (24) in the drift term of Eq. (9). The expres- 
sion may be simplified by setting 


a a , 

j- = mvxj- an(t 

dVx 


Many terms then canil^^d tfie result is 

{dfn\ dfi* a/i* a/° p . PV 

“ V aT/rf "" 


a a 

^ = rnVy—> 
dvy oe 


^dx 


'dy ae' 


( 26 ) 


^ See Chap. XV. 

* R. Cans, Ann. Phyaik, 20, 293 (1906). 
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Terms that involve products of E, or and xi, Xa or involve derivatives 
of the X have been regarded as negligible in comparison with the terms in 
Ei and Ey that are retained. 

Equating coefficients of v* and of Vy in Eqs. (25) and (26), we obtain 


dx 

SJI 


-eEj- 


de 




p ^fn ^ ^ 

d€ me I 


(27) 


The result of solving these equations for xi and xz is 


where 


and 


Xi = 

x? = 


I Ji - g/z 

V 

I Jt + ' 

V s2 + 1 ' 


el 11 If f cHf 

8 = H, = -fc, fc = ; 

mvc V me 


/x = 


dx 

dfi 


eE^' 




(28) 

(29) 


(30) 


32. Electrical and Thermal Conductivity*.— The electrical and thermal 
currents* i are associated with an electron having velocity v 

are, respectW 



and 


c = V- 


mv^ 


( 1 ) 


The total electrical ancl thermal currents /, and C* that pass through a 
unit area at x, y, z, normal to the x direction d a metal, may be expressed 
by the integrals 



. , X, = -jev4Jr; 


(2o) 

(2b) 


where ^is tl^Estri^^Bon fm^liofiridf electron velocities, dcr is dvadvydv,, 
and the extAs^er all values of Vx, Vy, and v,. h and Cx 

depex^ up^:.|P^, and t whenever /» is dependent upon these variables. 
‘ lirtt treat^by Sonuiieileld, op, oU, 
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The integrals in (2a) and (26) vanish when /„ is dependent on the com- 
ponents of velocity only through the scalar velocity, for then the current 
associated with electrons traveling in one direction is exactly compen- 
sated by the current associated with electrons traveling in the opposite 
direction. Thus, the contribution to the currents from /J in Eqs. (12) 
and (24) in Sec. 31 is zero. 

Let us consider the form of Eqs. (2a) and (26) in the case in which there 
are an electric field and a thermal gradient in the x direction. The distri- 
bution function then is given by Eq. (12) of the preceding section where 
X satisfies Eq. (23) of the same section. Consequently Eqs. (2a) and 
(26) become 



The quantities in parentheses in each of these integrals involve y*, Vyy 
and Vt only through the scalar velocity v. Hence, we may replace vl by 
yV3, d<T by AirvHv, and the triple integration by a single integral of v 
extending from zero to infinity. Thus, 
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a/s _ a/s dT _ _^r 1 , rpA( A} 

Tx~dTdx~ didTdx dtlT^ ^dT\Tj\ 

Equations (4o) and (4b) now become 

^dTXTJdx J T dxj' 
_ 1 |2/t. r p . t /I'Wl . 

“ 3'Vmn’“ ^dTKTIdx M" T dx]’ 




Fia. 11. — The Wiedemann-Franz ratio for several metals.^ The^ 
given in units in which a is measured in ohms^^ cm“^ k is m 
and T is the absolute temperature. The theoretical value ^ 

We may eliminate E* from (16b) by subgtit 
after setting h = 0. The result i^ 


Accordin 


RfiKifil 




178 


THE MODERN THEORY OF SOLIDS 


[Chap. IV 


by straightforward manipulation. We find that 


K 

TV 



( 21 ) 


upon comparing this expression with the one for the conductivity. 
In other words, the free-electron theory predicts that k/T<t should be a 
universal constant. A relationship of this type was observed first by 
Wiedemann and Franz for this reason, the ratio k/Tc is called the 
Wiedemann-Franz ratio. Experimental values usually differ somewhat 
from the theoretical ones. Figure 11 shows plots of the observed^ 
ratio for several metals. Silver, copper, and gold obey the theoretical 
relation fairly well at high temperatures but do not at low temperatures. 
On the other hand, beryllium and ^ manganese show large deviations.® 
33. Electrothermal Effects*. — The rate at which heat accumulates in 
a unit volume of a wire that is carrying both electrical and thermal 
currents in the x direction is 


dH _ ^ ^ 

dt dx' 


( 1 ) 


The first term in this equation is the electrical work done, and the second 
is the divergence of the heat current which, according to the equation of 
continuity, is the rate at which heat flows into the volume. We may 
solve Eq. (16a) of the previous section for E* thus: 


F - _ ll_L 

eW2Ki edT\T)dx KiTe 
Mb) for Cx then becomes 



( 2 ) 


(3) 


substitute Eqs. (2) and (3) in 


(4) 


ih are 


•7 ( 1853 ). 

measurements were made principally by 

V 

iated with the assumption that the 






Sec. 33 ] 


THE FREE-ELECTRON THEORY OF METALS 


179 


The first term in Eq. (4) is the Joule heat, and the third is that 
arsing from ordinary flow of heat. Both these terms are independent 
of the relative directions of the electrical current and the thermal gradient. 
The second term, on the other hand, represents an accumulation of heat 
that depends upon both the direction of the current and the direction 
of the temperature gradient. The influence of this term is usually con- 
sidered in three separate cases which we shall now discuss. 

a. The Thomson Effect . — Suppose that we have a wire carrying a 
current h and having a uniform temperature gradient dT/dx. Then, 
in accordance with the second term in (4), heat will be produced at a rate 

^JL = 

dt e dT\TKi Tjdx' 

This is known as the Thomson heat, and the negative of the coefficient 
of I^dT/dXy namely, 



is called the Thomson coefficient. The quantity in the parenthesis of 
(6) may be evaluated by use of Eq. (19) of the preceding section. The 
first-order terms cancel and the second-orderHerms lead to the result 


Kg -')■<' 




W dt'^ I dt'^ 


dt'^ J 3 


+ 


1(4) 


Hence, is 


(Tt 


e J* 


(7) 


( 8 ) 


The quantity V /lie'o) cannot be (feterminedimhouwa tbed^y of 
the mean free path. We shall treat thii^ as an uAiown ind shall use 
measured values of <tt to evaluate it. Values of €yi[eo)/i(4) 
are given in Table XLIII for the alkali metals.^ > It should be noticed 
that the observed values are similar for. jdl caseslexcept Li which has a 
different sign attd is fereittolyjiarge. Whetheilthis difference is real 
or is d\m to experimen||l error remaiSBl» be seenf The magatiye value of 
(Tt for most of the alljlies shows that the elect^ns <j|pfy heat from hot * 
to cold regions of tie metal. - 

b. PeUi^^ Effect . — When a current passes from one met 
that is at the same temperature (fo^;M.inple, fromJ|pp^, some \ 
usually is evolved^ or absorbed function. |mBs known m.i 
Peltier heat: the Peltier coefficie&rj-^a is d^sOWlby tll^relatioii ' . ^ 

‘ See SoMMEBPBLD and Fbank, op. cU. ■ 
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iri^2 = — 


dH/dt 


where dHIdt is the heat evolved per unit area of the junction. Accord- 
ing to the second term of Eq. (4), 


7ri_»2 


_T rd( K, e'V 

eJidxVrK, Tr 

e[\TK, t), VrKi r/ij 
Hence, comparing this with Eq. (6), we see that 


d 1 7ri-»2 1 _ 

rp J- 


0‘T,2 — ^T,l 


( 9 ) 


( 10 ) 


dT\ T J T 

This equation may be derived on the basis of purely thermodynamical 

Table XLIII 


(tt/T observed, micro- 
volts/deg* 


1 

Li 

+0.40 ' 

-76 

Na 

-0.0282 

2.69 

K 

-0.0275 

1.29 

Rb 

-0.069 

4.05 

Cs 

-0.062 

2.88 


reasoning.^ Thus, the agreement between the observed and computed 
values of (9) should be neither better nor worse than the agreement 
between obspmac^nd computed values of cr. 

c. The Ae6e^ ^ect . — When the junctions of two metals 1 and 2 
that are coimected m series to form a closed loop are kept at different 
temperatures T' anePT", an emf acts within the circuit. The Seebeck 
emf Fa is defined as the value of the total force when the current is zero. 
Fa may be computed by integrating the express)^ (2) for E* around the 
circuit ^ 1 

( 11 ) 



^ These effectMScRIfc^rs are discussed from the thermodyiiamical viewpoint by 
P. W. Bridgman, The Thermodynamice of Electrical Phenomena in Metals (The Mac- 
millan Company! Ne#y’ciiyi934),%, 
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We may now change the variable of integration from x to T and divide 
the integral (11) into integrals over each metal. Then, 





Hence, according to (9), 

Fs= (12) 

This equation also may be derived on a purely thermodynamical basis. 

34. The Isothermal Hall Effect*. — ^Let us consider a metal that has 
electric fields in the x and y directions and a magnetic field in the z direc- 
tion. The equation of state then is Eq. (24), Sec. 31, in which xi and X 2 
satisfy Eqs. (28) of the same section. It may be seen that the electrical 
and thermal currents in the x and y directions are 

" “I J " X J 

' “ "I J " X J 

C. = ^ J v^xidir = j vH^^^-^v^dv, (Ic) 

C. = I J (W) 

We shall consider the emf induced in the y direction, when there is a 
current flowing in the x direction and when the metal is at constant 
temperature. This transverse field is known as the Hall emf. The 
conditions describing this physical situation are 




dx dy 

Then Eqs. (la) and (16) are 


and ly = 0. 




( 2 ) 


( 3 ) 


We shall change the variable of integration to € and replace /J by the 
Fermi'Dirac function. These equations then become 
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!• = 

0 = -f + W, 


where 


r _cf‘ d df^ , _cr' th df, 

“ fJo s' + 1 dt’ fJo s' + 1 


( 4 ) 


(5) 


and / is the Fermi-Dirac function. 

Solving Eqs. (4) for E, and E„ we find 


E. = 


3 Im Li 


r- o inv 

— '3X10 


2 Lf + 


i*. 


62\ 2 Lf + L| 


( 6 ) 


The first equation shows that the electrical conductivity in a magnetic 
field is 




Ll 


Now, 


jLj = 


elie'o) 




mt;(€j)c 

whence the second of Eqs. (6) may be written 

F ^ el{4) Kh 

*' mv{eQ)c(T{Hz) 

The coefficient of H,/* in this is the Hall constant R: 


(7) 

( 8 ) 


E = - 


el{4) 

mv{4)c<j{V\t)^ 


(9) 


which, when <r(H,) is equal to the expression for zero magnetic field, 
reduces to 



Wc 


( 10 ) 


[qf. Eq. (13) of Sec. 32] where is the number of electrons per unit 
volume.^ It may be shown by tracing through the preceding computa- 
tion that the negative sign of Eq. (10) arises because the conductivity 
is related to an electronic current. The sign would be reversed if the 
carriers were positively charged. 

^ We may see from £q. (9) that the product R<r is the mobility (see footnote 2| 
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TaBLB XLIV. — COMPABISON OF OBSERVED HaLL CONSTANTS WITH ThOSE COMPUTED 
ON THE Basis op the Free-electron Theory 
(In volts /cm-abamp-gauss. Experimental values refer to room temperature.) 


Metal 

R • 101* 

Observed 

Calculated 

Cu 

- 5.5 

- 7.4 

Ag 

- 8.4 

-10.4 

Au 

- 7.2 

-10.5 

Li 

- 17.0 

-13.1 

Na 

- 25.0 

-24.4 

Be 

4- 24.4 

- 2.5 

Zn 

-f- 3.3 

- 4.6 

Cd 

4- 6.0 

- 6.5 

A1 

^ 3.0 

- 3.4 

Fe 

4-100 


Co 

+ 24 * 


Ni 

- 60 


Bi 

Hl-'-^OOO 

H II ^4- 300 

4.1 


Experimental and theoretical values^ of R appear in Table XLIV. 
The computed numbers are the same order of magnitude as the observed 
ones for the monovalent metals. The signs are opposite for the divalent 
metals beryllium, zinc, and cadmium and for iron and cobalt. The 
magnitude of the observed coefficient is one hundred times larger than 


Table XLV. — The Electron Mobilities op Several Metals as Derived from 
THE Product of the Conductivity and the Hall Constant 
(In cmVvoltnaec) 


Metal 

M 

Metal 


Cu 

34.8 

Zn 

5.8 

Ag 

56.3 

Cd 

7.9 

Au 

29.7 

A1 

10.1 

Li 

19.1 

Bi 

X 9.1 

Na 

48.0 


II 2.1 

Be 

44.4 




^ See, for example, the compilations of Landolt-Bomstein and the International 
Critical Tables. 
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the theoretical one for bismuth. Both these types of anomaly have been 
explained semiquantitatively by the band theory of solids. 

The product of the Hall constant and the electrical conductivity is 
the electron mobility n. Values of this quantity for several metals are 
given in Table XLV. It may be seen that the mobility differs less from 
metal to metal than do the conductivity and the Hall constant. Using 
Eq. (13) of Sec. 32 and these mobilities, we find that 1^5- 10”’ cm for 
the best conductors. 

By a straightforward manipulation with Eqs. (29), Sec. 31, we may 
reduce the expression (7) for <r(H,) to 


where 


and 


<r(H.) - <7(0)^1 j ^ 

„ _ A ekTl(4) Y 

3[mV(eJ) J 
C = 


( 11 ) 

( 12 ) 

(13) 


in which R is the Hall constant (10). 

Equation (11) predicts that <r should decrease quadratically with H* 

Table XL VI. — A Comparison of the Measured Hall Constants with Those 
Determined from the Conductivity in Magnetic Fields 
(In volts /cm-abamp-gauss) 


Metal 

R • 

10» 

Observed 

From (7 (Hz) 


Cu 

-5.5 

-7.5 

Ag 

-8.4 

-12.5 

Au 

-7.2 

-17.5 

Zn 

3.3 

-35 

Cd 

6 0 

-100 

A1 

-3.0 

13 

Sb 

--2,000 

-1,000 

Bi 

1-1,000 

— -8,000 


for weak fields and should asymptotically approach a constant value 

ao(l-§) for large field strengths. The observed values of C usually 

agree in order of magnitude with those determined from directly meas- 
ured values of the Hall coefficients. Table XL VI contains values of R 
for copper, silver, and gold, determined directly as well as from measured 
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values of <r(H*).^ Figure 12 illustrates the observed dependence of 
resistance upon H* for a specimen of copper. The saturation effect 
predicted by Eq. (11) does not appear for the range of field strengths 
that has been employed in these metals. Table XLVI shows values of 
R for zinc, cadmium, aluminum, antimony, and bismuth which were 
also determined from (r{Hz) as well as by direct measurement. The 
agreement is not so good as for the monovalent metals. The computed 
values of B are about 10^ times smaller than the observed ones at ordinary 
temperatures, a fact showing that a more exact treatment of the problem 
is necessary. 



H (Kilogauss) 

Fig. 12. — Variation of the resistivity of copper in a magnetic field. The ordinate is 
Ap/po where po is the resistivity in the absence of a field and Ap = p(H) — Po- Curve I is 
obtained by fitting the points in the quadratic region near the origin with Eq. (11) when 
C 18 zero. Curve II is obtained by adjusting both B and C. The value of C obtained in 
this way agrees closely with the theoretical value, whereas the observed B is about 10^ 
times larger than the theoretical value. {After Sommerfdd and Frank.) 

Qualitative explanations of this discrepancy have been given by 
Spmmerfeld and Frank and by Sommerfeld and Bethe,^ and more 
accurate treatments have been developed by Jones and Zener,® and by 
Davis. ^ It may be shown that B depends upon the fluctuations in 
velocity of an electron in the metal. In the derivation of the relation 
(12), it is explicitly assumed that the electronic energy is aft isotropic 
function of velocity, so that the only fluctuations that occur result from 
the fact that the Fermi-Dirac distribution function has a tail of width kT. 
In an actual metal it turns out, as we shall see in the following chapters, 
that the energy versus velocity function is not usually isotropic, because 
of the interactions between electrons and the lattice. The reader is 

^ Measurements by P. Kapitza, Proc. Roy. Soc., 123, 292, 342 (1929). 

* Sommerfeld and Frank, op. cit. Sommerfeld and Bethe, op. cit. 

' * H. Jones and C. Zener, Proc. Roy. 5oc., 146 , 268 (1934). 

*L. Davis, Phys. Rev.^ 66, 93 (1939). 
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referred to the paper by Davis for a more complete discussion of this 
topic. 


B. SEMI-CONDUCTORS 

36. A Simple Model of a Semi-conductor.— We shall discuss the 
theory of semi-conductors on the basis of a simple modeP that is adequate 
for understanding most of the characteristic features of these substances. 
We shall assume that there are Ub bound electronic states per unit volume 
having energy —Ae and that these levels are completely occupied at 
absolute-zero temperature by rie electrons. In addition, we shall assume 
that above these bound states there is a conduction band of levels that 



Free 

Electron 

Levels 


Bound 

Levels 


Fio. 13. — Model of a semi-conductor. The ordinate is energy and the abscissa is a 
symbolical positional coordinate x. The region above zero energy is quasi-continuously 
dense with free-electron levels. The levels at — Ae correspond to electrons that are bound 
at particular positions in the lattice. 


are completely unoccupied at absolute zero (see Fig. 13), The density 
Po(e) of conduction levels will be taken as 


gc{^)di = C\/ld€ € > 0 
where for a unit volume, 

. __ 47r(2m*)l 


( 1 ) 

( 2 ) 


[cf. Eq. (9), Sec. 26]. We shall assume that it is permissible to speak of 
velocity, momentum, etc., for electrons in the conduction band in the 
conventional way. 

Some electrons are thermally excited from the bound states to the 
conduction band at temperatures above the absolute zero. The number 
of electrons nit) per unit volume having energy e is 

nw = (3) 

+ 1 


* A model similar to this was proposed by A. H. Wilson, Proc. Roy. Soc,f 188t 45Q 
(1931); 184, 277 (1931). 
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where git) is the density of levels and c' should be determined from the 
usual condition 


J*J’^n(6)d€ == Ub. (4) 

The density function gie) is given by Eq. (1) when e is greater than 
zero, and it is zero for all negative values of e except —Ac. According 
to our assumptions about the density of bound states, the density must 
be so great at € = —Ac that 

(5) 

The discontinuous function defined in this way may be approximated as 
closely as we please by a continuous function. The only one of its 
properties we shall use is the relation 

= n»/(-Ae) (6) 

where /(e) is any continuous function of e. 

We shall divide the integral in Eq. (4) into two integrals, one extend- 
ing from — 00 to 0 and the other extending from 0 to oo . The first 
integral is 



1 .. 1 

"El 

c 1 e 


+ 1 


as we may see from Eq. (6). The second integral is 



+ 1 


( 7 ) 

( 8 ) 


This evidently is equal to the total number of excited electrons, which, 
to begin with, we shall assume small compared with It is obvious 
from the form of the Fermi-Dirac distribution function that the quantity 

(8) is small only when — 6'»fcT, that is, when <3C 1. We may 

use this fact to expand (8) in terms of If we retain only the first 
term, the result is 

C S Ce^ f e~^Vtd( = Ce^{kT)i^- (9) 

Thus, Eq. (4) is 

cJf(kT)t^ + n», 

e -b 1 
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or 

A« 

^ \/t e ^ 

Ce^^kT)^^ = (10) 

6 +1 

The quantity on the right-hand side of this equation is the number of 
electrons that have been excited from the bound states. The condition 
that must be satisfied if this is to be small compared with rib is that 
c' should be much larger than —Ac, so that the exponential in the denom- 
inator may be dropped. We have, as a result, 


e«’C'(ifer)«^ = nte 

(11) 

Ac , 

"2 2 C(kT)iVi' 

(12) 


The second quantity on the right is of the order of magnitude kT for 
ordinary densities of bound electrons. Thus c' is very nearly equal to 
— ^€f2 when Ac is greater than kT (Fig. 14). 

t 

j 

! 

Free Electron 
Levels 

i 

Bound 

— — ^Electron 

Levels 

X — ► 

Fig. 14. — The position of the distribution function /(e) relative to the energy level 
diagram of Fig. 13. The point e » eo of the distribution function occurs at the point 
— Ae/2 when A«> >kT. 

Substituting (12) into Eq. (3) and neglecting small quantities, we 
find that 

n(e) = (13) 

This becomes identical with the classical distribution (13), Sec. 26, if 
we say that the number of free electrons per unit volume % is given by 
the temperature-dependent quantity 

n, = 



( 14 ) 
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If A; r is large compared with Ac, it is evident that practically all the 
electrons will have evaporated from the bound levels and that w/ may 
then be set equal to rib. 

We shall proceed to discuss the conductivity, the thermoelectric 
effects, and the Hall effect in semi-conductors and shall use Eq. (10) in 
the same way that we used the Fermi-Dirac distribution in metals. For 
convenience, we shall write Eq, (13) in the form 

n(€) = ae *^\/€ 

where 

(15) 



36. Electrical Conductivity*. — According to Eq. (5), 
electrical conductivity u is 

Sec. 32, the 

h 4xc2 f * dJl 

(1) 

where fldvjjdvydvt is the number of free electrons per unit volume having 
\Tlocity components in the range from t)* to Vx + dvz, etc. The relation 
between e and v is 

7n*v^ 


in our model of a semi-conductor. Hence, is related to n( 
of the preceding section by the equation 

£) in Eq. (12) 

iwflvHv = n{e)de. 

Thus, 

(2) 

and 

(3) 


(4) 


A simpler way of obtaining the same result is to recall that the distribu- 
tion function in the present case is the limit of the Fermi-Dirac function 
when €' is negative and is equal to the quantity in Eq. (12) of the preceding 
section.^ Then the equation for the conductivity (and for the thermo- 
electric effects) may be derived by replacing the Fermi-Dirac function / 
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in all the equations of Secs. 32, 33, and 34 by the following approximate 
value: 


^ I ym/i /TT\a \ 


icikTyV^l 


a - 


kT 


(4a) 


Equation (9), Sec. 32, then leads to Eq. (4). 

We shall assume that Z is a constant Zo for the range of velocities over 
which the integrand is appreciable. Then, 




= ^J-^alokT 

3V2irm*kT 


(5) 


This equation was derived first by Lorentz,^ who used it for metals 
under the assumption that ri/ is the number of free electrons per unit 
volume. In passing, let us compare Eq. (5) with <t in Eq. (13), Sec. 32. 
We shall call the latter and shall set n/ = no. The ratio of the two 
conductivities is 


(T, _3 V2,rm*kT li4) 

(Jc 4 wt/(€j) Zo ’ 

If we assume that 1(4) /k is of the order of unity, this ratio is of the order 
y/hT/4, which is about 10"^ at room temperature for ordinary metals. 
Thus, (Tc agrees with experiment at room temperature only if we assume 
that either n/ or Zo is about 10“^ times as large as the corresponding 
quantities that appear in Thus, the classical mean free path must 
be of the order of 10“® cm if % is assumed to be equal to no. Then, 
contrary to experiment, the contribution to the electronic heat must be 
taken as 312/2 per mol. On the other hand, if we assume that the 
classical mean free path is the same as the quantum mean free path, we 
must assume that 


There is no a priori reason for making this assumption on purely classical 
grounds. Actually, the use of quantum statistics is equivalent to 
eliminating all but a fraction of the free electrons, as we have pointed out 
in previous sections. 


^See footnote 2, p. 139. 
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Returning to semi-conductors, for which n/ is expressed by Eq. (14) 
of the preceding section, we see that 

^ (8) 

In the range of temperature in which kT Ae/2, the coefficient of 
_ 

e varies so slowly with temperature, compared with the exponential 
_ 

e that (8) agrees within experimental error with the observed law 


<7 = Ae (9) 

(c/. Sec. 6). We conclude that the observed E and A are related to 
quantities in Eq. (9) by the equations 

^ 2 
A = 

= 0.024^0^1.* 7"^ ohm“^ cm”^ (10) 

The numerical value of A has been determined by setting m* equal to the 
actual electronic mass. 

37. Thermoelectric Effects and the Hall Effect in Semi-conductors. — 

According to Eq. (6), Sec. 33, the Thomson coefficient or is 


^T±(^ _ A 

e dr\TKi T) 


where the quantities K 2 and Ki must be evaluated by use of the classical 
value of / in the manner described in Sec. 26. We find 

XT f *x^e~^dx 


if we assume that I is constant. The expression (2) contributes nothing 
to (1), since it is independent of temperature. Hence, 


e dT\rJ 


■4 log 


The Peltier coefficient iri -*2 and the Seebeck emf Fs are related to err 
by Eqs. (10) and (12) of Sec. 33, namely: 

d /7ri_»2\ <rr,2 <rr,i /^v 

m'T'j = — T—^ 


d 1 7ri-*2\ _ <fT,2 — <r 

drV'T" / T" 

rT" 

= Jr 
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The value of the Hall constant R is 


Li 1 

L,K^) 


[cf. Eq. (6), Sec. 34], where the ratio L^/Li now is 


Hence, 


La 

Li 


eHz 

me 


eHz 

ime 


f- 

Jo V 




de 


de 


’ n 00 

Jo 




di 

2'Km 

w 


de 


R(7{Hz) = 


e tIo 
'\/2TrmkT 2c 


( 6 ) 


(7) 


(8) 


As in Sec. 32, we shall assume that (r(H) is equal to a(0) for ordinary 
fields. Then e is given by Eq. (5), Sec. 36, and 


Stt 1 
8 n/ec 


(9) 


All the electrical quantities in these equations are expressed in electro- 
static units. 

Let us apply these equations to the case of zinc oxide, which is a 
typical semi-conductor. Its properties, which have been measured by 
Fritsch,^ are strongly dependent upon such factors as thermal treatment 
and oxygen vapor pressure. This behavior is characteristic of most semi- 
conductors (cf. Chap. I). The temperature dependence of the conduc- 
tivity of a particular specimen is shown in Fig. 15a. These results may 
be fitted by the function 


a = Ae 

where A is 3.72 ohm-^ cm“' and E is 0.013 ev. This specimen was then 
kept at 900°C for 30 hours in an atmosphere of oxygen at 120 atmospheres. 
As a result of this treatment, A changed to 2.1 ohm”^ cm~^, and E 
changed to 0.38 ev. Thus, the room-temperature conductivity fell by 
a factor of about 10®. The fact that A was nearly the same before and 
after the heat treatment indicates, according to Eq. (10), that the product 
Iriif did not change by a large factor during heating. The Hall constant 
of .this specimen was not measured, but it was measured on another 
specimen before and after heating in the high-pressure furnace. In this 
* 0. Fritsch, Ann. Phyaih, 22, 375 (1936). 
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case, A changed from 5.63 to 0.62 ohm“‘ cm”h and E changed from 
0.012 to 0.063 ev after 120 hours of heating. It is interesting to note 
that the change induced in E in this case was not nearly so large as in 
the case cited above, although the heating in oxygen was extended about 
four times as long. Apparently erratic results of this kind are character- 
istic of semi-conductors. The room-temperature Hall constants, before 
and after heating, were —9 X 10~®and -380 X 10“® volt/cm-amp-gauss, 
respectively. From these results and Eq. (9), we may conclude that % 
dropped from 8 • 10^^ to 2 • 10^® electrons per cubic centimeter as a 



Fig. 16. — a, the log a versus l/T plot for a specimen of zinc oxide; b, the Seebeok emf per 
degree for the same specimen. The ordinates are in units of millivolt /deg. 

result of heating. The product Ra at room temperature, was ^-30 • 10”* 
gauss”^ before heating and remained practically unchanged. This, 
according to Eq. (8), implies that k was about 1.7 • 10“ cm. 

Figure 156 shows the Seebeck emf per degree as a function of temper- 
ature for a copper-zinc oxide system. These measurements were made 
on the second specimen discussed in the previous paragraph after it was 
heated. The Seebeck emf per degree should be equal to the derivative 
of (5) with respect to T"; that is, it should be equal to 


T ‘ 


( 10 ) 
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This expression may be related to the Thomson coefficients of copper 
and of zinc oxide by means of Eq. (4). We shall assume that the coeffi- 
cient for copper is negligible compared with that for zinc oxide, basing 
this assumption on the fact that the Seebeck emf for metals is about 10~® 
times as large as that for semi-conductors. The quantity (10) is then 



( 11 ) 


because of (3) and (4). Substituting the value of e' derived in Sec. 35 
[c/. Eqs. (12) and (14)], we find 

Since the measured value of Ae is 2 • 0.063 ev, Eq. (12) predicts an effect 
of the order of magnitude 0.4 • 10"® volt per degree, which agrees 
roughly with the observed effect. The precise variation, however, does 
not seem to lie within the descriptive power of the simple theory. 

This manner of correlating the properties of a semi-conductor may 
be applied to a large number of other cases. It should be emphasized 
that the simple theory we have used applies only to those substances 
for which the Hall effect is negative. There are, however, a large num- 
ber of substances, such as copper iodide, for which the Hall constant has 
a positive sign, as though positive charges carry the current. We shall 
return to a discussion of these substances after developing the band 
theory of solids. 



CHAPTER V 

QUANTUM MECHANICAL FOUNDATION 

In Part A of this chapter we shall consider the principles and theorems 
of quantum mechanics that have particular use in the theory of the solid 
state. Although some of this material may be well known to the reader,’ 
we shall present it here in order to place it in a form that is consistent 
with the treatment of later chapters. In Part B, we shall discuss the 
theory of radiation. 


PART A 

38. Elementary Postulates of the Theory. — The development of 
the nonrelativistic form of quantum mechanics, with which we shall be 
solely concerned, brought with it a revision of the logical and mathe- 
matical discipline of mechanics. This revision was necessary in order to 
include principles that are applicable in a larger domain of the physical 
world than that in which the classical laws are valid. There is a cor- 
respondence between the classical and the quantum mechanical laws, 
for the domain of the former is contained in the domain of the latter. 
Thus, there is a quantity in quantum mechanics corresponding to each 
quantity in classical mechanics, and the quantum laws reduce to the 
(‘lassical ones when Planck’s constant may be regarded as a very small 
quantity. 

One of the primary features of quantum mechanics is the introduction 
of a state function which is said to describe a given dynamical system 
completely when the system is in a given state of motion. This function, 
as we shall use it, is an ordinary function of Cartesian coordinates. All 
available information may be derived from the state function by the 
proper use of certain operators that correspond, individually, tq measur- 
able quantities, such as position coordinates, momentum, energy, etc. 
Neither state functions nor the operators have immediate physical 
significance; only certain quantities derived by proper juxtaposition of 
the two are measurable numbers. 

’ General references: P. A. M. Dibac, The Principlea of Quantum Mechanics (Oxford 
University Press, New York, 1935). S. Dushman, Elements of Quantum Mechanics 
(John Wiley & Sons, Inc., New York, 1938). E. C. Kemble, The Fundamental 
Principles of Quantum Mechanics (McGraw-Hill Book Company, Inc., New York, 
1937). V. Rojansky, Introductory Quantum Mechanics (Prentice-Hall, Inc., New 
York, 1938). 
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The most convenient definition of an operator, from our standpoint, * 
is the following: An operator is a quantity symbolizing a process in which 
a given function is changed into another function. For example, the 
process of taking the square root of a function defines an operator. If 
we designate this operator by V” and the operating process by a dot, we 
have 


that is, operating on / gives \/f. Similarly, wo may regard the 
ordinary differential symbol d/dx as an operator for which 


A . f(x) = A". 
dx ^ dx 


Likewise, the multiplication of the functions f{x) and v(x) defines an 
operator since the product v(x)f(x) is a new function of x. 

Complete description in quantum theory does not imply precise 
knowledge of all measurable quantities at all instants of time as it does 
in classical mechanics. Quantum mechanics is primarily a statistical 
theory; its results tell us the mean or expectation values of measurements. 
Thus repetition of the procedure for making a precise measurement of a 
given quantity usually should not lead to a repetition of results even 
when the system on which measurements are made is in the same state 
at the beginning of each measurement. This principle is to be con- 
trasted with the principles of classical theory, according to which one 
should expect precisely repeatable results under identical experimental 
conditions. 

The statistical formulation of quantum theory is believed to be 
ultimate, in contrast with the formulation of classical statistical mechan- 
ics in which probability is introduced only as a convenient tool. Thus, 
it is believed that the limitation of description contained in quantum 
theory can be verified by direct experiment. The electron-diffraction 
experiments^ of Davisson and Germer, Thomson, and Rupp and the 
molecular-beam experiments of Rabi^ and his coworkers have gone a 
long way toward providing this verification. Even without this direct 
experimental check of the uncertainty relations, however, there is over- 
whelming experimental evidence of other kinds to justify the use of 
quantum mechanics for the types of problem that are considered in this 
book. 


» C. Davisson and L. H. Germer, Phys. Rev., 30, 705 (1927). G. P. Thomson, 
Proc. Roy. Soc., 117, 600 (1928); 119, 661 (1928). E. Rupp, Ann. Physik, 86, 981 
(1928). 

* I, Rabi, Phys. Rev., 49, 324 ff. (1936). 
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Although experimental results usually should not be precisely repeat- 
able, there is one case in which duplicate observations should give 
identical results. Suppose that a is the operator corresponding to a 
given observable quantity and that / is the state function of a system 
for a particular state of motion. Precisely the same values of the 
measured quantity associated with a should be obtained when the 
system is in the state / if 

a-f=af ( 1 ) 

where a is constant. Moreover, the number a should be the result of 
each measurement. A function / that satisfies an equation of this type 
is by definition an eigenfunction of the operator a. a is called the eigen- 
value of /. 

From a practical standpoint, the problems in which we are primarily 
interested are to d(^termine (1) the possible forms that may be given to 
the state function and to the dynamical operators and (2) the dynamical 
laws of the theory. The solutions may be placed in many possible forms, 
just as in classical theory. A serviceable form for our purposes is the 
one based on Schrodinger’s scheme. It may be summarized in the 
following way: 

a. The operators that correspond to the Cartesian coordinates 
Xi, i/t, Zi of the fth particle of a system and to the time variable t are taken 
to be the variables themselves. The state function / is then chosen as a 
function of these variables. Then, 

/ = fi^h Vh 2i, • • ♦ , a:«, Vn, Zn, 0- 

h. The operators of the variables that are conjugate to these variables 
in the classical sense, namely, the corresponding momenta 

• • • , pz^, and the negative of the Hamiltonian function H are taken 
in the form 

h d hi- ... h— hL m 

i dx\ i dy\ ’ i dZn i dt^ 

respectively. In classical dynamics, — // is the conjugate of t only in the 
special case in which it is independent of time. The assignment of the 
hi d 

operator — --rj to H is assumed to hold, however, even when H is 
t dt 

dependent on time. 

c. The operator corresponding to any classical dynamical variable 
that is a function of the x, the p, and t may be obtained by replacing the 
P by the differential operator introduced in part h. In particular, the 
operator corresponding to the Hamiltonian function, which generally 
has the form, 

H{Xi, • • • , Zn, Px^) ’ * • , Pt^) 0 
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is 




^ A, 

i dxi 


hA 

i dz, 




(3) 


h B 

This operator must be equal to if the identification presented in 

i at 

part h is also correct. Since this relation is not an identity, it is neces- 
sary to assume that the theory is concerned only with those state func- 
tions that satisfy the relation 



k_d_ 
i Bxi 




hdl 

iBt 


(4) 


This is the fundamental dynamical equation of quantum mechanics, 
which is used to determine the state function. We shall refer to it as the 
first Schrodinger equation. 

d. The states that are eigenfunctions of the energy operator satisfy 
the equation 




Hence, they must have the form 

where satisfies the equation 


( 6 ) 

( 6 ) 

(7) 


This is the second Schrodinger equation. 

e. It was mentioned in connection with Eq. (1) that the observed 
value of a is always a if a system is in a state / that satisfies the equation 


af = af. 

If. the state function is not an eigenfunction of a, the mean value & of 
the measured value is 


d 


jra 'fdr 

frfdr 


( 8 ) 


where the integration is to be extended over all values of the x and t;f* 
is the complex conjugate of /; and dr is the product of di and the volume 
element in 3n-dimensional configuration space. Whenever ff^fdr is 
infinite, d is the limit to which the ratio (8) approaches as the volume 
of integration is gradually increased to include the entire space. Since 
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all measured quantities are real, the allowed operators a must satisfy 
the relation 

J’r(«*/)dr = //(a*/)*dT. (9) 

Such operators are called Hermitian. 

/. One may legitimately ask for the operator that corresponds to the 
measurement of whether or not the system has the coordinates • • • , 
t'. It is difficult to formulate this operator in a mathematically 
rigorous fashion in the Schrodinger theory. This difficulty may be 
avoided by defining the operator to be one for which the integral (8) has 
the value 

•••,<, O. (10) 

Thus, • • • , 2n) ^0 is interpreted as the probability that the system 

has the coordinates rrj, • • • If / is an eigenfunction of the Hamil- 

tonian operator, it has the form (6), and the quantity /*/ = is 
independent of time. States of this type are said to be stationary. 

g. It is natural to expect that /*/ should be an integrable function if 
/*/ is interpreted as the relative probability that the system should occupy 
the coordinates • • • , 2n, t'. This is a general restriction on the state 
function. Ordinarily, this condition is fulfilled by demanding that / 
should be finite everywhere; the more accurate condition, however, is 
that the integral of /*/ over any finite volume should exist and be finite. 

It may easily be shown ^ that classical mechanics and quantum 
mechanics lead to identical results in the ordinary large-scale domain in 
which classical mechanics is ordinarily applied. 

39. Auxiliary Theorems. — There are several additional theorems 
that are frequently used in conjunction with the preceding principles 
because they are useful in applying the theory to specific problems. 
They may be listed in the following way. 

a. The purely spatial part of an eigenfunction (6) of a time-independ- 
ent Hamiltonian operator may be used without the time-dependent 

iEt 

factor e ^ when the mean value of any time-independent operator is 
computed, since these factors cancel out of the integrands in Eq. (8). 
Since the eigenfunctions of other operators usually do not satisfy the 
time-dependent Schrodinger equation (4) and hence cannot be written 
in the form (6), their purely spatial eigenfunctions usually cannot be 
used in the same way. We shall mention two useful theorems concerning 
the spatial eigenfunctions of Hermitian operators. 

1. The space eigenfunctions ^i, ^ 2 , • • • of any time-independent 
Hermitian operator form a complete orthogonal set; therefore, any space 
^ See Ksmblb, op. cU., p. 49. 
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function such as an eigenfunction of a Hamiltonian operator, may be 
expanded in terms of them in a Fourier-series fashion. Thus, 

<p = ( 1 ) 

i 

where 

!(p^*dT{xij • • • fZn) ro\ 

^ rnWr 

2. The condition that must be satisfied in order that two operators a 
and p may have all eigenfunctions in common is that they should com- 
mute, that is, that they must satisfy the condition 

(ap — pa)\l/ = 0 ( 3 ) 

for arbitrary \l/. This theorem is particularly useful when we have 
operators that commute with the Hamiltonian operator of a system, for 
then we may choose the stationary states to be eigenfunctions of all 
these operators. 

h. Normalizing Conditions . — Since it is possible to interpret |/(a:i, 

• • • , 2:n, 01^ 8'S the relative probability that the system has the coordi- 
nates xi, • • • , Zn, at time t, it is reasonable to ask that / should satisfy 
the equation 

/ • • • ,Zn, • • • , = 1 (4) 

at each instant of time, where the integration extends over all space. 
This is known as the normalizing condition. Since the relation 

I J|/pdr(a:., •••,?.) = 0 (5) 

may be proved by use of the Schrodinger equation and the Hermitian 
condition on H, a state function that is normalized at one instant of 
time remains normalized at all later times. As a rule, normalized func- 
tions are used because they give absolute rather than relative probabilities. 

c. The Variational Theorem. — One of the most powerful tools for 
obtaining solutions of the Schrodinger equation by means of approximate 
methods is furnished by the variational theorem of quantum mechanics. 
This theorem states that functions ^(xi, • • • , «n), for which the varia- 
tion of the mean value 


, Zn) 


( 6 ) 
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is zero, satisfy the relation 

oNf = a^. (7) 


The converse of this is also true. 

We shall prove this theorem for the case in which a is a time-independ- 
ent Hermitian operator and in which integration extends over all space. 
We have, as the condition on a, 


ha — 




( 8 ) 


where hd indicates the variation in d that is to be associated with a 
variation 6^ in If we set 


A = 

B = 

hd becomes 

M . »f4'l - - 0. 

Hence, we must have 


or 

since 


Now, 

8A = 
5B = 






= 0 , 


dhB - 5A = 0, 


n-^ 

o - -D • 


(9) 

( 10 ) 


( 11 ) 


whence (11) may be written in the form 


/5^*(d - a)^dT -b /^*(d - a)5^dr = 0 

or. in the form 

J5^*(d — a)^dT + J5^(d — a)^*dT = 0, (12) 

since a is Hermitian. If we express ^ in terms of its real and imaginarj 
parts, and respectively, (11) becomes 

J5^r(d “ a)^4T + J5^<(d -• a)^4r = 0. 



[Oka$, y 

The ne^essBry mi suicient coDditiomfor m equ&Hty m that 

(a - a)% = 0, 

(d - a)^t - 0, 


since both d'^r and are arbitrary. Hence, the necessary and suffi- 
cient condition for the validity of Eq. (8) is that ^ should satisfy the 
equation 

= d^. (13) 


It is not possible without further investigation to say whether a 
particular ^ satisfying (13) gives d a maximum value, a minimum value, 
or just an inflection point. 

If we apply this theorem to the Hamiltonian operator there gen- 
erally is a lowest value of the mean value corresponding to the stationary 
state of lowest energy. States of higher energy are invariably orthogonal 
to this, as we mentioned in part a. Hence, the state ^ 2 , just above the 
lowest ^ 1 , may be specified by the two conditions 




/^2*'i'2dT 


= 0, 


J^2*^ldT = 0. 


(14) 

(15) 


The necessary and sufficient condition for these equations is that 
^2 should satisfy the relation 

H'^2 = {E - X)^2 = ^'^2 

where the Lagrangian parameter X may be determined by the condition 
(15). Higher discrete states may be defined in a similar way by the 
condition (14) and by additional conditions of the type (15) which 
express the fact that the higher state is orthogonal to all lower ones. 

The variational theorem shows that the accuracy of the mean value 
of H for a given approximate function / is usually greater than the accu- 
racy of the mean value of other quantities. This fact may be shown 
directly as follows. Suppose that / is expressed in the form 

/ = ^ + a4> (16) 

where is the exact eigenfunction, which f represents approximately, 
and is the part of / orthogonal to We shall assume that ^ and 
are normalized and that a is a small number. The mean value of H 
for the function (16) is 

J(^* + + a^)dT _{E + 

(1 + a*) (1 + ce) 

where E is the eigenvalue of Thus, the fractional accuracy of ^ is 
the square root of that of E, Since the mean values of other operators 
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involve terms in the first power of a, their fractional accuracy is also 
of the order of the square root of the accuracy of the energy. 

40. Electron Spin^. ^ — A significant feature of the preceding formulation 
of quantum mechanics is that it contains an operator for each classical 
variable. It has been found necessary to introduce other operators 
that do not correspond to classically measurable quantities, in order to 
explain certain experimental observations. Most important among 
these operators are those associated with electron spin. Historically, 
they find their origin in an attempt of Ooudsmit and Uhlenbeck to explain 
certain features of atomic spectra that had not been previously inter- 
preted. These workers were led to assume that an electron possesses a 
spin about an axis passing through its center and that the total spin 
angular momentum is equal to h/2. This condition on the angular 
momentum may be expressed in the form 

\i\ = V<rl + <rl + <rl = | (1) 

where (r„ Cy, and o-* are, respectively, the x, y, and z components of spin 
angular momentum. In addition, they found it necessary to assume 
that the magnetic moment p, associated with electron spin, is related to 
the mechanical moment d, by means of the equation 


P = 



( 2 ) 


In contrast with this, the relationship between the orbital angular 
momentum L (that is, the angular momentum of an electron moving 
about an axis that does not pass through it) and the orbital magnetic 
moment Mo is 


Mo = 



(3) 


that is, there is an additional factor of 2 in the right-hand side of Eq. (2). 
There have been several attempts, based on classical electromagnetic 
theory, to prove that the mechanical and magnetic moments of a spinning 
spherical charge distribution actually do satisfy the relation' (2). At 
present, this work is generally regarded as inapplicable, aside from being 
inconclusive, for the phenomenon of electron spin is viewed as lying 
outside the domain in which classical concepts have meaning. 

The most complete theory of spin yet devised was discovered by 
Hirac^ in a search for a form of quantum mechanics that satisfies the 
principles of relativity, Equation (2) arises as a by-product of other 
assumptions in Dirac’s theory. We shall not be concerned with the 
‘ See ibid., p. 510. 

* See Rojanskt, op. eit 
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details of this theory, for we are interested only in the nonrelativistic 
approximation. In this case, spin may be handled by a scheme developed 
by Pauli to which Dirac’s treatment reduces when the velocities of 
electrons are small compared with the velocity of light. 

The significance of spin in Pauli’s theory is connected with the state- 
ment that electrons are particles for which the complete state function 
has two components instead of one. The two components are not 
scalar functions in the sense that they are independent of the choice of 
coordinate system in three-dimensional space, for they transform between 
one another in a complex way when coordinate axes are transformed. 
Thus, it is customary to introduce the concept of a two-dimensional 
spin space in which the two-component functions of the state function 
are represented as orthogonal components of a spinor. A transfor- 
mation of coordinate axes in ordinary space induces a correspond- 
ing transformation in spin space. We shall not consider the details 
of spinor transformation theory because we shall have no explicit use 
for the transformation equations.^ It should be mentioned, however, 
that the transformation characteristics of two-dimensional spinors are 
considerably different from those of two-dimensional vectors. 

The introduction of spin in the quantum theory of electrons is 
analogous to the introduction of the concept of polarization into the 
theory of light. Suppose that we were acquainted with none of the 
polarization phenomena of optics. Then it would be possible to describe 
many optical experiments, such as those of interference or of energy 
transport, by assuming that the amplitude of a light wave is a scalar 
quantity, just as the amplitude of sound. As soon as experiments on 
polarization are performed, however, we are compelled to say that there 
is a vector character associated with the amplitude of a light wave. This 
vector character may be described by taking components of the ampli- 
tude in two orthogonal directions of polarization. The analogy between 
the electron and the light wave does not hold in a quantitative way, 
however, for the two independent directions of electron polarization are 
separated by 180 degrees rather than by 90 degrees, as they are for light. 
This fact marks the difference between vector character and spinor 
character. 

We shall represent the coordinate variables in spin space by f i and f 2 , 
respectively. A unit spinor in the direction of the f 1 axis has components 
fi = 1, f 2 *= 0 and may be represented by the column matrix 

n(l,0) = Q; (4) 

* See, for example, E. P. Wignbr, Oruppentheorie (Vieweg, Braunschweig, Ger- 
many, 1931). 
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a unit spinor along the f 2 axis may be represented by 

n(0,l) = (5)- (6) 

Pauli assumed that the components of spin angular momentum 
(Tj, (Ty, and (Tt could be represented in spin space by the matrices 



The spinor n(l,0) of Eq. (4) satisfies the relation 

<r.-n(l,0) =|.(1,0), (7) 

and n(0,l) satisfies 

<7, • n(0,l) = -|n(0,l). (8) 

Hence, these two spinors arc said to correspond respectively to the pre- 
cise values -^ih and —^h of the z component of spin angular momentum. 
A direct computation of the matrix 

= 4 + <^1 + 4, (9) 

which corresponds to the total spin angular momentum, shows that 

Thus any spinor n(^i, ^ 2 ) satisfies the equation 

• n(ri, f2) = W • «(ri, f2), (11) 

and the precise value of the square of the total spin angular momentum 
is 3/^74. 

In, the coordinate system in spin space for which the matrices of 
o-x, (jy, and cTt have the form (6), the two components of the state function 
may be labeled by a variable which takes two values, namely, +1 
for the coordinate going with the diagonal element h/2 of o-* and — 1 for 
the coordinate going with the value —h/2. In other words, we may 
label the axes in spin space with the eigenvalues of 2(Tg/h, instead of by 
the indices 1 and 2. The state function then has the form f{x,y,z,^e)j it 
being understood f{x,y,z,l) and/(ic, 2 /, 2 , — 1) are the components of a 
spinor 
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All state functions (12) are eigenfunctions of the total square spin angular 
momentum (10). The reader may readily verify that the state functions 



are eigenfunctions of tr* and that 



are eigenfunctions of o-, and o-y, respectively. 

Classically, the components of angular momentum of a particle, rela- 
tive to the origin of coordinates, are given by 


w* = ypz - zpy, ) 

m, = zp. - xp., > (13) 

m, = xpy - yp^,) 

where x, y, z are the spatial coordinates of the particle and p*, py, p, are 
the components of angular momentum. The quantum operators that 
correspond to (13) are 



It is easily shown that these obey the commutation rules 


myTrit — rritTriy — hirrix,) 

m,ma ~ m*m* = hirriy,} (15) 

rrixtriy — myiUx = hiniz.} 


Since the spin matrices (6) obey exactly the same commutation rules, 
they may be viewed as quantum mechanical angular-momentum* oper- 
ators even though this angular momentum cannot bje measured directly, 
even in an idealized experiment. 

Along with the spin operators, we may introduce the following 
operators: 



( 16 ) 
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which we shall call the components of spin magnetic moment. The 
choice of coefficient in these relations is justified both by Dirac's theory 
and by experiment, as we have said previously. 

When the mechanical system contains n electrons instead of 1, the 
state function must be viewed as a spinor in a 2“-dimensional spin space. 
We may choose the coordinate system of this in such a way that the 
components of the state function are labeled by n variables I"*,, , 

each of which takes the two values ± 1 ; that is, we may write the 
state function in the form 

fip^h ‘ ) 2«, ^2,, • • * , fan)* (17) 

The function of Xi, • • • ,Zn associated with each of the 2” possible values 
of the fa is a component of a 2”-dimensional spinor. It is implied that the 
operators (TzXi = I, ‘ * • , ^), corresponding to the z components of spin 
of the n electrons, are 2"-dimensional diagonal matrices in this coordinate 
system and that the diagonal element of 2<TzJh is +1 or ~ 1, respectively, 
for the coordinate axes for which f*. is +1 or — 1. Similarly, the matrices 
(Tx, and (7y, are represented by 2”-dimensional matrices that have the 
form (6) in the two-dimensional subspace that is associated with the two 
axes labeled by fj, fj, * * * , f<_n ±1) fi+n * ‘ ? f»* All other com- 

ponents are zero. It is easy to show that the a satisfy the commutation 
rules 

(Tty<Jxi ”” (18) 

The matrices are diagonal matrices, all diagonal 

elements of which are equal to 3^V4 [c/. Eq. (10)]. 

The three matrices, defined by the equations 



are called the operators of the components of the total spin angular 
momentum, and 

£2 = sj + sj + s; (20) 

is called the square of the total spin angular momentum. Z„ S, 
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commute with and obviously satisfy the commutation rules 

XyXg — = ihXxf'\ 

2.S, - = ihly,> (21) 

Sx2y 2y2* = ihXgfJ 

because of Eqs. (18). The one-electron operators o-y., and o-,. com- 
mute with 2*, 2y, 2*, respectively; but the pairs <7xi and 2y do not com- 
mute with one another. Moreover, the one-electron operators do not 
commute with 2^ when there are two or more electrons in the system. 
Hence, the one-electron operators will not be in diagonal form if the 
coordinate axes are selected so that 2* and 2^ are diagonal. 

If the Hamiltonian operator does not contain any spin terms, as 
happens in many actual cases, it commutes with all spin operators. 
Then the stationary states of the system may be chosen to be eigenfunc- 
tions of any set of commuting spin operators, such as the set 2^, (t*., • • • , 

or the set 2^ 2«. The second set is particularly useful when the 
Pauli principle, which we shall describe in the next section, is properly 
taken into account. 

41. The Pauli Principle and Related Restrictions. — The Hamiltonian 
operator of any system that contains at least two particles of a given 
kind remains invariant in form if the coordinates of like particles are 
permuted among themselves. It may be shown that for this reason the 
set of stationary states of the system that are associated with a given 
eigenvalue of the Hamiltonian transform among themselves in one of 
several different ways when the coordinate variables are permuted. 
The theory of groups of transformations is particularly concerned with 
this property of eigenfunctions. This topic need not interest us at 
present, however, because of the Pauli exclusion principle which states 
that the physically permissible solutions of Schrodinger's equations 
behave in definite ways when the coordinates of particles are permuted. 
In particular, the Pauli principle requires that the state function be 
antisymmetric under electron permutations; that is, the state function 
must transform into its negative under odd permutations of electrons 
and into itself under even ones. It is also true that the state function 
must be symmetric under the permutation of the coordinates of light 
quanta; that is, it must transform into itself under both even and odd 
permutations in this case. 

The fundamental reason for these requirements is not completely 
understood at present. It seems reasonable, however, to expect that the 
exclusion principle will appear as the natural consequence of some general 
invariance principle, possibly unformulated as yet, jUst as the concept 
of spin arises out of the requirement of relativistic invariance in Dirac^s 
theory. 
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Statistical theories, corresponding to classical statistical mechanics, 
that take the exclusion principle into account have been developed^ by 
Fermi and Dirac for the antisymmetric case and by Bose and Einstein 
for the symmetric one. 

It seems to be a general rule in nature that all elementary particles, 
except photons, obey Fermi-Dirac statistics. The statistical behavior of 
nuclei, as is determined from the analysis of band spectra, is explained 
completely by assuming that nuclei an; composed of protons and neu- 
trons. In order to remove the single exception, photons, it has been 
postulated that light quanta are composed of two elementary particles 
which are not observed separately in standard optical experiments. The 
evidence for this postulate, however, is not very conclusive. 

The antisymmeti'ic states are the most important ones from the stand- 
point of the ch'ctron theory of solids. Although the actual process of 
selecting such states will be discussed in detail in sections that deal with 
the approximate solutions of the Schrodinger equation, there are several 
points that should be brought out here. 

Suppose that we have a system that contains n electrons. Let us 
designate them by integers ranging from 1 to n in order to establish a 
normal arrangement. There are n! possible different permutations of 
these n indices, eac.h of which relabels the electrons in different ways. 
The Hamiltonian operator is invariant under these permutations of 
indices. For each permutation, say the i^th of the set of n!, we may 
introduce a permutation operator P„, which is defined in such a way that 
it permutes electrons in the manner described by the vth. permutation. 
Any operator a that is invariant under the Hh permutation satisfies the 
relation 

P, ag = aPv g 

for an arbitrary function oi g. We may write the operator equation 
corresponding to this 

P„ a = aPy 

and may say that a commutes with Py. It is quite clear that two permu- 
tation operators generally do not satisfy the relationship 

Py Py'g = Py'Py 

for arbitrary g. The Pauli restriction on the allowable state functions, 
namely, 

PJ = 

P,f = 

where p{v) is the order of the Hh permutation, implies, however, that 

PyP,f=^P,Pyf 

^ See, for example, L. Bkillouin, Quantenstatistik (Julius Springer, Berlin, 1930). 
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for all allowable state functions. Thus, for our purposes, all permutation 
operators may be said to commute. 

The one-electron spin operators do not commute with the permutation 
operators, since each spin operator refers to a specific electron. Hence, 
we cannot expect to find functions that are simultaneous eigenfunctions 
of H, of Py„ • • • , P.n/, and of the one-electron spin quantities. On the 
other hand and 2*, which commute with one another, do commute 
with the P„ since they contain all electron variables symmetrically. 
Hence, when H is indepe'ndent of spin, we may expect to find stationary 
states that satisfy the Pauli principle and are eigenfunctions of and 
2*. For this reason, the physically interesting states are eigenfunctions 
of 2 2 and 2« rather than eigenfunctions of the one-electron operators. 

We shall accept without proof the following theorems^ concerning the 
eigenvalues of 2^ and 2*. 

a. For a system of n electrons, the eigenvalues of 2^ have the value 
S{S + 1)^' 

where S may range from n/2 down to 0 or depending respectively upon 
whether n is even or odd. S is called the total spin quantum number, and 
the eigenfunctions of 2^ are said to be states of definite multiplicity. 

h. There arc 2>S + 1 degenerate states associated with each value of 
S. These states may be chosen in such a way that they are eigenfunc- 
tions of 2, and have eigenvalues ranging from to — 5, by integer 
steps. The number 2>S + 1 is called the multiplicity of the degenerate 
level associated with S. 

Rules for constructing eigenfunctions of definite multiplicity may be 
found in the references in footnote.^ 

PART B. THE INTERACTION BETWEEN MATTER AND RADIATION* 

We shall develop the theory of radiation® in this part of the present 
chapter for use in discussing the optical properties of solids. The 

^ See, for example, E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, 1935). 

* Eigenfunctions of definite multiplicity are used extensively in the theory of 
molecular valence, in which they are called “bond functions.” A discussion of the 
theory of these functions may be found in the following papers: H. Eyring and 
G. E. Kimball, Jour. Chem. Phys.^ 1, 239 (1933); G. Rumer, Nachr. Gott, M. P. 
Klasae, 337 (1932); J. H. Van Vleck and A. Sherman, Rev. Modern Phye.j 7, 167 
(1935). 

• This part is used primarily in Chap. XVII, which deals with the optical prop- 
erties of solids, and may be omitted by a reader not immediately interested in this 
topic, 

•General references: G. Brbit, Rev. Modem Phye., 4, 504 (1932); E. Fermi, 
Rev. Modem Phye.f 4, 87 (1932); W. Heitlbb, The Quantum Theory of Radiation 
(Oxford University Press, New York, 1936). 
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topics of principal interest are the theory of light quanta and the theory 
of the interaction between matter and light. We shall begin with a brief 
discussion of the classical theory and shall use this to develop the quan- 
tum equations. 

42. The Classical Electromagnetic Equations.^ a. The Radiation 
Field. — Maxwell’s equations for free space are 

div E = 0, div H = 0, 

curl E = curl H = --37^ (1) 

c ot c dt 


where E and H are the electric and magnetic field intensities. The time- 
dependent solutions of these equations that correspond to light waves 
have the form 


E = Eoe2-(rr-.0 1 


( 2 ) 


where Eo and Ho are constant vectors, n is the wave number vector, and v 
is the frequency of the wave. These quantities are interrelated by the 
equations 

Eo • n = 0, Ho • n = 0,\ 

= Ho-E„ = oj (3) 

H 2 — C2 / 

from which it may be concluded that Eo and Ho are orthogonal to one 
another and to the direction of propagation of the light wave. 

It is convenient to express Maxwell’s equations and the solution (2) 
in terms of the vector and scalar potentials A and (p, which are related to 
E and H by the equations 


c 1 ) 

^ ^ Srad (p,[ 

c ot ( 


H = curl A. 

The equations for A and ip are 




M - - 0, 

dr 


div A 


__ 1 


(4) 


(5) 


^ M. Abraham and R. Becker, Classical Electricity and Magnetism (Blackie & 
Son, Ltd., London, 1932); R. Becker, Theorie der ElektriziUitt Vol. II (Julius Springer, 
Berlm, 1932). 
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In the case of light waves, we may set <p equal to zero and take A to be 


A = (6) 

It may be seen that Eqs. (4) then lead to Eqs. (2) and (3). 

If we have a number of waves of different frequencies in a cubical space 
of volume V, the real vector potential of the system may be expressed in 
the form of a series of traveling waves 


A = '^.f.(n) , { 4.(n)e2«('>T- ..(,)() 4. ^,+(„)e-2«(rr- -.WO j . (7) 

17, a 

The quantities that appear in this equation are very similar to those that 
appear in the Fourier resolutions of the atomic motions in lattice theory 
(c/. Sec. 22). The quantities ffi(n)(s = I, 2) are real polarization vectors 
that satisfy the equations 

f,(n) • n = 0, fi(tt) • f2(n) = 0, 

fa-f. = 1, 



and the A8(n) are complex constants that are proportional to the ampli- 
tudes of the wave of wave number n having E in the direction fsin). 
Since we shall deal with real quantities, we shall assume that 

A*{n) = A +(n). (9) 

The summation of n extends over the allowed values of this variable, 
which are given by the equations 





( 10 ) 


where n*, Uy, and n, are integers and L is the length of an edge of the box. 
It may be seen from this that the density of the allowed values of n in 
wave-number space is L® = V. The factor c/(p 7)1 is introduced into 
(7) in order to simplify results that we shall obtain below. 

We shall now derive a Hamiltonian function for this radiation field 
using Eq. (7). In material systems, the Hamiltonian, when independent 
of time, is equal to the total energy. Hence, we should expect to obtain a 
Hamiltonian for the radiation field by computing the energy Er, namely, 

Er = (E= + H^)dV. (11) 

If Eqs. (4) are used to compute E and H from the vector potential, Eq. 
(11) becomes 


Er = 5^27rp.(n)a,(n)a,*(n) 


( 12 ) 
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where 

o.(n) = A.We-*”"*’)' \ ( 13 ) 

o.*(n) = 4.*(n)e+2«-«‘./ 

If we now regard a,(ti) and ia«*(n) as conjugate variables and (12) as the 
Hamiltonian of the system, we find that the Hamiltonian equations are 


= -2«V.(n)a.(n), 
de*(n) = = 27rtV«(n)a,*(n). 


(14) 


The solutions of these equations lead to the time dependence expressed 
by Eqs. (13). Hence, (11) actually is the Hamiltonian function of the 
system. 

Since the variables and a,*(n) are not real, it is convenient to 
replace them by the real quantities 


Ps(n) = + «•*)» 

g.(n) = ^(a. - a.*). (16) 


The Hamiltonian, when expressed in terms of these variables, is 


= ^^2ry,(n)[p‘(n) + gKn)], ' (16) 

8,V 

which is the same as for a system of harmonic oscillators. It is this fact 
that justifies the statement that a radiation field is equivalent to a system 
of harmonic oscillators. The Hamiltonian (16) may be used as the start- 
ing point for a discussion of the quantum theory of the radiation field. 

If we express the vector potential A in terms of the a and the p and q, 
we find 


A = (17) 

71,8. 

= '^f.(n) /-,/,- -■(?. cos 2 x 11 • r + 9 . sin 2irn • r). 

71,8 

h. The Interaction between Matter and Radiation .^ — The force that acts 
on an electron of charge —6 that is moving with velocity f in an electro- 

^ M. Abraham and R. Becker, Classical Electricity and Magnetism (Blackie & 
Son, Ltd., London, 1932); R. Becker, Theorie der Elektrizitdt, Vol. II (Julius 
Springer, Berlin 1932). 
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magnetic field is given by Lorentz’s equation 

f = -eE - -r X H. 

c 

Hence, the Newtonian equation of motion is 


mr = —eE - -f X H. 
c 

This equation may be derived from the Lagrangian function 

L = hnx^ --A-T + e(p, (18) 

z c 


as may be verified by writing out the Eulerian equations associated witli 
this function. The components of momenta are 


Px = 


dx 


= mx — -Ax, 
c 


etc., so that the Hamiltonian H = p • r — L is 

■ 4 '’’+ 


The terms 


Hz = -^p . A + 
me 



(19) 

(20) 


are of interest when the charge is in a radiation field because they give the 
interaction between the field and the particle. The other two terms 
constitute the Hamiltonian in the absence of a field. 

It should now be clear that the total Hamiltonian of a system of n 
electrons in a radiation field is 


b-«. + 2[5?- + 5£r.*’w] 

= Hit + Hi ( 21 ) 

where Hm is the Hamiltonian in the absence of a radiation field and Hi 
is the interaction term. If we desire to include the radiation field in the 
Hamiltonian, we must add to (21) the function Hr that was derived in 
Part A. The total Hamiltonian then is 


Ht — Hm + H/ + Hr, 


( 22 ) 
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43. The Semiclassical Method of Treating Radiation. — Previous 
to the development of Dirac’s theory of radiation, ^ which, at present, 
is the most accurate method of treating radiation problems, Schrodinger,* 
Gordon,® and Klein^ developed a simpler theory which is still useful for 
obtaining some of the important equations in a simple way. In this 
scheme, the classical interaction term Hi in the Hamiltonian (21) of 
the preceding section is treated as a time-dependent perturbation in the 
Schrodinger equation. If the radiation field is zero in the classical sense 
that the system is in the dark, the system is unperturbed and cannot 
change its state. If, on the other hand, the field is finite, the system may 
change its state by emission, absorption, or scattering of light. The fact 
that the state can change only if radiation is present shows a fundamental 
weakness in the theory, for it cannot be used to treat the problem of 
spontaneous emission of light by an excited atom. In spite of this weak- 
ness, the method leads to many correct results relatively simply. An 
important reason for this simplicity is the fact that the Schrodinger- 
Gordon-Klein method can treat absorption, emission, and dispersion in 
an approximation in which the e^AV2mc® terms of Eq. (21) are neglected 
as small quantities, whereas the Dirac theory can treat dispersion only 
in an approximation in which all the terms of Hi are retained. 

The semiclassical method will now be used to develop the equations 
for absorption, emission, and dispersion of radiation by an atom. We 
shall assume that the radiation field extends continuously over a finite 
range of frequencies and that the vector potential of the wave of wave 
number n is 


A(ti) = "" C~2’rt(rr--.'0] (1) 

where Eo is the amplitude of the electrostatic field. The interaction term 
in the Hamiltonian arising from this vector potential is 

)]. ( 2 ) 

t 

We shall designate the Hamiltonian of the atom by Hm and the stationary 
states by 'i'* where 


Hu^i = Ei^i. 


( 3 ) 


* See footnote 3, p. 210. 

’ E. ScbbOdikqeb, Ann. PhyHk, 81, 134 (1926). 
' W. Gordon, Z. Physik, 40, 117 (1926). 

‘0. Klein, Z. Physik, 87, 895 (1926). 
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It 18 now of interest to search for a solution of the time-dependent ‘ 
Schrodinger equation 


(H. + «;)/. 4 1 


( 4 ) 


that is equal to at time t = 0. This solution may be expressed in 
terms of the in the following way: 


f = ao^oe ^ -f- ^Ui^ie * (5) 

tyo 

where ao is unity at time zero and the a* are small quantities that are 
zero at the same time. Substituting this in Eq. (4), we find after a 
simple reduction that employs Eq. (3) 



= aoH'^oe 


( 6 ) 


in which small terms involving the product of and Hj have been 
neglected. If this equation is multiplied by and the result is inte- 
grated over the electronic coordinates, it is found that 


h daj 


TT 

aoHjoC * 


( 7 ) 


where 


Hjo = J (8) 

In deriving (7), we have used the relation 

J = di,. (9) 

We shall assume in the following work that ao is close to unity at all 
times in which we are interested. Since Hjo involves time, it is con- 
venient to show this dependence explicitly by using Eq. (2). Equation 
(8) then becomes 

Hjo = Eo • (10) 

where 

(11) 

» 

and C,-o+ is the same quantity with the sign of n reversed. Thus, Eq. (7) 
is 

ti ddj p. —riEo—Ej-^hp)t —j{Eo—Ej — hi>)t 

= h-0 • [Cjoe * - Cjo^e * ]. 




is not closely satisfied, a,- oscillates very rapidly with time about the 
value zero. In this case, it may be said that the atom remains in the 
state ^0 and behaves like a system undergoing forced oscillations far 
from resonance. On the other hand, when either one of the relations 
(13) is satisfied we may say that the atom resonates and changes its 
state. We shall first discuss the case of resonance and return to the 
other later. 

In the case of resonance, we may interpret |ayp as the probability 
that at time t the system is found in the state Since hv is positive, the 
case 


Eo - Ei = hv (14) 

can occur only when Ej < Eo, so that it corresponds to induced emission. 
The case 


Ei -- Eo = hv, (15) 

on the other hand, corresponds to induced absorption. The probability 
that either process occurs in time i is, respectively, 

F.(0 = |Eo-C,o|V^o-^;y±M (16) 

where the negative sign corresponds to (14) and the positive to (15), and 



This varies quadratically with time at small time for any given value of v. 
If the radiation is continuous and extends over a sufiiciently broad range 
of the spectrum, however, the total probability varies linearly with time. 
Let us suppose that the energy of the radiation that lies in the range of 
frequency from v \>o v dv and is polarized in the direction no is p{v)dv, 
where p is practically constant near the resonance frequency. Since the 
mean density is related to the amplitude Eo of (1) by the equation 
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we may rewrite Eq. (16) in the form 

Pr(0 = 2irp|no • C/o|*w(Eo - Ey ± hv), (18) 

The total probability of the transition then is 

Pit) = Pvit)dv = 2irpJ^ jno • Cyo|*w(Eo — Ej ± hv)dv. (19) 

The function a? has a peak of half width Lv = I /t sX the resonance 
frequency. For the optical absorption and emission time in which we 
shall be interested, t is of the order of 10~® sec, so that h^v is of the order 
of 10“® ev, which is very small compared with ordinary values of v. 
Hence, we may replace w by a delta function of the same area. Now, 



Hence, w(6) may be replaced by 



(19a) 


where 6(«) is a delta function that satisfies the equation 

Thus, Pit) is 

P«) =^’|n,-C,o|V.< 


( 20 ) 


where p, is the density at the frequency defined by Eq. (14) or (15). 

Equation (20) shows that the induced emission and absorption 
probabilities are proportional to the radiation density and' that the 
selection rules for transitions are determined by the matrix components 

of the operator These matrix components can easily 

* 

be expressed in terms of the matrix components of the atomic dipole 
moment 


M = -^er, (21) 

» 

in the case in which n • r varies so little over the atomic system that 
e*”’' can be replaced by unity. If the Schrodinger equation 


mu » Eu^u 
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is multiplied by and the result is subtracted from the equation 

t 

H^i* = Ei%*, 

after the latter is multiplied by ^ ^ound that 

i 

t t t 

i 

The right-hand side may, by use of Green’s theorem, be transformed to 

'*'*^*’ (23) 

i 

It is assumed that vanishes at large distances, so that the surface 
integrals in Green’s formula can be dropped. In a similar way, the 
integral of the second term in (23) may be shown to be equal to the first. 
Hence, 

2 gradi <S!dr = -g(E, - E*) J (24) 

1 i 

According to Eq. (11), 


i 

I with the use of 


t 

when is unity, so that we find with the use of Eq. (24) 

Ej - Eo I 


— C,'0 = 


2Tvk 
= ±M,-o. 


I^odr 


Here 


M,„ = -J%*(^eri'j^odT, 


(26) 


(26) 


and opposite signs are valid for the cases of Eqs. (14) and (16), respec- 
tively. 

Equation (20) may now be written 

P(0 =^|M,o.nolV. 


(27) 
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The average value of the coefficient of in this equation, namely, 

(28) 


is the Einstein B coefficient for induced transitions between two states 
and %■. Here 

|Myo|2 = + \MyM^ + (29) 

If the lowest atomic state is an S state/ which is spherically sym- 
metrical in electron coordinates, the dipole matrix components are finite 
only if the excited state is a P function, which has the symmetry of a 
first-order surface harmonic. If the three degenerate P functions are 

chosen to have the symmetry of the functions and ^ 2 ,, 

i % i 

respectively, and are labeled with indices z, y, z, it may be shown that 


Mx,x0 — ^v,yO — M z,tQf 

^ M x,z0 — * * * = ~ * ’ * = ~ 0. 

Thus, light polarized in either the x, y, or z direction may induce a transi- 
tion to one of the triply degenerate states. 

In order to discuss by the semiclassical method the scattering of 
light when the frequency is not near the resonance frequency, it is neces- 
sary to compute the mean value of the atomic dipole moment M for 
the state / of Eq. (5). The result is a time-dependent function that 
contains terms which vary harmonically. We shall assume that the 
real coefficient of the term that varies as is the amplitude of a 
forced atomic oscillation of frequency v. We shall also assume that 
may be replaced by unity. 

The mean value of M for the state / is 

M' = 

= (30) 


in which terms involving squares of the a have been neglected. If it is 
recalled that ay has the form 


Oi = Eo • Mio' 


Ei — Eo\ 1 — e 


hv 




2Tt(J^o — E%-\-hv)t 


2iri{Eo— Ei — hp)t 


Eo — Ei "p hv 


Eo — Ei — hv 


- > 


(31) 


^ We shall use the conventional notation of atomic spectra^ in which the states 
having total angular momentum 0, 1, 2, 3, 4, etc., in units of h, are designated respec- 
tively by St Ft Dy Ft Ot etc. See, for example, H. E. White, Introduction to Atomic 
Spectra (McGraw-Hill Book Company, Inc., New York, 1934). 




These terms do not have significance as induced scattering terms and will 
not be considered further. 

In order to discuss Raman, or modified, scattering of fight, it is 
necessary to extend the preceding computation by considering matrix 
components of M between states /o and ft. By a correspondence- 
principle argument^ that is not very satisfactory, one may then arrive at 
the equation 


__ / MofcMfcn _ MfcnMofc \ 

^\vkn + V VQk+ v) 


(35) 


for the polarizability tensor associated with the absorption of frequency v 
and the emission of frequency v -f von. The final frequency must, of 
course, be positive. 

44. The Current Operator. — It is necessary to use the matrix com- 
ponents of the current operator in applying the semiclassical method to 


' 0. Klein, Z. Phyaik, 87, 895 (1926). 



222 THE MODERN THEORY OF SOLIDS [Chap. V 

solids, as we shall do in Chap. XVII. This operator may be derived in 
the following simple way. If we multiply the Schrodinger equation 

i i 

by and subtract from it the equation for multiplied by we 
obtain 

= 2^2 ~ ^2 ( 2 ) 

t t 

since div A = 0 for the fields in which we shall be interested. Now, 

- 'J'iAi'i'** = divi (^i* grad,- % - 'J't gradi 'I'**), 
so that Eq. (2) may be written 

= -^divi gradi - 'I'l gradi 'J'l*) - 

(3) 

The quantity may be regarded as the charge density p in 

3V-dimensional space. Hence, if we compare Eq. (3) with the equation 
of continuity, namely. 


g= -divJ, 

where J is the current, we obtain 

t 

We shall regard this as the diagonal matrix component of the 3V-dimen- 
sional current operator of which the general element is 

% 

Now, the charge density p(ri) of the first electron is ' 

pfrx) = f p(rii • • • , tn)dT' 


( 6 ) 
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where the primed integral extends over the variables of all electrons 
except the first. Thus, the current associated with the first electron is 

i,)b(ri) = J [ eradi %*) - 

(7) 

and the mean total current at the point ri is 
Ji:*(ri) = AtJ gradi - St-t gradi '*'»•) - 

( 8 ) 

46. Line Breadth.’ — The absorption and emission lines of an atomic 
system that has discrete levels obviously should be infinitely narrow in 
the delta-function approximation of Eq. (19a), Sec. 43. The same result 
is obtained even if ^(e) is not replaced by a delta function, for the function 


may be made as narrow as we please by making t large enough. Thus, 
after a long time the frequency distribution of the total radiation from a 
system of excited atoms should be very narrow. This result is a conse- 
quence of the approximations that were used in solving Eqs. (7), Sec. 43, 
and does not occur if the equations are solved more accurately by taking 
into account the fact that the coefiicient ao{t) for the initial state is not 
a constant but varies with time. 

It is possible to obtain a nearly self-consistent solution of Eq (6) 
Sec. 43, in a number of important cases by assuming that 

ao = (2) 

where F is a constant. With this assumption, the equation for a, is 


h dOij 

TIT 


= Hioe 


xiJEfi— Ef — ihT)t 


(3) 


in the approximation in which terms other than ao may be neglected in 
the right-hand side. The solution of this equation is 




ihr hv 


C,1i 


1 

Eq — Ef — ihT 




(4) 


^ See the survey article by V. Weisskopf, Phys, Zeits.t 84 , 1 (1933). 
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A value of T may be obtained by substituting (2) into the equation 
for ao, namely, 


h dao 

I'm 


. Hojaj€ ^ 


( 5 ) 


In the semiclassical theory, r is proportional to the energy density of 
radiation and is, as a consequence, very small when the radiation density 
is small. In the Dirac theory, however, it contains an additional constant 
term that is related to the probability coefficient for spontaneous emis- 
sion from the upper to the lower member of the pair of levels between 
which the optical transitions are occurring. 

The function a,® given by Eq. (4) reduces to a,(0 of Eq. (12), Sec. 43, 
when t is much smaller than 1/r. Hence, the results of Sec. 43 are 
valid only for comparatively short times. At times long compared with 
1/r, the square of the absolute value of one of the terms in (4) reduces to 


| Eo»C,o|^ 

[{Eo - E,) ± hvY 4 - 


( 6 ) 


a fact showing that the distribution of transition probability for different 
frequencies is governed by a function of the form 


1 

[(^/o - Ej) ± hvY + 

which, as a function of p, has a peak at 

_ \E, - Ei\ 
h 

of which the width at half maximum is 


( 7 ) 

( 8 ) 


Ap = 2r. ( 9 ) 

It may be shown that r is of the order of magnitude 10® sec“^ for ordinary 
atomic transitions so that this natural width ordinarily is small compared 
with emission frequencies. 

The fact that an emission line or an absorption line has a finite natural 
breadth does not imply that energy is not conserved. This breadth 
finds its origin in the fact that the energy of the excited atomic state is 
uncertain because the interaction between the atom and the radiation 
field, expressed by the term Hi, is uncertain. Thus the half width 
could be made as small as we please by making Hi sufficiently small. 

Natural broadening is usually masked by one or more kinds of broad- 
ening that have a completely different origin. In the case of gases, for 
example, lines are broadened by the Doppler effect, since the atoms 
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move with different- speeds, and by the interaction between atoms. 
Doppler broadening is not important in crystals, but the analogue of 
interaction broadening is important. We shall discuss it briefly here 
and in more detail in Chap. XVII. 

If we have a large number of free atoms that are inflnitely separated 
from one another and are stationary, their electronic levels are discrete 

So/id 



Fig. 1. — The discrete atomic energy levels may be broadened in the solid. If tran- 
sitions between many levels in each band are allowed, the resulting emission “line” will bo 
broad. This occurs in metals. 

so that the energy levels of the entire system are discrete. Thus, the 
width of the emission lines is determined entirely by natural broadening. 
The atoms interact, however, if they are brought within a finite distance 
of one another, and this interaction broadens those levels of the entire 
system which were degenerate when the atoms were infinitely separated, 



Fig. 2. — In this case the lowest level remains nondegenerate in passing from’ the system 
of free atoms to the solid. If selection rules forbid transitions from more than one of the 
excited states to the lower level, the emission line should be sharp. In actual cases of this 
type the line is broadened because of coupling between the electrons and the lattice. 

as we shall see in Sec. 66. If transitipns are allowed between many of 
the levels in two bands, the corresponding emission “fine’' should now 
have a breadth that is determined by the selection rules and the width 
of the bands. Thus the lines may broaden because the atomic levels are 
spread into bands (c/. Fig. 1), 

It frequently happens, in the case of solids, that selection rules forbid 
transitions from more than one level of a band to a nondegenerate level 
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of the entire system (c/. Fig. 2). The corresponding line would have 
only the natural breadth, in this case, if only the electronic states of the 
system had to be taken into account. An assembly of atoms, however, 
has, in addition to its electronic states, a system of energy states that 
are associated with internuclear motion. In the case of solids, these 
states may be described in terms of lattice oscillations, as we have seen 
in Chap. III. It turns out that the vibrational states may be excited 
during transitions between electronic states. Since the range of allowed 
vibrational frequencies is continuous, the amounts of energy that can be 
given to the vibrational system are spread over a continuous range. 
Now, the energy that is not given to the vibrational system during 
spontaneous emission is radiated as light; hence, the emission lines have 
vibrational broadening. This vibrational broadening is one of the most 
important of the factors that determine the shape of absorption and 
emission bands of insulating solids at temperatures above absolute zero. 



CHAPTER VI 

approximate treatments of the many-body problem 

46. Introduction. — This chapter deals with some of the methods 
that have been devised to handle the Schrodinger equation for a mechan- 
ical system in which there are at least two interacting particles. In 
practically all these schemes, an attempt is made to select one member 
of a given set of admittedly approximate wave functions by use of the 
variational theorem (c/. Chap. V, Sec. 39). In one method — the varia- 
tional rnethod — the set of approximate state functions is obtained by 
writing down a definite function of the electronic variables that contains 
a number of parameters. The best function of the family is chosen by 
fixing these parameters so that the mean value of the Hamiltonian is a 
minimum. In another scheme — that of Hartree, Fock, and Slater — the 
starting set of functions is chosen as a combination of one-particle 
functions, that is, functions that involve the coordinates of only one 
particle. The one-particle functions are then determined by use of the 
variational theorem. 

Since the exact solutions of the Schrodinger equation for any many- 
body system usually are very intricate functions of all variables and since 
the functions that may be manipulated are restricted to fairly simple 
types, even the best function obtained by one of the approximate treat- 
ments usually leads to an energy that differs appreciably from the experi- 
mental value. There are exceptions to this statement, such as the case 
of the normal state of helium, which we shall find useful for locating the 
cause of error in other problems. 

We shall begin the discussion with a few remarks concerning the 
Hamiltonian operator that will be used in solids. These will be followed 
by a presentation of the two schemes that were described above. 

47. The Hamiltonian Function and Its Mean Value. — In order to 
place the problem of determining the stationary states of solids upon a 
working basis, it is necessary to overlook certain terms in the Hamil- 
tonian operator that are of secondary importance. First, we shall neglect 
the effects that arise from the motion of nuclei, assuming that the nuclei 
are at rest. The nuclear coordinates then enter into the Hamiltonian as 
parameters. In later chapters that deal with phase-changes, conduc- 
tivity, and optical properties, we shall be interested both in the motion of 
nuclei and in the effect of nuclear motion on electrons. Second, we shall 
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assume that there is no radiation present so that we shall not be con- 
cerned with radiation interaction terms. Neither of these neglected 
effects introduces appreciable errors, as long as we are interested only in 
the eigenvalues of the electronic system. 

In addition to the foregoing assumptions, it is expedient to assume 
that all extranuclear electrons may be divided into two classes: (1) the 
inner electrons, which belong to closed shells that are rigidly attached to 
the nuclei and are not affected appreciably by changes in interatomic 
distances; (2) the outer, or valence, electrons, which are affected by 
changes in interatomic distance. The latter are responsible for most 
of the ordinary properties of solids. We shall assume that the effect 
of the rigidly bound electrons on the valence electrons may be described 
by means of a potential term of the same type as that, which takes into 
account the effect of the nuclei. In other words, it will be assumed that 
the valence-electron wave function may be determined by use of a 
Hamiltonian operator in which the effect of the rigid-shell electrons is 
taken into account by the presence of an ordinary potential function. 
The validity of this method must be investigated for each solid and will 
be discussed in particular cases later. It will be seen that this procedure 
is usually satisfactory for simple substances. 

According to th(;s(i assumptions, the Hamiltonian o})erator for n 
valence electrons is 



where the indices i and j are to be summed over all n electrons, 
is the kinetic energy operator of the ^th electron, and Vi, which is the 
same for all valence electrons, is the potential energy of the ith electron 
in the field of the nuclei and bound electrons, e^/ra is the coulomb 
interaction potential between the tth and jih. electrons, where e is the 
absolute value of the electronic charge and r*/ the distance between 
electrons. It should be noted that the cases i = j are excluded in the 
last summation. Finally, / is a constant representing the interaction 
between the nuclei and between rigid-shell electrons on different atoms. 
Although this term does not enter into the determination of the valence- 
electron wave functions, it is included here to indicate that it may not 
be neglected when the cohesive energy of the solid is computed. It 
should be added that both Vi and 1 contain the internuclear distances 
parametrically. 

Now, the stationary state of lowest energy minimizes the mean-value 
integral 


E = 


( 2 ) 
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according to the mean- value theorem. For this reason, the mean- value 
integral is of importance and merits considerable discussion. Let us 
break the Hamiltonian (1) into two parts, namely, 




(3a) 

(3b) 


where T is the total kinetic energy operator and 7 is the total potential 
energy operator. In terms of T and 7, Eq. (2) is 

E = -f J^*7«r. (4) 

We may write the first integral in the form 


^2 ® 

i 

if we apply Green’s theorem and assume that the surface integral vanishes, 
as is true in the cases in which we shall be interested. We may conclude 
that the mean value of T is a positive quantity since the integrand in (5) 
is positive. The second integral in (4) may be written in the form 


SWVdr, 


( 6 ) 


for 7 is simply a function of the variables of integration. This integral 
maybe regarded as the classical potential energy of the charge distribution 


P = e|4f (7) 

in the potential field 7 /c, both the charge distribution and the potential 
function being static in the 3n-dimensional space of all electronic coordi- 
nates. Thus, the mean value of the potential energy may he given a straight- 
forward classical interpretation in terms of Sn-dimensional charge and 
potential distributions A 

Since the mean value of T is positive, it follows that ordinary atomic 
systems are energetically stable only because the mean value of 7 can be 
negative. Evidently the first term of (36), which contains the energy 
of attractive nuclear-electron forces, is entirely responsible for the fact 
that (6) may be negative. At first sight, one might suppose that the 

^ Although ^ is a function of the spin variables as well as the space variables, it is 
possible to average over spin without affecting this conclusion, since neither T nor V 
depends upon spin. Thus p in (7) may be taken as a simple function of the space 
variables. 
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wave function ^ that minimizes E would distribute the electronic 
charge in such a way that the integral (6) should be as negative as 
possible. It is easy to see, however, that this wave function would 
have a very large kinetic energy associated with it. To minimize (6), 
it would be necessary to choose ^ in such a way that p is small in regions 
where V is positive and large in regions where V is negative. This 
means, however, that ^ would vary rapidly from point to point or that 
its gradient would be large. The mean value of (5) would then be 
large, and it is easy to show (cf. next paragraph) that E would not be as 
low as possible. On the other hand, suppose that we attempt to minimize 
E by making the mean kinetic energy as small as possible. In this case, 
we should choose ^ to be a very slowly varying function, so that its 
gradient might be very small. A function of this type would not give a 
charge distribution p that preferentially localizes the electrons in the 
regions of negative 7, so that E again would not be as small as possible. 
Thus we see that the mean values of T and V tend to counterbalance one 
another. If the mean value of V is large and negative, the mean value 
of T is large and positive; if the mean value of T is nearly zero, the mean 
value of V is also nearly zero. Hence, the function that minimizes E 
must effect a compromise between both terms. 

This competition between T and V is indicated by the uncertainty 
relation 

ApiAqi ^ h. 

Any increase in the localization of electrons implies that the Ag, are 
decreased, a fact that in turn implies an increase in Api. Since the mean 

value of T is roughly ^{Apiy/2m, the kinetic energy increases as the 

i 

Aqi decrease. Suppose, for example, that we have an electron moving 
in the potential field e/r of a proton. The potential energy is roughly 
—e^/Ar, where Ar is the uncertainty in r, whereas the kinetic energy is 
roughly h^/2m(Ary. The sum of these two energies does not have a 
minimum when Ar is zero or infinite, which would respectively minimize 
the two terms, but it has a minimum for Ar = h^fme^ ^ 0.5 • 10“* cm. 
Incidentally, this example shows that the scale of atomic size, namely, 
is determined by the compromise between kinetic and potential 

energy. 

Although the competition between T and V tempers the wave func- 
tion in such a way that neither of the terms is minimized, the wave 
function always favors both terms to some extent. Thus, it is found 
that the wave function for the lowest energy state is generally smooth 
and yet localizes the charge in suitable regions of potential. Since the 
potential (36) becomes very large and positive in regions of the 3w-dimen- 
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sional coordinate space where the variables n,- are very small, we may 
expect that p will generally exhibit a smooth minimum of the type shown 
in Fig. 1 in the neighborhood of such regions. 

Upon these effects, which are related to the variational principle, are 
superimposed those which arise from the condition that ^ must be 
antisymmetric. Roughly, the lowest energy members of the family of 
antisymmetric functions usually have a higher mean kinetic energy 
than some of the functions that 
might be allowed were it not for the 
Pauli principle. The change in sign 
of ^ under permutation of the vari- 
ables of any two electrons implies 
that ^ usually changes its sign in 
certain regions of configuration space. 

The word usually is employed 
because in some simple exceptional 
cases, such as that of the lowest 
state of atomic helium, the anti- 
symmetric condition affects only the 
spin variables. The change in sign of ^ implies in turn that there is a 
nonvanishing gradient in the same regions, and this implies a contribu- 
tion to the kinetic energy (5). Unless this contribution is compensated 
by a drop in the mean potential energy, the best antisymmetric function 
does not give E an absolute minimum. Thus, the lowest states of all 
free atoms that involve more than two electrons (that is, atoms beyond 
helium) are raised because of the Pauli principle. On the other hand, 
we shall see that the potential energy of antisymmetric valence-electron 
wave functions in solids is usually lower than the energy of other func- 
tions and that the decrease in potential energy sometimes counter- 
balances the gain in kinetic energy. The origin of this decrease in V 
may be understood in the following way. As we remarked above, the 
antisymmetry of ^ implies that the wave function may change its sign at 
regions of configuration space where Uj is zero. Hence, the Pauli prin- 
ciple may imply that p has a minimum at regions where ra is zero. This 
condition, however, is just that which must be satisfied if the positive 
contribution to the potential from the e^/ra terms is to be small. 

48. The Helium-atom Problem. — We shall discuss only one of the 
important problems solved by the variational method, namely, that of 
helium. The Hamiltonian for this two-electron system is 



Fig. 1. — It may be expected that the 
electron density function possesses a 
smooth minimum of this type because of 
electron repulsion. 



1 


h\ e* Ze* Ze* 
2 /“ r, r, 


( 1 ) 


where ri and rj are the distances of the two electrons from the nucleus of 
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charge Ze (Z = 2 for He) and m is the reduced electronic mass, namely, 

— 

^ ~ m + Af 

in which m is the electronic mass and M is the nuclear mass. The other 
quantities in (1) have been defined previously. In the approximation in 
which (1) is valid, the wave functions may be written in the form^ 

^ = ^(ri,r2)(r(fi,f2) (2) 

where ^ is a function of the space variables, symbolized by ri and r 2 , and 
(T is a function of the spin variables. It may be shown from the sym- 
metry of (1) under permutations of electrons that the only forms of ^ 
that lead to stationary values of are either symmetric or anti- 

symmetric under interchange of ri and r 2 . This characteristic is peculiar 
to the two-electron problem. We shall designate a symmetrical $ by 
and an antisymmetrical one by According to the Pauli principle, 
a must be antisymmetric when $ is symmetric and symmetric when ^ is 
antisymmetric, in order that ^ may be antisymmetric. There are three 
symmetric spin functions for two electrons, namely,^ 

= ViWviW, ) 

+ »;i(— (3) 

<fj‘ = ) 

and there is one antisymmetric function, namely, 

These functions are eigenfunctions of the spin operators 

= (cr*, + <rx,y + (o-yi + -1- ((7,, + O'*,) 2 (5) 

and 

2* = ((Tgi + (Tzi), (6) 

The functions (3) correspond to the eigenvalue 2h^ of (5) and to the eigen- 
values h, 0 and — ^ of (6), respectively, whereas (5) corresponds to the 
eigenvalue 0 of both (5) and (6). We may expect that a singlet state 
has the lowest energy, since the presence of implies a low kinetic 
energy (c/. Sec. 47). 

The most extensive and systematic investigation of the mean value 
E = (7) 

^For simplicity, we shall designate the spin variable of the ith electron by 
instead of by as in the preceding chapter. 

“ The function i?i(±l) is identical with the function ± 1) of the preceding 
chapter. 
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has been carried through by Hylleraas/ who used functions containing 
an increasing number of parameters in successive stages of approximation. 
In the case of helium, his method leads to a total binding energy that 
agrees with the experimental value to within a few hundredths of a 
per cent. We shall discuss the various types of function that he employed 
and shall attempt to interpret his results in terms of the general remarks 
of the preceding section. In this discussion, it is convenient to replace 
the six Cartesian coordinates of the electron by the variables 


s = ri + 7*2, ) 

( 8 ) 

u = ri2, ) 


and by three other angular variables upon which the wave function of the 
lowest state does not depend. 

a. First Approximation . — The simplest function used by Hylleraas 
has the form 

$5 = e-"* = (9) 


which contains only one parameter, namely, a. The use of this function 
is equivalent to assuming that both electrons move in a coulomb field 
and have hydrogen-like wave functions corresponding to the Is state. 
Since a ~ Zlok for one-electron atoms, where Z is the atomic number 
of the nucleus and Ok is the radius of the first Bohr orbit in hydrogen 
[ok = 0.531 A), the value of aOh = Z' that gives its minimum 

value furnishes a value of the ^'effective nuclear charge^’ in which each 
electron moves. It is found that Z' = Z — which is for helium. 


The mean value of H is then 


dh 


or 5.695 Rydberg units 


(1 Rydberg unit equals 13.54 ev), which should be compared with the 
observed value of 5.810 Rydberg units. 

A part of this difference of 0.7 ev per electron may be removed by 
using a better eigenfunction of the one-electron type. The Hartree-Fock 
procedure, which will be discussed more fully in the following' sections, 
starts from the assumption 


= 4»(ri)<^>(r2) 


( 10 ) 


and determines <i> in such a way as to minimize (7) ; that is, it determines 
the best 4> that may be written in the form (10). The energy associated^ 
with the Hartree wave function is 5.734 Rydberg units, which leaves 

^ E. Hylleraas, Z. Physik, 64, 347 (1929). See also H. Bethe, Handbuck der 
Pky^k, Vol. XXIV/1, p. 324. 

* Bethe, op. cU., p. 368. 
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about two-thirds of the difference, or about 0.45 ev per electron. This 
difference arises from the fact that electrons really do not move inde- 
pendently of one another but are correlated. The wave function not 
only is a function of the variables s = ri + r 2 and t = ri — r^ but is also 
a function of w = ri 2 . This dependence has been discussed in Sec. 47 
and is related to the fact that a potential term of the type e’^/u appears in 
the Hamiltonian. 

h. Second Approximation . — In the next approximation, Hylleraas 
chose the function 

4‘s = + aiu -h hiP-) (11) 

and found 

E = -5.805 
for 

1.82 
ak * 

0.29 
ah ' 

0.13 
O'h * 

This leaves a difference of only 0.03 ev per electron between the computed 
and observed values. The function (11) shows the expected correlation 
between electrons since the variable u enters in it. 

c. Higher Approximations . — Hylleraas extended these computations 
by using a power series in w, s, and t^ as the coefficient of and arrived 
at a limiting energy of 5.80749 Rydberg units which actually is greater 
than the observed value by about 0.0002 Rydberg unit. This dis- 
crepancy does not imply any flaw in the variation method but is due to 
the fact that the Hamiltonian (1) neglects relativistic effects which would 
introduce a correction of this order of magnitude. 

One important fact that may be gained from this investigation is that 
the method of one-electron functions yields an energy which is in error by 
about 0.5 ev per electron, because it does not involve the necessary 
correlations. Since the binding energy of many solids is of the order of 
1 ev per electron, we may expect that the cohesive energies derived 
from one-electron functions will often have a relatively high percentage 
of error. 

49. The One-electron Approximation.^ — The one-electron scheme 
has proved to be the most fruitful of several approximate methods that 

^ General discussions of this topic may be found in the tract by L. Brillouin, 
Actuality Scientifiques iv (Hermann et Cie., Paris, 1934), and in E. U. Condon and 
G. H. Shortley, The Theory of Atomic Spectra (Cambridge University Press, 1936). 
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have been developed for obtaining qualitative and semiquantitative 
solutions of the Schrodinger equation when many electrons are present. 
As was mentioned in the introduction to the present chapter, this scheme 
is based upon a plan for constructing wave equations for an n-electron 
system from n one-electron wave functions. 

It was assumed in the introductory development of the one-electron 
approximation that the total state function can be represented by the 
product of n one-electron functions. Thus, 

yi, Zi, • • • , Xn, Vny Zn) = l/l, Zi)^2(aJ2, 2/2, Z2) * ' * 

*/'n(Xn, 2/n, Zn). (1) 

Here the i/'t are the normalized one-electron functions and Xt, z* are 
the spatial coordinates of the fth electron. Spin variables were not 
explicitly introduced. In accordance with the Pauli principle, as it 
had been introduced into the Bohr theory, it was assumed that no more 
than two electrons can have identical functions and that any two elec- 
trons that do have identical i/'i have opposite spins. The function (1) 
does not include electronic correlations explicitly since the state function 
for the ith electron is regardless of the position of the other electrons. 

Hartree^ suggested, on the basis of plausibility, that each one-electron 
function in (1) should satisfy a one-electron Schrodinger equation in 
which the potential includes a term that takes into account the coulomb 
field of the other electrons as well as the fields arising from nuclei and 
other charged particles. He chose this term as the classical electro- 
static potential of the n — 1 normalized charge distributions ll/'t |^. In 
other words, his equation for is^ 

yi, Zj) 4 - 2 ^ 

i 

where F,* is the field arising from nuclei, etc. Hartree developed a prac- 
tical method, now known as the method of the self-consistent field, for 
solving the set of simultaneous equations, and applied this procedure to 
a number of atoms in a large-scale program of investigating the periodic 
chart. This program is still under way, although modified equations, 
which we shall discuss below, are now used in place of (2). 

^ D. R. Hartree, Cambridge Phil. Soc., 24, 89 (1928). 

* In the rest of this chapter, we shall designate the volume element for the tth 
electron by dn when spin is not included and by dtj when spin is included. In cases 
in which ambiguity may occur, however, we shall use the notation of the preceding 
chapter, namely, dT(x»,y,,«,), dtc. Similarly, the volume element for the coordinates 
of the tth and jth electrons will sometimes be written as dridtj and at other times 
as drij. 
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The mean value of the Hamiltonian 


» iJ 

for the function (1) is seen to be simply 

n 

e . 2(“£/ + J + 

i,3 

which reduces to 


when the \l/i satisfy Hartree’s equations. 

There is only one equation of the type (2) for the normal state of 
helium since the two ^ are identical in this case. The energy (5) that 
was derived by using the solution of this equation was discussed in part a 
of the previous section. 

It was recognized during the period after Hartree’s first work that 
the Pauli principle has a more natural position in the new quantum 
theory than in the old. In accordance with the discussion of Chap. V, 
the principle is taken to imply that all wave functions must be anti- 
symmetric under permutation of all electronic coordinates, including the 
spin variables. The function (1) is not a satisfactory wave function 
from this standpoint, for it is not antisymmetric. An allowable anti- 
symmetric function may be constructed from the same set of one- 
electron functions, however, if each \[/i is replaced by a function (pi that 
is the product of and a spin function thus: 


’ ~~ Vii ( 6 ) 

whei^e Tj in the left-hand side of (6) stands for the four variables Xj, y,, 
Zjj fy. We shall assume in the following discussion that the rji are eigen- 
functions of or,, the z component of spin. Hence, they may be labeled 
as »?<(+!) or in the cases going with the eigenvalues h/2 and 

-h/2j respectively. The antisymmetric function that may be con- 
structed from the <Pi is 

^ • («’<(r>)»>s(r.) • • • v.,(r.)] 

p 


( 7 ) 
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where P runs over the n\ permutations of the n variables and p is the 
parity’^ of the pth permutation. This sum has the property that it may 
be written in the form of a determinant 

^i(ri)v9i(r2) ‘ • • <pi{Tn) 

<P2{Ti)<P2{T2) • ‘ * <P2{Tn) 

, ( 8 ) 

(PniTi)(pn(T2) * • • <Pn{Tn) 

in which the <pi are elements. The antisymmetric properties of ^ are now 
evident from the properties of determinants, for the process of interchang- 
ing two columns, which reverses the sign of corresponds to a permuta- 
tion of the corresponding variables. Moreover, ^ vanishes identically 
when two <pi are equal. Hence, the Pauli principle, as it was employed 
in the Bohr theory, is automatically satisfied. 

It may be shown from elementary principles of group theory^ that (7) 
is the only antisymmetric combination of the <pi. This function is not 
usually the only antisymmetric combination of the \l/i, however, for it 
may be possible to assign spin functions to the in more than one way. 
This possibility will be discussed further in the following sections. 

The electrons do not move independently so long as there is more than 
one independent term in (7); that is, electronic motion is correlated 
in the antisymmetric wave function even though this function is com- 
posed of one-electron functions. These correlations are more or less 
accidental, for they arise from the Pauli principle rather than from the 
requirement that the electrons should keep away from one another. It 
turns out that these accidental correlations sometimes favor cohesion by 
keeping the electrons apart and sometimes hinder it by piling the elec- 
trons together. We shall have occasion to examine particular cases in 
detail in later chapters. 

The function (8) is not normalized when the <pi are normalized, so 
that (8) must be multiplied by a constant. Although this .constant 
usually depends upon the choice of <pi, it is simply l/V^Hn the particular 
case in which thn <Pi are orthogonal, that is, when 

= dij, (9) 

The integration in (9) implies a summation over the two values of spin 

^ The parity of a permutation is the number of interchanges that must be made in 
order to obtain the permutation from the standard arrangement. Thus, the parity 
of the permutation 2143 of the integers 1234 is 2, since the permutation may be 
obtained by interchanging 1 and 2, and 3 and 4, respectively. 

* E. P. WiGNBR, Gruppentheorie (Vieweg, Braunschweig, Germany, 1931). 
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variable f. If ^ is given by (7), 

• • • »>.*(r»)]PV>(ri) • • • M]dr', (10) 

P P* 

which is equal to 

(ri)n^2(r2)|^ * • • \UTn)\HT = n\ 

because of (9). 

We shall assume hereafter that the condition (9) is satisfied. This 
does not place any important restriction upon the since those which 
have opposite spins are automatically orthogonal and those which have 
parallel spins may be made orthogonal by the Schmidt method.^ This 
orthogonalization process does not affect (8), for a determinant remains 
unchanged if a constant multiple of the elements in one row is added to 
the corresponding elements in another, and application of the Schmidt 
method is equivalent to doing this. 

Let us split the Hamiltonian into kinetic and potential energy parts, 
as in Sec. 47. The mean value of the former, namely, 

1 

is 

» 

•'-1 p 

’ ■ ^nfrn)) jdT(Xi, ■ ’ ' , Zn, fl) ■ ’ * > fn) 

n n 

«-i »-i 

when the eigenfunction is (7). This result is exactly the same as that 
derived by use of (1). Hence, the mean value of T is unaffected by the 
use of a determinantal eigenfunction. The same statement is true for 

n 

that part of the potential energy which can be written in the form F<, 

»-i 

A See, for example, R, Courant and D. Hilbert, Methoden der matkemoHsehe 
Pkj/rik (Julius Springer, Berlin, 1924). 
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where Vi depends only upon the coordinates of the tth electron and is 
the same function of these as F, is of the coordinates of thejth electron, as 
can be seen from the fact that the form of (11), as a sum of one-electron 
integrals, depends only upon the property that T is a sum of one-electron 
operators. Hence, 

= X/ ( 12 ) 


If V is independent of spin, this is 

X/ h*V{T)iMx,y,z). (13) 


The mean value of those terms of the Hamiltonian, such as 



(14) 


in which the elements of summation depend upon the coordinates of two 
electrons, is affected by the use of an antisymmetric function. The mean 
value of a typical term of (14), e^/vn, is 



-l)pP(<^l*(ri) • • • <Pn*{Tn)) 




(-l)^'F(^i(ri) • • • <pn{rn)) 



^,2(-l)^+''J^^[^i*(r.) • • • v’»*(r.)]£p'[»>i(ri) ' ' ' ‘Pn{u)]dr'. 

' P.P' 


(15) 


If a given permutation P sends r* into ri and i, into 12 and the remaining 
w - 2 variables into la, • • • , tn in some particular way, the integral in (15) 
that contains this P vanishes unless the P' in the same integral sends the 
same set into is, • • • , in and either r* into ti and r^- into or u into 12 
and Tj into Tj. When P' does satisfy this condition, the integration over 
the variables tsj • • • , in reduces (15) to 


i,} 


r fPi*(Ti)(pj*{t2)<Pi{u)(Pj{Ti) 

J ri2 



because of (9). Since the result is the same for the other n{n ~ 1) terms 
in the summation (14), the mean value of this quantity is 
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The summation over the spins in the first terms may be performed at 
once, giving 


2^ J n, 


2 

~dT(Xif * * * j 2!n). 


(17) 


The corresponding sum in the second term is zero whenever 17 , • 7 ^ t;,; 
however, we shall leave this result in the form given in (16) for the 
present. 

The expression (17) is exactly the same as the last term in (4), which 
was derived by taking the mean value of (14) for the simple product 
function ( 1 ). Hence, the only effect on the mean value of H of using 
the determinantal form of ^ is the introduction of the exchange energy 


2 ^ J ri2 


(18) 


This term results, not from any unusual nonclassical force between 
electrons, but because we have used the determinantal eigenfunction 
instead of (1). As we*said previously, the product function ( 1 ) contains 
no interelectronic correlations, whereas the determinantal function (7) 
does contain them. The exchange term (18) is simply the contribution 
that these correlations make to the energy. If the exchange energy is 
negative, the charge distribution e|^| 2 , corresponding to (7), has a lower 
self-potential than the charge distribution corresponding to ( 1 ), for the 
accidental correlations in (7) keep the electrons apart. On the other 
hand, if (18) is positive, the accidental correlations in (7) raise the self- 
energy of the charge distribution, because they push electrons together. 
We cannot predict the sign of (18) without knowing the form of the (Pi\ 
each case must be investigated separately. 

In order to illustrate the ways in which exchange terms are related to 
correlations, we shall derive the expression for the probability density 
of two electrons in a set of n. Let ri and 12 be the coordinates of the 
electrons and PitiiCi) the probability density. To find PitiyXi) we must 
integrate 14^1® over all variables except ri and r 2 . The result, which may 
be derived easily by the methods that were used iij obtaining (16), is 

2 


(19) 
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where the second sum extends only over pairs of with parallel spin. It 
follows from the manner of deriving P(ri,r 2 ) that the coulomb and 
exchange energy is simply n(n — l )/2 times the integral 

r^^u£L)dT,dT,, ( 20 ) 

J ri2 

which is the self-energy of the charge distribution eP(ri^ 2 )* 

Let us evaluate (19) for the special case of perfectly free electrons 
in a large cubical box. If we use periodic boundary conditions, the wave 
functions are 

^ ( 21 ) 

Here, V is the volume of the box and k is the electronic wave-number 

vector, the components of which take the discrete values 

k, = ( 22 ) 

where n*, riy, w, are arbitrary integers and L is the length of an edge of the 
box. We shall assume that all values of k that lie within a sphere of 
radius ko appear in (19) with both spins. This system of free electrons 
evidently is equivalent to the system used in the simple Sommerfeld 
model of a metal. 

Since = 1 /F, the first sum in (19) is equal to the constant 
value 1/7*. The second sum may be written 

^ g 2 ir<(ki-kj).(ri-ri) (23) 

kuki 

where ki and k 2 are to be summed over all values in the sphere of radius 
h. If the number of electrons is sufi&ciently large and the levels are 
sufficiently dense, this sum may be replaced^ by an integral and then 
reduced to 

9[^kor cos 2irkor — sin 2 irfcorl* 

2 L (27rfcor)* J 

where r = |ri — ul* Hence, 

n. V 1 9r 2irkor cos 2 irfcor — sin 2 irfcor'l*\ 

PM = 7-41 - 2 [ (a^fc^FP — - J ;• 

The coefficient of 1/7* is plotted in Fig. 2 as a function of r. The 
^ E. P. WiQNVB and F. Seitz, Phya. Rev.^ 48, 804 (1933). 
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probability that the electrons will be at the same point is just half the 
probability that they will be far apart and varies smoothly in between. 
The second term in (19) is entirely responsible for the correlation term 
which, in turn, gives rise to the exchange energy when (20) is computed. 
In cases in which the electrons are not entirely free, some correlation 
effect is provided by the first terms in (19). 



Fig. 2. — The relative probability of finding two perfectly free electrons at a distance 
r from one another. The parameter Ta is the radius of the sphere whose volume is equal to 
the mean volume per electron. In this case the correlation effect conesponding to the 
minimum near r = 0 arises from exchange. 

The introduction of antisymmetric wave functions detracts consider- 
ably from the plausibility of Hartree^s equations (2) since they do not 
take into account the correlations that give rise to the exchange energy. 
For this reason, Fock^ and Slater ^ suggested independently that the 
variational theorem should be used to derive a set of equations for the 
best one-electron functions. We shall discuss these equations in Sec. 51, 
after investigating the question of multiplicity in the next section. We 
shall see that Hartree^s equations are satisfactory when ^ has the form 
(1) but that additional terms must be added to these when the wave 
function has the form (7). 

60. Eigenfunctions of Definite Multiplicity.— It was pointed out in 
the discussion of Sec. 41, Chap. V, that the antisymmetric stationary 
states of any system can be chosen as eigenfunctions of both and Sz, 
as well as of Hj as long as the Hamiltonian is independent of spin. It 
was also pointed out that the functions that have the same eigenvalue 
h^S{S + 1) of S* can be divided into groups of 2<S + 1 which have the 
same energy. This (2^5 + l)-fold degenerate level is said to have 
multiplicity 2S + 1. The constituent states may be chosen as eigen- 
functions of S*, and there is then one state for each of the 2/Si + 1 possible 
eigenvalues of S* which range from S to —S with integer differences. 
States of different multiplicity usually have different energies except 
in the special case in which accidental degeneracy occurs. For these 

* V. Fock, Z. PhyHk, 61, 126 (1930). See also footnote 1, p. 234. 

* J. C. Slater, Phy^. Rev.^ 36, 210 (1930). 
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reasons, the eigenfunctions of iif, that is, the functions that minimize the 
integral 

are usually eigenfunctions of Si The eigenfunctions may be chosen as 
states of definite multiplicity, however, even when there is accidental 
degeneracy. Hence, we shall consider this to be a general condition on 
The antisymmetric function (7) of the preceding section usually is not 
an eigenfunction of S^ when the xj/i are different and the tj* are selected 
at random. The determinant has unit multiplicity (that is, = 0), 
however, in the special case in which the \pi are equal in pairs and the 
spins of the members of equal pairs are opposite.^ Hence, the deter- 
minant is a satisfactory function from the standpoint of multiplicity 
in this particular case. Fortunately, this case is an important one for 
all simple solids, since they have unit multiplicity in the normal state. 
As a result, the form of Fock’s equations, which is discussed in the next 
section and is based upon a determinantal wave function, is valid for the 
normal state of simple solids. The exceptional solids are ferromagnetic 
and strongly paramagnetic substances. 

61. Fock’s Equations. — The results that are obtained by following 
Fock and Slater^s plan for determining the best one-electron functions 
from the variational theorem are derived in Appendix I. It is found 
that these results depend upon the initial choice of the complete wave 
function. If the function has the form (1), Sec. 49, the equations that 
the xj/i must satisfy turn out to be Hartree’s equations (2) . If, in addition, 
we specify that the different xl/ are to be orthogonal or that 

ixl/i%dT = 5*,-, (1) 

the best equations are 

+ 2 ( 2 ) 

j j 

These equations have the same form as Hartree^s except for the presence 
of the term 

X'hfh, 

i 

which arises from the condition (1). The X<,- are the Lagrangian param- 
eters associated with the orthogonality stipulation. 

The Pauli principle is not properly included in either of the total 
wave functions on which Hartree^s equations and the equations (2) are 
based. For reasons discussed in Chap. V, it is necessary to use an anti- 
^ See footnote 2, p , 210, 
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symmetric function of the electron coordinates. When this is done by 
employing a determinantal function of the type (7) of Sec. 49 with the 
condition 

= dij, (3) 

the best equations are found to be (c/. Appendix I) 

3 

2 J W ]w(ri) = w(rO + W 

3 3 

The parameters X have the same significance as those in (2), whereas the 
essentially new terms, namely, 

_ 2 '[e* J (5) 

which we shall call exchange terms,^^ arise from the use of a deter- 
minantal eigenfunction. It should be noted that the integrals in (5) 
are functions of ri. The exchange terms may be regarded as “ non- 
con ventional” potential integrals that take into account the accidental 
correlations of the determinantal wave function, just as the exchange 
integrals of Sec. 49 may be regarded as taking into account the change in 
self-energy caused by these correlations. 

Equations (4), which we shall henceforth call ^^Fock’s equations," 
have many symmetrical properties not possessed by Hartree's equations. 
If we add the expression 

to the first summation on the left-hand side of (4) and subtract the same 
expression from the second summation, we obtain 

+ [v + - 

3 

( 6 ) 

in which \u « c< and none of the sums is primed. Next, let us set 

i 


( 7 ) 



SBC. 611 TREATMENTS OF THE MANY-BODY PROBLEM 245 

which is known as **Dirac^s density matrix.” In terms of this function, 
the first supmation in (6) is simply 

( 8 ) 

and the second is 

( 9 ) 

J ri2 

Following Dirac, ^ we shall define an operator A in terms of (9) by the 
relation 

Av>((ri) = (10) 

J ri2 

Thus, the operator A, acting upon ^t(ri), multiplies this function by 
p(r 2 )ri), changes the variable ri to r 2 , and integrates over 12 . It may be 
readily verified that A is both linear and Hermitian. The integral 
that appears in (8) we shall designate by U; it is simply the coulomb 
potential of the three-dimensional charge distribution. If we use the 
foregoing terminology, (6) reduces to 

H^<Pi{Ti) = ( 11 ) 

i 

where is the Fock Hamiltonian operator^ namely, 

= -^A + V+U + A, (12) 

which is the same for all electrons in the system. 

The parameters X*,- in (11), aside from X»t, should be selected in such 
a way as to ensure the orthogonality of the <pi, A possible choice of these 
parameters when the spectrum is non-degenerate is X</ = 0(i j), since 

functions that satisfy the equation 

H^(pi = €i(pi 

are orthogonal because is Hermitian. This is not the only possible 
choice of Xu, however, and others have been used on occasion; but we 
shall find that this choice is a convenient one in a large part of the follow- 
ing discussion. 

The difficulties encountered in solving Hartree^s equations also 

arise with Fock^s equations, for it is usually necessary to obtain a solu- 
tion by some method of successive approximations, such as Hartree’s 
method of the self-consistent field. This procedure is more difficult 
to apply to Fock^s equations because the exchange terms introduce 
many complications. 

^ P. A. M. Dxbac, Cambridge PhU. 80 c., 80, 376 (1930). 
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In the next section, we shall give a brief summary of the solutions of 
Hartree’s and Fock’s equations for free atoms. The actual technique 
does not interest us ^o much as the results and their deviation from experi- 
mental results, for these give us an estimate of the error that may be 
expected when the equations are solved for solids. 

62. The Solutions of Hartree’s and Fock’s Equations for Single 
Atoms. — The simplest nontrivial problem to which the methods of 
Hartree and Fock-Slater are applicable is that of the normal state of 
helium, which we have discussed in Sec. 48. Hartree’s and Fock’s 
equations are identical in this case since the electrons have antiparallel 
spins and the exchange terms are zero. The total energy of the atom, as 
given^ by this approximation, is found to be 0.076 Rydberg unit higher 
than the observed value of 5.810 Rydberg units, a fact indicating that 
electronic correlations are important to the extent of 0.45 ev per electron. 
Henceforth, we shall call an energy difference such as this 0.45 ev, which 
measures the error in the energy derived from a one-electron approxima- 
tion, a “correlation energy.^’ The connotation of this term is evident 
from the discussion in preceding sections. 

The method employed to determine the one-electron function ^ in 
the case of helium is characteristic of the self-consistent-field compu- 
tations of Hartree and his school. This procedure is completely described 
by Condon and Shortley^ and will not be thoroughly discussed here. It 
need only be mentioned that the procedure consists, essentially, in 
assuming a starting function for each electron, determining the potential 
integrals appearing in Hartree^s equation from these, solving the equa- 
tions for the new wave functions, and comparing these functions with 
the ones originally assumed. If the two sets agree, the system is said 
to be self-consistent and the equations solved; if not, the procedure is 
repeated until the initial and final functions do agree. Naturally, there 
is no fixed plan that ensures that this procedure will converge rapidly, 
since a great deal depends upon a good choice of starting functions. 
Other workers, such as Brown* and Torrance,^ have developed variations 
I pf the scheme originally used by Hartree. All these methods involve 
practically the same steps of approximation and "will be regarded as the 
same here. 

We are fundamentally more interested in the solutions of Fock’s 
equations than in those of Hartree^s equations, since the former should 
lead to more accurate results. Solutions of one or both of these equa- 
tions have been obtained for a number of atoms listed at the end of this 

^ Habtbee, op, dt. 

* CoNpON and Shortley, op. eit. 

* F. W. Bbown, Phys. Reu., 44 , 214 (1933). 

* C. C. Torrance, Phys, Rev., 46 , 388 (1934). 
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section. Among these, those for beryllium and carbon, determined 
respectively by Hartree and Hartree^ and by Torrance, are of principal 
interest since the absolute binding energies of these atoms are known. 

We shall use the results of the atomic computations to study two 
topics, namely, the accuracy of the energy states of a given atom contain- 
ing n electrons relative to the lowest energy state of that atom with 
n — I electrons, and the error in the absolute energy of an entire atom. 
The first of the two quantities gives a rough estimate of the relative 
accuracy of Hartree’s and Fock^s equations, whereas the second indicates 
the absolute error and will give a correlation energy. To date, beryllium 
and carbon are the only cases, other than helium, in which the absolute 
energy has been completely investigated from the theoretical standpoint. 

When an atomic configuration involves only closed shells, it may easily 
be proved^ that Fock’s equations possess a self-consistent solution for which 

where Rj 0, are functions of each of the spherical coordinates, respec- 
tively, and the spherical harmonics 0Zm(^)> are chosen to agree 

with the conventions of the one-electron approximation for atomic 
spectra. This theorem is not valid for Hartree’s equations, for they 
do not possess the same symmetry as Fock’s equations. The effective 
potential for an electron in a closed shell arising from the same closed 
shell is not spherically symmetrical in Hartree’s equations, for the 
summations in these equations are primed. However, when dealing with 
closed shells, Hartree generally takes only the spherically symmetrical 
part of the potential in order that the equations may be separated in 
spherical polar coordinates. For this reason, his results are not exact 
solutions except in special cases, such as the normal states of helium and 
beryllium, in which the configurations are closed shells of s functions. 
We shall now proceed to discuss particular cases. 

a. Beryllium .^ — Both Fock’s and Hartree^s equations have been 
solved for the normal 15^25^ state of beryllium to a high degree of accur- 
acy. The resulting Is functions are very nearly alike, but the 2s func- 
tions show considerable difference. The two types of 2s function are 
difficult to compare with one another because the solution of Fock’s 
equation is orthogonal to the Is function, whereas the solution of Har- 
tree’s is not. The latter may be made orthogonal to the Is, however, and 
the results are given in Fig. 3. 

The total energies of Be and of Be++, as determined by different 
methods, appear in Table XLVII. 

^ D. R. Hartree and W. Hartree, Proc. Roy. Soc., 160A, 9 (1935). 

* Condon and Shortley, op. cit. 

® Hartree and Hartree, op. dt. 
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The difference between the total energy of beryllium as computed from 
Fock^s equations and the observed value is about 0.19 Rydberg unit, or 
about 2.66 ev, whereas the difference between the two values for Be++ 
is 0,07 Rydberg unit, or 0.9 ev. In order to obtain an estimate of the 
correlation energy per electron, we shall divide the first of these by 4 
and the second by 2, obtaining 0.65 ev and 0.45 ev, respectively. It 



Fio. 3. — A oompariBon of the square of the 2« functions of beryllium obtained by solving 
Hartree’s and Fock’s equations. The full curve represents the solution of Fock’s equations ; 
the broken curves represent the orthogonalized and non-orthogonalized solutions of Har- 
tree’s equations. 

might seem at first sight that it would be more proper to divide the first 
by 4! and the second by 2!, since there are 4! and 2! interacting pairs in 
each case. This procedure would not be so reasonable, however, since 
the correlation effect is larger for electrons in the same shell than for 
electrons in different shells. According to these results, the mean 


Table XLVII 



Hartree 

Fock 

Experimental 

E(Be), R.U. 


-29.140 

-29.331 ± 0.008 

ff(Be++) 


-27.235 

-27.307 ± 0.008 


correlation energy increases slightly as the number of electrons increases, 
a fact showing that the one-electron approximation becomes less accurate. 
The correlation energy of 0.07 Rydberg unit for Be++ is almost exactly 
the sa,me as the value of 0.077 for He. 

If we assume that the error in .^(Be'^) — E{Be) arises purely from 
the correlations between the 2« electrons, this correlation energy is found 
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to be 0.119 Rydberg unit, or about 0.81 ev per electron. Part of this 
error actually arises from correlations of the Is and the 2« electrons, but 
this is probably a small fraction. 

b. Carbon . — Calculations of the energy levels of carbon have been 
carried out by Torrance^ and Ufford.^ Torrance solved Fock’s equations 
for the ls^2s^2p^ configuration. The energies of the *P, and 
states were evaluated by Ufford using the functions obtained from the 
solution. Since this is not a closed-shell configuration, Torrance had to 
replace the asymmetric fields that arise from p electrons by spherically 
symmetrical ones. In addition, he used the form of Fock^s equations 
discussed in Sec. 51, which is valid for a single determinantal eigenfunc- 
tion, although the wave functions of the lowest states do not actually 
have this form.® For these reasons, Ufford's results should be somewhat 
higher than those that would be derived from more accurate one- 
electron functions. The computed cohesive energy of the normal atom is 
1,019.66 ev, which may be compared with the observed one of 1,024.84 ev. 


The difference gives a total correla- 
tion energy of 5.18 ev, which is about 
0.86 ev per electron. 

Torrance also computed one- 
electron functions for the l5^2s2p’ 
configuration from which Ufford was 
able to derive energy values for 
excited states of the carbon atom. 
In addition, Ufford computed matrix 
components of the Hamiltonian 
between the two configurations and 
determined new energy levels by 
taking into account the perturbing 
effect that the configurations exert 
on one another. This procedure is 
equivalent to using new wave func- 
tions that are linear combinations 
of the unperturbed wave functions 
for the normal and excited states. 
The relative positions of the levels 
in both approximations are shown i 



a b c 

Fig. 4. — The relative positions of the 
levels of the 2«‘2p3 and 282p* configurations 
of carbon in different approximations. 
a, strict one^lectron approximation; b, 
approximation in which interacljion between 
configurations is taken into account; e, 
observed term values. It should be noted 
that the positions of the *8 and levels are 
inverted in going from o to 6. 

1 Mg. 4 and are compared with the 


observed values. The computed cohesive energy of the atom is changed 
from 1,019.66 ev to 1,020.09 ev by the interaction Ibetween configurations. 


^ Torbancb, op. cit 

* C. W. Ufford, Phys. Rev.f 68, 568 (1938). 

’ Modified forms of Fock’s equations have been developed by Q. H. Shortley, 
Phyi. Rw., 60, 1072 (1936). 
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so that this perturbation does not account for a very large part of the 
error in cohesive energy. 

c. Oxygen . — Hartree and Black^ have solved Hartree’s equation for 
oxygen in various states of ionization, using the approximation described 
above, in which only the radial part of the field arising from p functions 
is employed. For this reason and because of the fact that Hartree's 
rather than Fock^s equations were solved, the results are not so sig- 
nificant as in the case of beryllium and carbon. One point that may give 
us some confidence in them, however, is the fact that the energies derived 
from Hartree’s and Fock^s equations do not differ appreciably in the case 
of beryllium. The energies of several states of 0+, and 0, relative 
to the ground state of the atom having one less electron, are hsted in 
Table XLVIII. 


Table XLVIII 




Calculated, 
Rydberg units 

Observed, 
Rydberg units 

Difference 

0++ 

zp 

3.976 

4 050 

0.074 



3.778 

3 868 

0.090 


^s 

3.482 

3.659 

0.176 

0+ 


2.516 

2.602 

0.086 


w 

2.258 

2.334 

0.076 


ip 

2.084 

2.210 1 

0.126 

0 

zp 

0.832 

1.00 

0.168 



0.686 

0.856 

0.170 


^S 

0.468 

0.694 

0.226 


If the equations that were solved had been Fock’s and if they had 
been solved exactly, we might regard the energy difference on the right 
of Table XLVIII as the correlation energy of the electron that is removed 
to give the ground state. Actually, these values are only approximately 
equAl to the correlation energies. It should be noted that the correlation 
energy is greater for the excited states, particularly for those having low 
values of multiplicity and angular momentum. The dependence on 
multiplicity is probably related to the fact that states with low multi- 
plicity are least affected by the Pauli principle so that the effects of 
**aiccidental correlations^' are not so prominent as in the other cases; 
hence, other correlations that are not provided by the Pauli principle 
are more important. 

d. Other Cases . — A large number of other atoms have been investi- 
gated by Hartree and additional workers. Although the Hartree 
1 D, R. Hartree and M. M. Black, Proc. Roy. Soe., 139, 311 (1933). 





Sue. 53] TREATMENTS OF THE MANY-BODY PROBLEM 


251 


potentials arising from inner-shell electrons prove to be very valuable 
for the process of determining wave functions of valence electrons in 
solids, we shall not discuss these cases here, since they would carry us too 
far afield. We shall refer to some of the results in later sections, how- 
ever, and so we shall list those atoms for which Hartree fields have been 
obtained. 


Ag+ 

A 

B 

Be, Be+ 

Ca 

C8+ 

Cl- 

Cu-^ 

F, F- 

He 

Hg 

K 

Li 

Na 

Ne 

0 , 0 + 0 ++ 0+3 

Rb+ 

Si+< 

w 
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63. Types of Solution of Fock’s Equations for Multiatomic Systems. — 

Two independent types^ of solution of Fock’s equations have been 
widely used in multiatomic systems, namely: the Heitler-London, or 
atomic, type; and the Hund-Mulliken-Bloch, or molecular, type. In 
the Heitler-London scheme, it is assumed that the \l/i are large only 
about single atoms or ions. Thus, in H 2 , the two one-electron functions 
have the form shown roughly in Fig. 5a. This type of solution is accur- 
ate when the atoms of the multiatomic system are far from one another 
and the atomic or ionic properties of the constituent atoms are pro- 
nounced. In the Hund-Mulliken-Bloch scheme, on the other hand, it is 


^ The workers after which these schemes are named actually did not use them in 
connection with Fock’s equations but simply used one-electron functions of the cor- 
responding form. In the case of solids, we shall call the second scheme simply the 
“Bloch scheme” or the “band scheme.” 
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assumed that each ^ extends over the entire system of atoms and has 
equal amplitude at equivalent atoms. In Hj, for example, both elec- 
trons have the type of wave function that is illustrated in Fig. 56. The 
use of this type of function is equivalent to assuming that the atoms 
of the system are affected by combination to such an extent that the 



b 

Fiq. 6.— -In the Heitler-London approximation the electrons of Hj have separate wave 
functions of the t 3 rpe shown in a. In the Hund-Mulliken approximation both have the 
function 6, which is distributed symmetrically between both atoms. 

valence electrons belong to the entire molecule rather than to a single 
atom. 

It has not been shown whether or not both types of solution always 
exist and whether or not they are the only solutions of Fock’s equations. 
We shall show, however, that both types can exist. 

Let us consider Fock^s equations in the form 

-^A^<(rO + [7,(r0 + " 

} 

We shall discuss the case of atomic functions first. The coulomb terms 



obtained from Heitler-London functions screen part of the contribution 
to the ionic potential V from all atoms except the ith and make the 
attractive coulomb held largest at the fth atom. Thus, if we neglect 
the exchange term, we may expect the solutions of Eqs. (1) which are 
obtained when the potentials have been derived from atomic functions 
to be localijsed about individual atoms, that is, to have the form of 
atomic functions. Hence, we may expect to find a self-consistent solu- 
tion of atomic functions in Hartree’s case. This conclusion remains 
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valid when the exchange terms are included if the atoms are far apart, for 
then these terms are small. Since it has not yet proved possible to 
discuss the influence of exchange terms in any general way when the 
atoms are close together, it has not been demonstrated that atomic 
types of solution always occur in this case. 

It is easy to see that the molecular types of solution always exist, for 
if we write Fock’s equations in the form of Eq. (11), Sec. 61, it follows 
that no atom is preferred as long as the prefer no atom. Hence, if a 
starting set of functions of the molecular type is used in applying a self- 
consistent scheme, all subsequent solutions, including the self-consistent 
one, will be of this type. 

We shall show in later chapters (c/. Chaps. VII and VIII) that the two 
types of solution lead to identical antisymmetric total wave functions 
in an important case, namely, that of the normal state of a molecule the 
constituents of which have rare gas structure. 

The molecular types of wave function, particularly those of lowest 
energy which have few nodes, are smoother than the atomic wave func- 
tions. ■ Hence, we may expect that the mean kinetic energy usually will 
be lower when molecular functions are used. This advantage of the 
Hund-Mulliken-Bloch scheme is balanced by the fact that the scheme 
relies upon the accidental correlations introduced by the Pauli principle 
to reduce the energy of electron repulsion. The Heitler-London scheme, 
on the other hand, reduces this energy by keeping the electrons on 
separate atoms. The results for the problem of molecular hydrogen, 
which we shall discuss in the next chapter, show that in this case the 
advantages and disadvantages of the two schemes are about equal. 
Incidentally, the cohesive energy obtained by both schemes is in error by 
about 0.5 ev per electron, which shows that the solutions of Fock's 
equations are far from exact. 

Both these one-electron schemes have been used extensively in solids, 
since each has its advantage for different types of problem. For. exam- 
ple, the Bloch scheme is preferable in discussing metallic conductivity, 
whereas the Heitler-London scheme is preferable in discussing, cohesion 
in ionic crystals. We shall develop both approximations in the following 
chapters, letting physical reasonableness be our guide in their application. 



CHAPTER VII 
MOLECULAR BINDING 


64. Introduction. — There is an intimate connection between the 
binding properties of molecules and of solids as far as quantum mechanical 
principles are concerned. For this reason, we shall discuss some of the 
features of molecular binding. Since there are many important topics 
in the theory of molecules upon which we shall not touch, the following 
discussion should not be regarded as complete. 

A fairly complete investigation along exact lines has been carried out 
for many of the simpler molecules such as H 2 +, H 2 , and Li 2 . The Hartree- 
Fock scheme, discussed in the last chapter, plays a very minor role in 
this work, for the variational scheme has been employed directly. How- 
ever, we shall be able to interpret some of the results in terms of the 
Hartree-Fock scheme. In cases such as H 2 + and H 2 , in which the final 
results are almost as accurate as those obtained by Hylleraas for atomic 
helium, it is possible to gain an abundance of valuable information. 

In addition to these quantitative investigations, there have been a 
number of qualitative discussions of more complicated molecules based 
on the Heitler-London and the Hund-Mulliken schemes. This work has 
proved to be extremely useful in the hands of the physical chemist who 
is willing to introduce an ample amount of empirical knowledge into any 
scheme he uses. 

The Hamiltonian operator used in discussing the electronic structure 
of simple molecules is generally the same as the operator (1) of Sec. 47, 
Chap. VI, in which nuclear coordinates appear parametrically in 7< 
and I and in which spin interactions are neglected. For this reason, we 
may take over all the general remarks of the last chapter. 

66. The Hydrogen-molecule Ion. — The simple molecule H 2 ’‘' has 
the Hamiltonian operator 



where Va and n are the distances of the electron from the two protons, 
which are separated by a distance The corresponding Schrodinger 
equation 
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is separable when expressed in terms of the elliptical variables 




Ta + n 

, 
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0 , 
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(3) 


where (f) is the angle that the plane containing the electron and the two 
nuclei makes with a fixed plane passing through the nuclei. In fact, if 
we set 

^ = zmMm. (4) 

the separated equations are 

!(«’ -»!)+(-«■+ + ')2 - ». M 



and fjL and r are separational parameters. 

From (5c), it is clear that $ = whence /x may take on only integer 
values. In addition, we know that the two states for which m = will 
have identical energies, for only appears in the other two equations. 

In other words, all levels except those for which ^ is zero are two-fold 
degenerate. Since the angular momentum about the axis joining the 
nuclei is simply nh, it is conventional to designate the states for which 
M = 0, 1, 2 * • • by (T, TT, 5, respectively, in analogy with the atomic 
designation involving the angular-momentum quantum number. 

On general grounds, we should expect the lowest state to be one 
for which /x = 0 since this type of function does not have an -angular 
nodal plane. This state was investigated first by Burrau,^ but a more 
accurate treatment has been given by Teller^ who, in addition, carried 
through an investigation of higher states. We shall not discuss Teller’s 
work in detail, except to say that he solved (56) by means of power series 
and found the eigenfunctions of (5a) by use of the variational equation 
going with this self-adjoint differential equation. If the number of nodes - 
in S and H is designated by and respectively, it should be possible 
to label all the states by these two quantum numbers and m- The 

^ 0. Burrau, Danske Videnskdb. Selskab, 7, 14 (1927). 

* E. Teller, Z. Physik, 61, 458 (1930). 
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convention usually adopted, however, is to employ the cjuantum numbers 
n and I of the hydrogen-like state into which a given molecular eigen- 
function degenerates when rat approaches zero. A simple investigation 
reveals that goes into the radial quantum number and that n, goes 
into the polar quantum number as .may be seen from the fact that 
{ becomes a radial variable and ri becomes the variable cos 6, where $ is 
the polar angle in spherical polar coordinates, In other words 


n = + Z + 1; 

Z = W, + /i. 


( 6 ) 


The energies of several states are shown as functions of Tab in Figs. 1 
and 2. In Fig. 1, the abscissa is the internuclear distance expressed in 
Bohr units and the ordinate is the purely electronic part of the energy 



Fia. 1. — The electronic energy of Fig. 2. — The total energy of several states 

sever^ states of Hj"*" as a function of of H 2 ‘^ as a function of interatomic distance, 
ilteratomic distance. {After Teller.) The These curves are derived from those of 
<Hrdiaate is in Rydberg units. Fig. 3 by adding the energy of nuclear 

repulsion. {After Teller.) 

(that is, the nuclear repulsion is neglected). In Fig. 2, the abscissae 
are th^ same as in Fig. 1, whereas the ordinates 'represent the total 
energy. The stable states are those of Fig. 2 which possess a minimum 
for finite values of rot. It may be seen that the only members of the 
computed set that possess this property are the Uff, Sdf and 2pir states. 
The energies of the minima relative to a zero in which all particles are 
separated from each other by an infinite distance are given in Tabl<S 
XliX. 
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Table XLIX 


State 

Nuclear separation, ah 

Energy, Rydberg units 

Energy of dissociation, ev 

ls(r 

2.00 

-1.20537 

2.781 

Sdff 

11.5 

-0.350 

1.35 

2pir 

8 

-0.266 

0.20 


The last column in this table is the energy required to dissociate the 
molecule into an atom and a proton. 

When the parameter Tab becomes very large, the amplitudes of the 
wave functions become negligibly small at distances midway between the 
nuclei. The wave function then reduces, for all practical purposes, to 
two hydrogen wave functions, each centered about one of the protons. 
Only one of these two states should be regarded as the final state if the 
separation is sufficiently large, for there is only a negligible probability 
of the electron jumping from one atom to another. The quantum 
numbers of this atomic state, which may be determined by a simple 
analysis involving parabolic coordinates, are connected with those of 
the molecule in the following way: The total quantum number n' of the 
final state is related to , n,, and ix by the equations 

^ Tim 

Wj + ■? + + 1 (n, even) 

« -n 

+ + l («.odd). 

No definite I value may be assigned to the final state, for the hydrogen- 
atom wave functions obtained by removing a proton from H 2 '^ are not 
eigenfunctions of angular momentum. 

The values of I entering into these wave 
functions, when they are expressed as a 
linear combination of eigenfunctions of 
angular momentum, range over the 
allowed values that may be associated 
with n', that is, from n' - 1 to 0. The 
value of m for the final state is the same 
as the value of m before separation. It 
may be seen from (6) that the value of 
n obtained by coalescing the two nuclei W*" 

is either greater than or equal to the value (7) obtained by separation. 

The electronic charge distribution of the lowest state is shown in 
Fig. 3, for equilibrium separation of protons. It should be noted that the 
amplitude is large and nearly constant at distances midway between the 
protons. The disadvantage of having two repelling protons, is more 



Flo. 3. — The charge distribution 
associated with the normal wave 
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than compensated by the following two facts : (1) There is a larger region 
in wMch the electron may have negative potential energy when there 
are two protons instead of one. (2) The wave function may be smooth 
over a larger region of space. The first fact has associated with it a drop 
in potential energy; the second, a drop in kinetic energy. The 2pa 
state, which combines with the Iscr at large internuclear distances, has a 
nodal plane midway between protons. Thus, neither is it smooth, nor 
does it allow the electron to have an appreciable probability of being at 
midway regions where the potential field favors binding. Figure 2 
shows that it is entirely repulsive, as we might expect. 

66. The Hydrogen Molecule. — The hydrogen molecule has been 
treated approximately by a large number of workers. We shall consider 
first the solution obtained by James and Coolidge,^ since it is considerably 
more accurate than any other. Their procedure is patterned after the 
one Hylleraas followed when working with helium {cf. Sec. 48, Chap. VI). 
We shall see that there is a close correspondence between the conclusions 
that may be drawn from the solutions of both problems. 

a. James and Coolidge expressed the Hamiltonian operator 


— (Ai + A 2 ) 1 H 

2iTI ^lo Til, ^2a ^25 7*12 Tab 


( 1 ) 


in terms of the four elliptical variables 


= 


vi = 


ria -f T \b 

f'nb 

la ^Ib 
f'ab 


= 


V2 = 


r2a + r2b 

, 

Tab 

7*20 T^2b 
Tab 


(2a) 


which are analogous to the set (3) of the previous section. Instead of 
using 4>i and </>2 as the remaining pair of electron variables, they chose 
the set 

d = < 1)1 4>2 and p = — (26) 


The interelectronic distance was used explicitly in order that electronic 
correlation, discussed in the last chapter, might play a role appropriate 
to its importance. The variable 0 does not enter into the wave function 
of the lowest gtate for the same reason that ^ does not enter into the wave 
function of the lowest state of H 2 '^. 

The starting wave function for the lowest state was taken in the 
power-series form 

^ H. M. Jambs and A. S. Coolidgb, Jour. Chem. Phya., 1, 825, (1933). 
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where 5 and the C are parameters that must be determined. NaturaUy, 
only the first few terms of the series were used. The various steps that 
were taken in extending the computation may be summarized in the 
following way. 

1. Only the exponential term was retained in the first approximation. 
The best value of 8 depends upon Vah and is 1.696 for the observed separa- 
tion of 1.40 Bohr units. In this case, the binding energy of the molecule 
is 2.56 ev, which should be compared with the experimental value of 
4.73 ± 0.04 ev. 

The wave function 

may be written in the form 

^(no-Hri6) g(rio -Hrgb) 

e e , (4) 

which corresponds to the product of two one-electron wave functions of 
the Hund-Mulliken type. Hence, the results for this case give us a lower 
limit to the accuracy that should be expected if the Fock-Hartree pro- 
cedure based on the Hund-Mulliken scheme were employed. From 
this result, it is difficult to say to what extent a rigorous solution of 
Fock’s equations would improve the calculated energy. A more accu- 
rate solution of the Hund-Mulliken type will be discussed in part h. 

2. Neglecting all terms in (3) that depend upon p, James and Coolidge 
found that the best energy they could obtain for Tab = 1.40a;» is about 
4.27 ev, which differs from the observed value by approximately ^ ev. 
Since this approximation is the best possible one in which correlations 
are not included, it gives an upper limit to the possible accuracy of the 
Fock-Hartree procedure. It is doubtful whether the energy of the Fock- 
Hartree approximation would be nearly as good as this, however, since 
(3) is much more intricate than a product of one-electron functions even 
when terms in p are neglected. Thus, the correlation energy correction 
would be at least -J- ev per electron, if the Hund-Mulliken scheme were 
used. 

3. The simplest function employed in which the variable p occurs is 
the five-parameter expression 

_j_ ^2^ ^ a2iijir}2 + UsCfi + { 2 ) + cLip]> (5) 

This leads to an energy of 4.507 ev with Tab = 1.400*. The parameter 
values are listed in Table L. It should be noted that 8 has a value 
considerably different from that discussed in case 1. Thus, just as in 
the case of helium, the inclusion of a linear term in p leads to a better 
energy. 

4. As a final step, a thirteen-parameter expression involving quadratic 
terms in fi, { 2 , and p, as well as those appearing in (5), was employed. 
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The parameters Cmnikp are tabulated in Table L, and it may be seen 
that in some cases they differ greatly from the values discussed in case 3. 
The final energy is about 4.69 ev, which lies within the experimental 
error of the observed value. The computed intemuclear distance is 
identical with the observed one. 


Table L 



Case 1 

Case 3 

Case 4 

s 

1.69609 

2.23779 

2.2350 

Como 


0.80483 

1.19279 

Cooiio 


-0.27997 

-0.45805 

Cioooo 


-0.60985 

-0.82767 

Ciosoo 

C10020 

C'loiio 

Csoooo 

Cooooi 


0.19917 

-0.17134 

-0.12101 

0.12394 

0.08323 

0.35076 

C00021 

Cooni 

ClOOOI 

C00002 



0.07090 

-0.01143 

-0.03987 

-0.01197 


6, We shall now compare the accuracy of the Heitler-London and 
Hund-MuUiken schemes in so far as computations on H 2 allow us to 
make a comparison. It is easy to show that Fock’s equations for the 
two schemes are essentially different in this case, as they are in most 
multiatomic systems (an exceptional case will be discussed in Sec. 58). 

For a two-electron system, the singlet eigenfunction based upon one- 
electron functions is 

-^lUri)Urt) + ( 6 ) 

V2 

Here, and ^2 are the one-electron functions that, in the Heitler-London 
sch€^e, are centered about different nuclei. Fock’s equation for ^1 is 

(7) 

and there is a similar equation for 

The space part of the total wave function (6) reduces to ^(ri)^(r 2 ) 
when V't and 1^2 are equal, as in the Hund-Mulliken scheme. In this 
casOi Fook’s equation for ^(r) is 
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€> 1 /. 


( 8 ) 


Equation (7) reduces not to (8) when we set but instead to 

in which the coulomb integral contains a factor 2. Thus the different 
assumptions of the two cases lead to different systems of equations. The 
two schemes should be regarded as different approximate solutions of the 
same problem rather than as different solutions of the same set of one- 
electron equations. 

The most accurate attempt to apply the Heitler-London scheme to the 
hydrogen molecule was made by Wang/ who used Hydrogen-like atomic 
wave functions of the form where r is the distance of an electron 
from the nucleus and a is an adjustable screening parameter. The best 
value of the cohesive energy obtained by this procedure is 3.76 ev cor- 
responding to Tab = 1.41afc. The effective proton charge Ze is related 
to a by the equation 

Ze = eaah. 


For the best value of a, one finds that Z = 1.17. At first sight, it may 
seem surprising that this is greater than unity. It should be recalled, 
however, that Z must increase from unity to the value of ft for atomic 
helium (c/. Sec. 48) as Vah decreases from infinity to zero. 

On the other hand, the most accurate attempt to apply the Hund- 
Mulliken scheme to the hydrogen molecule was made by Hylleraas.* 
He constructed a determinantal eigenfunction from one-electron solutions 
of a two-center system, similar to H 2 '*'. He assumed that the charge 
on the centers was e/2, rather than e as in H 2 '^, in order to compensate 
for the nuclear screening effect that one electron exerts^ on the other. 
The cohesive energy obtained by taking the mean value of the Hamil- 
tonian of H 2 with this determinantal eigenfunction is 3.6 ev for an inter- 
nuclear distance of lAOah. This fact shows that Fock’s equation would 
lead to the correct energy to within at least 0.55 ev per electron if the 
Hund-Mulliken scheme were used. In view of the remarks made under 
2, part a, we can say that the correlation energy of H 2 for the Hund- 
Mulliken scheme lies between 0.55 and 0.25 ev per electron. 

We may conclude® from these two cases that the Heitler-London and 
Hund-Mqlliken schemes are about equally successful as far as the 

'S. C. Wang, Phya. Rev., 81 , 679 (1928). 

* E. Htllbbaas, Z. Physik, 71 , 741 (1931). 

* Other methods of treating Hs are surveyed by J. H. Van Vleok and A. Sherman, 
Rev. Modem Phye., 7, 167 (1936). 
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problem of minimizing the energy is concerned. The error in each case 
is of the order of 0.5 ev per electron. 

67. Molecular Lithitim. — Next to hydrogen, diatomic lithium is the 
simplest stable molecule that contains only one type of atom. We shall 
outline briefly the computations that deal with it. 

In early work, several attempts were made to compute the binding 
energy of Li 2 by taking into account only the two 2s valence electrons 
and treating Is shells as though rigidly fixed. The interactions between 
the closed shells on different atoms were neglected. It was first pointed 
out by James ^ that the relatively simple methods used in treating the 
two valence electrons give a binding energy that agrees with the experi- 
mental value of 1.14 ev only because the closed-shell interactions are 
neglected. He carried out several types of calculation that show the 
following facts. 

а. If the closed-shell interactions are neglected, a binding energy 
greater than the observed value may be obtained by using essentially 
the same procedure that James and Coolidge employed for H 2 . There 
are two reasons for this fact: (1) The ion cores repel one another more 
strongly when the shells are taken into account than when they are not. 
The origin of this additional repulsion will be discussed in the next 
section. (2) The wave function obtained by a variational procedure 
usually violates the Pauli principle unless the closed-shell wave functions 
are explicitly included in the varied wave function. 

б. A binding energy of 0.62 ev may be obtained by an involved 
variational computation in which closed-shell wave functions are included 
in the varied function. The interelectronic distance variables were not 
introduced into this wave function since they would have made the 
computations prohibitively complicated. 

James’s work on Li 2 is interesting from the standpoint of computations 
dealing with monatomic solids, for many features of the two cases are 
identical. Since closed inner shells are present in all the interesting 
solids, it is important to know the extent to which they can be neglected. 
The preceding discussion shows that the problem of closed shells must 
be at)proached with care if relative binding energies are to have much 
significance. It will become apparent later that there are several 
redeeming features in the case of solids. Most important among these 
is the fact that equilibrium distances in solids are usually much larger 
than in. molecules.' For example, the closest distance of approach of 
lithium atoms in the metal is whereas it is 5.05aA in the molecule. 

68. Closed-shell Interaction and van der Waals Forces.^— There 
is one case in which the Heitler-London and Hund-Mulliken schemes are 

* H, M. JA 14 BS, JmiT. Chem. Phys.f 8 , 794 (1934). 

* See review article by H. Margenau, Rev. Modem Phye.f 11, 1 (1939), for a sum- 
mary of the development of the theory of van der Waals forces. 
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identical, namely, the case of electron configurations that correspond 
to the interaction of closed shells. In this case, the singlet eigenfunction 
is a simple determinant, for all elec- 
tronic wave functions appear in pairs 
with opposite spin. The determinant 
formed from Heitler-London wave func- 
tions may be rearranged so as to satisfy 
the Hund-Mulliken conditions. We 
shall demonstrate this theorem by con- 
sidering the interaction of two normal 
helium atoms. It will be evident that 
the principles involved in this particular 



case are generally applicable. 

We shall designate the wave func- 
tions centered about one of the atoms 

a 



by h and those centered about the 
other by yj/h. We may assume that 
and ypb are symmetrical in the sense that 


^ (c) 



they become interchanged if the two nu- 
clei are interchanged (c/. Fig. 4). The 
wave function for the molecule is then 


Fig. 4. — a, the two Heitler-Londoii 
functions of H 2 . Their sum 6 and 
fheir difference c are Hund-Mulliken 
functions. 


Wri)T?i(-l) 


\^a(r2)’72(l) 

4'a{T2)V2{-l) 

l^&(r2)’?2(l) 

Wr2)i?2(-1) 


V'a(r3)’?3(l) 

^ 6 ( 13 ) 173 ( 1 ) 

^6(r3)i74(-l) 


^a(r4)l74(l) 

\^a(r4)l74(-l) 


( 1 ) 


It should be noted that corresponding elements in the first and third 
rows have identical spin functions, as do those in the second and fourth 
rows. Let us now add the third row to the first, subtract the first row 
from the third, and repeat tliis ^procedure with the second and fourth 
rows. We then obtain the determinant 


^i(ri)i7i(l) 

i/'i(ri)T7i(-l) 
1^n(ri)r7i(l) 
^ii(ri)r7i( — 1) 

where 


^ 1 ( 12 ) 172 ( 1 ) 

^i(r2)’72(-"l) 

^ii(r2) 172(1) 

^ii(r2)i72(-“l) 


^ 1 ( 13 ) 173 ( 1 ) 

^ 1 ( 13 ) 173 ( 1 ) 

^n(r3)i78( — 1) 


^ 1 ( 14 ) 174 ( 1 ) 

^i(r4)i74(“-l) 

hi(uhi(l) 


( 2 ) 


+ V'fci hi = - h‘ 


( 3 ) 


Since (2) has been obtained by adding other rows to the rows of (1), 
the two determinants are equivalent, h aJid however, are Hund- 
Mulliken wave functions, (c/. Fig. 4). Hence, in this case, the two 
schemes are equivalent. In more general cases, the determinant corre. 
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spondiDg to (1) has more rows and columns, but alternate rows have equal 
spin functions and may again be combined to form Hund-Mulliken wave 
functions. We shall discuss the crystalline case in Chap. VIIL 

The Heitler-London scheme has been used to compute the energy of 
interaction between closed shells. For convenience, the one-electron 
functions employed in these computations were based upon approximate 
atomic functions rather than upon solutions of Fock^s equations. We 
shall discuss several examples in detail. 

a. Helium Interaction . — The most accurate treatment of the repulsive 
interaction of two helium atoms has been given by Slater^ who computed 
the mean value of the interaction potential Hi of the two molecules, 
using a total wave function that was constructed by taking an appropri- 
ate linear combination of atomic eigenfunctions. His work is not a 
strict application of the Heitler-London method, since the atomic wave 
functions that he 'used were not constructed of one-electron functions 
alone but contained the interelectronic distance variable. In analytical 
form, his atomic wave function f>(l,2) is 


’ 1.392e“2(''i+»’»)+0.6rij+0.0107(ri*+r*») . 

in, rs < 3), 

\ '•i / 

(^i > 3;r2< 3), (4) 

' \ , 

y, (rj > 3;7 'i < 3). 


Here ri, rj, and ri 2 , are the radial distances between the electrons and 
the nucleus and between the electrons, expressed in units of the Bohr 
radius. If we designate the two nuclei by a and h and let a subscript 
on indicate the nucleus about which the electrons are centered, the 
complete antisymmetric wave function for He 2 that is obtainable from 
(4) is 

^(1,2, 3, 4) = $a(l,2)#6(3,4) - <i>.(l,4)#U2,3) - <^a(2,3)$5(l,4) + 

4>a(3,4)$fr(l,2), (5) 

in which it is implied that each €> has an appropriate spin factor. The 
feinction (5) reduces to (3) when $(1,2) is simplified to a product of one- 
electron functions. 

The repulsive interaction V{R) that is derived from (5) is a fairly 
complicated function of the intemuclear distance jK, but it may be 
accurately approximated by means of the analytical expression 

B 

V{R) = 481e~o«^ 
in units of ev, for 12 greater than 2ak* 

1 J. d SiiAtSB, Phys. Rw., as, 839 (1928). 


( 6 ) 
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5. Neon Interaction, — Bleick and Mayer^ have detennined the inter- 
action energy in the case of two neon atoms, using one-electron atomic 
functions that were obtained by approximating Brownes results® ana- 
lytically. The radial parts of the 2s and 2p functions are 

Rip = r(17.9e-»-8<^ + 2.30e-i«®0- 

The internuclear distances used in their work were so large that the 
Is functions did not overlap appreciably. The results of a straight- 
forward, though laborious, computation of the interaction energy are 
given in Table LI for three values of the internuclear distance. 

Table LI 

Rf Bohr Units U(ii), ev. 

3.41 2.16 

4.35 0.22 

6.06 0.003 

These three values may be fitted by the simple function 

^ 

1 . 18 ( 8 ) 

with an error of about 10 per cent. 

The fact that V{R) is approximately exponential in both the cases 
a and h provides a rough justification for the exponential term that Born 
and Mayer used to express the repulsive interaction of ions in crystals. 

These repulsive terms do not describe the interaction energy properly 
at large distances since the tendency of electrons to avoid one another 
has not been taken into account. An additional attractive term is 
found when this is done. Since the additional term was implicitly 
postulated by van der Waals when he proposed his equation of state for 
gases, it is called the *^van der Waals interaction.^' 

Let us consider the van der Waals energy® for two atoms a and 5 
that have m and n electrons, respectively, and are separated by a dis- 
tance R. We shall assume that the atoms lie along the x axis and shall 
designate the Cartesian coordinates of the electrons relative to the 
nucleus of the atom on which they reside by {xai,yai,Zai) and {x^’,ybi,^bi)i 
respectively, where i ranges from 1 to m and j ranges from 1 to n. The 
interaction potential Hi of the two atoms may be computed by straight- 
forward principles of electrostatic theory and may be expanded in terms 
of the Cartesian variables. The result is 

‘ W. E. Bleick and J. Mater, Jour, Chm, Phy$.t 2 , 262 (1234). 

* W. G. Brown (ejf. Sec. 62). 

* F. London, Z, Phynk, 68, 246 (1030). 
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’ST' i 6^ 3 6^ 

Vaiybi ^aiZbj) “f" 2 ““ ^m^bj 

*-l /-I ^ 

3 e^ 

{2yaiVbi + 2ZaiZbi - SXaiXbj){xai “ Xbj)] + j ^ ^tI^xI - 

- l^xliX% + 2{iXaiP0bj + Va^bi + ZaiZbiY] +’ ' * * j* (9) 

The terms in 1/22®, 1/22^ and 1/22® are called, respectively, the dipole- 
dipole, dipole-quadrupole, and quadrupole-quadrupole interaction terms 
because they are similar to the interaction energy of the corresponding 
types of multipole. 

The expressions (6) and (8) are mean values of Hj for the approximate 
wave functions constructed from atomic wave functions, and they may 
be looked upon as the first-order terms in the perturbation formula 

E,(R) = J + . . . (10) 

a 

where is the lowest state and the are higher states. Hence, the 
second term is the van der Waals energy, if we may assume that higher 
terms in the expansion (10) are negligible. 

London has derived a somewhat rough but general expression for 
the contribution to the van der Waals energy from the dipole-dipole 
potential in (9). For simplicity, he assumed that the unperturbed 
wave functions of the normal and excited states may be represented by 
products of functions of the separate atoms, thus, 

^ = ^c^b^ (11) 

in which and v correspond to different atomic states. This approxima- 
tion is poor when the atoms are very close together, for it violates the 
Pauli principle. It is accurate, however, for large atomic separations 
when the wave functions of different atoms do not overlap. On this 
assumption the integrals in the numerator of the second term in (10) 
degenerate into sums of products of integrals over separate atoms, for 
each of the terms in (9) is a product of terms involving variables of 
electrons on different atoms. These one-atom integrals, which have the 
form 

' ( 12 ) 

a 

play an important role in the theory of optical radiation (c/. Chap. V). 
They vanish unless a dipole transition is allowed between the states 
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and Moreover, there is a close connection between the integrals 
which involve '^Xai and those which involve '^yai and for the 

i i i 

$ are wave functions for spherically symmetrical atoms. For these 
reasons, the numerator of the second term in (10) may be simplified 
considerably, and the sum may be reduced to 

i(2‘-)ji{S'‘).,r 

Ei^R) „ e'. - E/ 

where 

t t 

3 3 

and the E are the energy values of the wave functions that appear in 
these integrals. 

E/ and Ei; are sometimes replaced by constant mean values Ea and 
Eh in order that the numerator may be summed alone. These mean 
values, which are not defined independently of Eq. (13), are usually 
assumed to be approximately equal to the ionization energy of the atoms. 
By the use of this approximation, Eq. (13) becomes 



since 


Ed.d{R) 



* i 

El + El - Ea- Ei 


Xt(2‘-)J‘-[(2^’].- 


(15) 

(16) 


The polarizability a of an atom is related to its energy E{E), in a field 
of intensity E, by means of the equation 

£(E) = + iaE*. (17) 

Thus, according to perturbation theory, we have 



which is approximately equal to 


( 18 ) 
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Hence, (15) is approximately equal to 




3 {Ett * M^{E^ 

2 R* (El + El -Ea- 


(19) 


where a« and ai are, respectively, the polarizabilities of atoms a and b. 

Margenau^ and Mayer* have applied similar methods in order to 
obtain the contribution to the van der Waals energy from the dipole- 
quadrupole and quadrupole-quadrupole terms. The end result for the 
dipole-quadrupole term that corresponds to (19) is 


Ed-q = — 


3 1 M(EI - Ea)(Eg - + a;at(^s - E.riES - S^)] 

!• (El + El -Ea- St) 

( 20 ) 

The quadrupole-quadrupole term may be developed in a similar way, as 
is described in Margenau^s paper. 

We shall now discuss the results of computations for hydrogen and 
helium. 

a. Hydrogen.— For two hydrogen atoms, (19) becomes 


Af! 


( 21 ) 


in which R is expressed in units of oa, when E - Eq is set equal to the 
ionization energy e^/2ah. In the same approximation, the complete 
expression for the van der Waals energy, through quadrupole-quadru- 
pole terms, is 




( 22 ) 


This may be used to estimate the relative magnitude of the different terms. 

More accurate expressions for the dipole-dipole term have been 
derived by Eisenschitz and London* and by Slater and Kirkwood.'* 
The first workers summed (13) directly and obtained 


6.47 e* 
E* a* 


(23) 


whereas the second employed a variational method and found 


6.49 e* 
R* ah 


( 24 ) 


IH. MAaoBNAtr, Phyt. Rev., 88, 747 (1931); 40, 387 (1982); see also op. eU. 
* J. E. Matxb, Jour. Chm. Phys., 1, 270 (1933). 

» R, Eisbnschitz and'F. London, Z. Phyeik, 80, 491 (1930). ^ 

^ J. G, Sla^b and J. Q. Kxbkwood, Phye. Rev., 87, 682 (1931). 
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b. HeKwm.— Margenau^ has derived an expression equivalent to (22) 
for helium. The result is 


1.62 eVl I 7.9 30 \ 


(26) 


A more exact expression for the dipole-dipole term, which was derived 
by Slater and Kirkwood, is* 


1.59 e* 
R^ ah 


(26) 


The sum of (26) and (6) has a shallow minimum with a depth of 
0.75 X 10”* ev at 5.5afc. This minimum accounts for the weak cohesive 
energy of liquid helium (see Fig. 5). 



Flo. S.—The total interaction energy of two helium atoms. The dotted curve is the van 
der Waals interaction. (.After Slater and Kirkwood.) 

A similar minimum should be expected for all rare gas atoms. Bleick 
and Mayer find that the total interaction energy for neon, obtained by 
adding (8) and (19), has a minimum of 1.3 • 10”* ev when R is equal to 
6.5aft. These values agree roughly with those obtained from empirical 
data by Lennard- Jones.* 


^ Margenau has recently developed a revised form of Eq. (25) which he regards 
as a more accurate representation of the true van der Waals energy than either 
Eq. (25) or (26) (see Phyn. Rev., 56, 1137 (1939)). 

* Slater and Kirkwood, op. cU. 

• See survey by J. E. Lennard- Jones, Phytiea, 4 , 941 (1937). 
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69. Valeace.^ — The problem of providing a reason for 

the inerti^ess of the rare gas atoms in their interaction with one another 
is solved by the computations discussed in the last section, for they show 
that closed-shell structures bave very weak attractive forces. A similar 
problem arises in connection with molecules such as H2, N2, CH4, C2H6, 
since they also form very stable units that do not interact strongly with 
one another. This problem is of importance to us because these mole- 
cules are constituents of an important class of solids. 

The origin of the weak intermolecular forces is believed to be largely 
the same as that in the case of the rare gases, namely, the van der Waals 
interaction. Computations that support this are discussed in Sec. 88, 
Chap. X. The problem of understanding the internal stability of these 
molecules, however, is not so easy to answer in a quantitative way. 
Since the internal binding energy of the stablest molecules is of the 
order of magnitude of 1 ev per electron, this problem can be solved 
quantitatively only by solving the Schrodinger equation for molecular 
systems to a higher degree of accuracy than is generally feasible at present. 

Physical chemists have attempted to avoid some of the difficulties 
associated with solving the Schrodinger equation accurately by introduc- 
ing semiempirical schemes. These are usually patterned after one of the 
one-electron schemes, the matrix components that enter into the theo- 
retical results being judiciously replaced by quantities derived from 
empirical data. From what is known of the accuracy of one-electron 
approximations, it is doubtful whether actual computations based on 
these one-electron schemes would yield results that agree with experi- 
mental results as well as those of the semiempirical schemes do. The 
latter are such a distinct improvement over older valence theories, how- 
ever, that they have great value in discussing many properties of mole- 
cules. We shall present some of the qualitative results of these schemes 
in the sections of Chap. XIII that deal with valence crystals. 

1 See the review article by J. H. Van Vleck and A. Sherman, Rev. Modern Phys., 
7, .167 ( 1935 ). 



CHAPTER VIII 

THE BAND APPROXIMATION 

60. Qualitative Importance of the Band Scheme.— Prior to the 

introduction of quantum mechanics, it had been believed that insulators 
have low electronic conductivities because their valence electrons are 
localized on definite atoms or molecules and cannot jump from one 
atom to another. The electrons in metals, on the other hand, were 
considered to be free to roam throughout the lattice, and the high con- 
ductivity was believed to arise from this freedom of motion. If we 
attempt to use these qualitative notions in order to understand both the 
conductivities and the cohesive energies of solids, we face considerable 
difficulty unless we are willing to assume that the binding forces arise 
from essentially different sources in each type of solid. 

Suppose, for example, we assume that there are only two kinds of 
interatomic force, namely: (1) electrostatic forces between bound charge 
distributions, and (2) undefined forces that are ultimately connected with 
the presence of free electrons and are of primary importance in metals. 
It is possible to account for the cohesion and insulating properties of 
ionic and molecular crystals in terms of (1). We may assume, as is 
done in the Madelung-Born theory, that the constituents of ionic crystals 
are ions and that the main part of the cohesion arises from the electro- 
static attraction between these. Similarly, we may assume that the 
molecular constituents of molecular crystals are electrostatically neutral 
and that the cohesive energy arises from multipole forces of an electro- 
static type. Since these forces should be weaker than the forces between 
ions, we are able to understand the relatively smaller cohesive energies 
of molecular crystals. 

We meet with difficulty in discussing insulating valence crystals 
such as diamond. In this case, the atoms are electrostatically neutral, as 
in molecular crystals, and yet the cohesion is as great as in ionic crystals 
and metals. This difficulty was removed in classical theory by assuming 
that in addition to (1) and (2) there are valence forces which are respofi- 
sible for the large cohesion of diamond and quartz. 

As in many other cases in which classical views led to complication, 
the introduction of quantum mechanics produces order in a relatively 
simple way. In particular, the band concept of solids, which is based 
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upon the Bloch scheme and which has been developed by many workers,’ 
. has been very useful in coordinating many of the properties of solids 
that could not be adequately understood before. It may be recalled that 
the Bloch scheme is based on a one-electron approximation in which the 
one-electron functions have the same amplitude at equivalent positions 
in each unit cell. We shall see in the next section that these functions 
have the form 


^ = Xk(r)e2«‘k•^ (1) 

where r is the position vector, whose components are y, z; xk(r) has 
the translational periodicity of the lattice; and k is a wave-number 

vector, k may be defined in terms of the 
reciprocal lattice of the crystal {cf. Sec. 
22) if the Born-von Kdrmdn boundary 
conditions are used in determining the 
functions (1). 

In the simplest case, Xk is a constant 
so that is a free-electron wave function 
for which the dependence of energy on k 
is 

e(k) = (2) 


(see Fig. 1). This approximation cor- 
responds to that of the Sommerfeld theory 
of metals, which was discussed in Chap. 
IV. We shall see that its use is equivalent to assuming that the Fock- 
Hartree field for the electrons is constant — a condition that is nearly 
satisfied in many simple metals. 

In the opposite extreme, corresponding to tightly bound inner-shell 
electrons, Xk is ^^ro everywhere in the unit cell except in the immedi- 
ate vicinity of the particular atom the inner shells of which are being 
described. It turns out, in this case, that the portion of Xk near the 
^atbm is identical with the inner-shell wave function of the free atom. 
Moreover, the energy e(k) is practically independent of k and has a 
cKfterent value for each type of inner-shell electron. 

^ the qualitafivS existence of bands was first pointed out by M. J. 0. Strutt, 
Aum, 84 , 486 (1927); 86 , 129 (1928). The band picture was extended by: 

t. Bfillouin, Compt, rend., 191, 198, 292 (1930); J<mr. phps., (VII), 1, 877 (1980) 
[</. also QmntenitaHeHk (Julius Springer, Berlin, 1981)]; P. M. Morse, Phys. Rev., 
86 , IflO (1980); R. Peierls, Ann. Phyeik, 4 , 121 (1930) l<f. also Erg^misee exakt. 

il, 264 (1982)1; R. de L. Kronig and W. G. Penney, ’'Pros. Roy. Soe,, 180, 
499 (^ 1 ). 



Fig. 1. — ^The «(k) curve for perfectly 
free electrons. 
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In intermediate cases m which xk is neither completely constant nor 
localized, the energy €(k), as a function of k, is not completely quasi- * 
continuous, as in the free-electron case. Instead, e(k) exhibits the prop- 
erty of handing; that is, it is quasi-continuous for large ranges of k but 
is discontinuous for certain values of k. The regions of continuity lie 
between a set of concentric polyhedra which are centered about the origin 
of k space; the points where the discontinuities occur are at the surfaces 
of the polyhedra. In the following sections, we shall investigate the 
relationships from which the form of these polyhedra may be deduced. 


The regions between the polyhedra 
are called ‘'zones” and the polyhedra 
are called “zone boundaries.” The 
magnitude of the discontinuities at the 
zone boundaries depends upon the ex- 
tent to which Xk deviates from a con- 
stant value and is zero for perfectly 
free electrons. Figure 2 illustrates the 
discontinuities for a typical case in 
which the €(k) curve is plotted as a 
function of the points on a line that 
passes through the point k = 0. The 
discontinuities occur at points where 
this line intersects the different 
polyhedra. 

The transition from the free-elec- 
tron type of wave function to the 
rigidly bound electron type may be 
regarded as taking place when xk 
changes from a constant to a highly 
localized function. During this transi- 
tion e(k) develops discontinuities which 
become larger and larger until €(k) is 
constant within each zone. 





Fig. 2. — Typical e(k) curve for elec- 
trons that are not perfectly free. This 
corresponds to values of k that lie on a 
line passing through the origin of 
k space. The discontinuities occur at 
points ki and ks at which the line outs 
the aone-boundary polyhedra. These 
points are different for different direc- 
tions in k space. The dashed parabola 
represents the e(k) curve for perfectly 
free electrons (c/. Fig. 1) . 


When constructing an antisymmetric wave function from the Bloch 
functions, we are not allowed to assign a function of given k to mbre than 
two electrons because of the Pauli principle. Hence, we must use a large 


number of different values of k in order to assign functions to all electrons 


in a solid. We shall say that levels are occupied when the wave func- 
tions corresponding to them have been assigned to electrons. As in 
treating atoms and molecules, we shall assume that, in the normal state 
of the system, the lowest one-electron energy levels are occupied as far 
as possible. It turns out that the number of states in any zone is an 


integer multiple of the number of unit cells in the crystal. Hence, it 
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may happen that a low-lying set of zones is completely occupied and that 
the levels in zones of higher energy are completely empty. The condi- 
tions that must be satisfied if this is to occur in the lowest state are as 
follows: 

a. The number of electrons present must be exactly equal to the 
number of states in an integer number of zones. It turns out that this 
condition is satisfied in all insulators and in the alkaline earth metals. 
It is not satisfied in the alkali metals, for in these there are twice as many 
states per zone as there are electrons. 

h. The highest filled zone must not have any energy levels that lie 
above the lowest energy levels in the next highest zone. If these energy 
bands overlap, the energy of the system could be lowered by transferring 
electrons from the highest levels of the last filled zone to the lower levels 
of the next zone. Complete filling of zones is prohibited in the alkaline 
earth metals because condition h is not satisfied. 

Let us consider the difference between the properties of a substance 
in which occupied zones are completely filled and those of one in which 
they are not. In both cases, the electrons normally are paired in such a 
way that for each electron moving in a given direction there is another 
moving in the opposite direction with the same speed. Hence, the 
current carried by each electron cancels that carried by the other, and 
the resultant current of the entire solid is zero. This statistical balance 
may be disturbed easily in a substance that does not have completely 
fiHed bands; for, by the application of a weak electrostaac field, some of 
the electrons may be made to jump to the near-lying unoccupied levels, 
thus changing the average velocity from zero to a finite value. This type 
of shift in statistical balance was described in the sections of Chap. IV 
that deal with the Lorentz-Sommerfeld theory of conductivity. On the 
other hand, the highest occupied levels may be separated from the unoccu- 
pied ones by several electron volts if the solid has completely filled bands. 
In this case, a very strong electrical field would be required to induce the 
electrons to jump from occupied to unoccupied levels. Hence, the 
crystal with completely filled bands is an insulator even though its 
.electrons are wandering throughout the lattice. 

Thus, we see that the electrical properties of two substances that have 
similar one-electron functions may be vastly different. In this connec- 
tion, we may anticipate that the one-electron functions of diamond and 
of metals are similar so that the cohesive forces have similar origin in 
both cases. 

Since the introduction of the band scheme permits us to modify the 
classical concept of bound electrons” in valence crjrstals, it is natural 
to ask whether or not we need retain the classical concept when discussing 
ionic and molecular crystals. This question may be answered fairly 
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unambiguously in both cases. In ionic crystals, the classical picture is a 
fair approximation but is not rigorously correct since the valence-electron 
wave functions are not entirely localized about the cations. This means 
that the Bloch functions of ionic crystals possess properties similar to 
those for metals. Conductivity is absent because of the way in which 
zones are filled rather than because the electrons are not free to move from 
one atom to another. Since the amplitude of the wave functions unques- 
tionably is small at regions midway between molecules in molecular 
crystals, we should expect small electronic conductivity even if the zone 
structure did not exist. Nevertheless, the presence of filled zones plays 
a predominant role in entirely prohibiting electronic conductivity. 

It should be kept in mind that the zone scheme rests upon an approxi- 
mation. Although it serves a useful purpose in providing a model of a 
solid that is adequate for describing many important properties in a 
simple, straightforward way, the picture is not a perfect one, and it may 
lead to incorrect results if it is not used with sufficient care. In par- 
ticular, it should not be applied without reserve to problems that involve 
excited states of insulators, for reasons which are discussed in Chap. XII. 

61. . The Connection between Zone Structure and Crystal Symmetry. 
Since the concept of zone structure is based upon a particular type of 
one-electron approximation, it is natural to ask for those properties 
of the Fock-Hartree equations that in this case lead to the existence of 
zones. This question has the relatively simple answer that zone struc- 
ture is characteristic of any eigenvalue equation in which the operator 
remains unchanged under the primitive translations of the lattice. Thus 
the eigenvalues E of any equation that has the form 

= Eyl^, ( 1 ) 

where H has crystallographic symmetry, are practically continuous except 
for certain unallowed regions. This topic may be made the basis of a 
very elegant and practical group-theoretical discussion^ in which we shall 
not indulge at this point. We shall consider, instead, several examples 
of equations of type (1) in which the symmetry conditions tliiit are 
required for zone structure occur. From these, we may derive general 
conditions from which the precise form of zone structure may be deter- 
mined in any case. 

Case a. The One-dimensional Oscillating Lattice in Classical Mechan- 
ics . — ^One of the simplest problems in which zone properties occur is 
that of determining the vibrational modes of a long one-dimensional 

^ The group-theoretical side of the existence of zones is discussed in the following 
papers: F. Seitz, Ann. Math., 87 , 17 (1936); L. P. Bouckaert, R. Smoluchowski, and 
E. Wigner, Phys. Rev., 60 , 68 (1936); C. Herring, Phys. Rev., 62 , 361 (1937), 62 , 365 
(1937); M. I. Chodorow and M. F. Manning, Phya. Rev., 62 , 731 (1937). 
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lattice of particles that interact with harmonic forces. Several special 
cases of tWs problem were discussed in Sec. 21, Chap. III. We shall 
review these now. 

First, we considered the case in which the particles have equal mass 
and are separated by a distance a. The equations of motion for this 
case are 

- *-.) - (*.+1 - *.)] ( 2 ) 

where a;« is the displacement of the nth atom from its equilibrium position, 
fi is Hooke's constant for interaction between nearest neighbors, and m 
is the mass of a particle. Since we are searching for solutions that are 
periodic in time, we may replace Eq. (2) by 

— m(2vvyXn = — — 3^nn-l) ~ (^n+l ■“ ^n)]- (3) 

This equation is of the type (1) since we may regard the Xn as components 
of a vector X. Thus, 



Using (4) we may write Eq. (3) in the form 


m 

M-X- 


where M is a tensor or matrix the components of which are 



(5) 

(5a) 


The matrix M clearly has the symmetry of the lattictTsince Eqs. (2) are 
the same for all nmsses. The solutions of these equations were found to 
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Xn = Ae^, ( 6 ) 

Here cr is the wave number l/Na, where I is an arbitrary integer and N is 
the number of cells in the lattice. The frequency associated with (6) is 



The independent values of I may be chosen to range from — iV/2 to +N/2. 
Equation (7), for the corresponding range of cr, is shown in Fig. 7, Sec. 21. 
This curve does not exhibit the discontinuities characteristic of zone 
structure, for only one zone occurs in the present problem. 

Next, we shall consider the extended problem in which two different 
masses occur in the unit cell. If the particles are separated uniformly 
by a distance a/2 and are labeled by integers extending from zero to 2N, 
the normal modes are 


Xin +1 = Ae 




( 8 ) 


where the wave number a is again equal to l/Na. The frequencies and 
the constants A and B may be determined by solving an appropriate 
second-order secular equation which was discussed in Sec. 21. We there 
found the result 


+ w- i: \/ -h w* 2Mm cos 2ircra), 

in which we may choose the independent range of <7 to extend from — 1/a 
to 1/a and obtain the result shown in Fig. 8, Sec. 21. Discontinuities 
characteristic of zone structure occur at <7 = ±l/2a, so that there are 
two zones in this case. 

If another mass is added to the unit cell in such a way that neighbor- 
ing masses are separated by a distance a/3, the new normal coordinates 
are 

2yw2l±la 

xtn +1 = Be 

2r<,!!L±*a 

a;in+j « Cc « , (9) 

and so forth, if the masses are at points labeled by integers extending 
from zero to ZN. There are three zones in this case, since discontinuities 
occur when <r is equal to ±l/2a and ±l/o. 
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It should be noted that we may write Eqs. (6), (8), and (9) in the 
form 

x{i) = (10) 

where J is the positional coordinate of a given mass, x{(;) is the dis- 
placement of the mass from its equilibrium position, and x({) is a dis- 
continuous function having periodicity a that takes values different from 
zero only at points where atoms are situated. Thus, in the case corre- 
sponding to Eq. (9), X is equal to A at { = 3na/3, to at J = (3n + 1)^? 

and to C at 5 = (3n + 2)^ and is zero everywhere else. The form of 

the function (10) evidently is the same 
as that of the function (1) in the 
preceding section. 

If we continue to add masses at 
equivalent points within the unit cell, 
we eventually find it convenient to 
use a density function p(f) and a force 
function /x(f), both of which are con- 
tinuous and have periodicity a. The 
normal coordinate should still be ex- 
pressible in the form (10) but xH) 
should now be a continuous function of 
{ with periodicity a . The independent 
~0 <r — modes of vibration then correspond to 

Fig. 3.-— y*((r) curve for the normal yalues of (7 extending from — oo tO + oo , 
modes of a continuous string having , o • t • 

periodically varying density and Hooke’s and IS discontinuous whenever a IS 
constant (extended zone scheme). If equal to +r /2a, where r is an arbitrary 
the string were perfectly uniform the . i 

v>(<r) curve would be a parabola. This integer. This case, in which there 

oipre should be compared with that of evidently is an infinite number of 

zones, is represented schematically in 
Fig. 3. The differential’ equation that is satisfied by x(i) is the wave 
equation 

-4.Vx = ^ig 

which has the eigenvalue form (1). 

Cade b> The One-dimensional Schrodinger Equation. 1. Kramers^ 
general treatment . — From among the many methods that have been 
developed to show that the eigenvalues of the Schrodinger equation 
exhibit band structure when the potential function is^ periodic, we shall 
select a particularly good one that is due to Kramers.^ 

‘ H. A. Keambbs, Phyaicaf 2, 483 (1935). 
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Suppose that we have an equation of the form 

g + [s - v(xm = 0 (11) 

where 

V{x + a) = Vix). (12) 

Then, if ^i(x) and izix) are solutions of this equation, the functions 
\l/i{x + a) and \l/ 2 {x + cl) also are solutions. Since a second-order 
equation possesses only two independent solutions, we must have the 
relationships 


ypiix + a) = aii^i(x) + 

ypiix + a) = anhi^) + CL 22 h(^), (13) 


if \l/i(x) and \l/ 2 ix) are independent. From these equations, we may 
derive the relationship 


+ a) + a) 


ii{x) hix) 

j 

Uii ai2 

i\{x + a) ^|>'^{x + a) 


^'(x) 


a2i a22 


where = d^jdx. Now, the quantity 

^x{x) \l/2{x) 
\l/[(x) \l/[{x) 


(14) 


(16) 


which is called the ^^Wronskian” is a constant in the present case.' 
Hence, we may conclude that 


Uii 

U 21 



(16) 


We may now choose linear combinations (pi and iP 2 of ypi and ^2 that 
have the property 


<Pi{x + a) = Xi^i(a;) 

<P2{x + a) = X2W2(ic). (17) 


The coefficients Xi and X 2 may be determined from the a in Eq. (13) by 
means of the equation 

Uii X ai2 — ^2 _ ^ a22)X + 1 = 0. (18) 

<l21‘ ^22 — A 

The quantity n = (an + a 22 ) is real since ^1 and ^2 may always be 
ehosen to be real functions, 

Kramers distinguishes between the three cases |m| > 2, |)u| < 2, = 2, 

which we shall discuss categorically. 

'See, for example, Whittaker and Watson, Modem Analysis (Cambridge 
University Press, 1936). 
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L When |m| is greater than 2, Eq, (18) has unequal real roots so that 
ip\ and ip% satisfy the equations 

ipi{x + a) = Xi<pi(x), if>^{x + o) = (19) 

ii. When 1 m 1 is less than 2, the roots are complex conjugates of one 
another, whence 

<pi(x + a) = e^<piix), 

<P 2 (x + a) = e-^^iP 2 {x). (20) 

It may be shown very easily that in this case (pi and <P 2 are complex con- 
jugates of one another. 

in. When |/z| is equal to 2, X is ±1, both roots are equal, and Eq. (6) 
is ?:eplaced by 

<Pl{X + O) = ±(Pl(x)y 


<P 2 {x + a) = ±^ 2 ( 3 :) + h(p 2 ix). 

(21) 

Thus, both functions <pi and <p 2 satisfy the equation 


<p{x a) = ± ip(x) 

(21o) 

oifiy when 6 vanishes. 


In case i, the ratio 


<p{x + na) 
v(x) 

(22) 


certainly becomes infinite when n approaches either + « or — « . 
Hence, this type of eigenfunction must be excluded if the periodic field 
extends over the entire range of x between + * and — » . 

In case it, both eigenfunctions are periodic and satisfy Ihe relation 

\(p{x + a)| = \<p(x)l 

These solutions are allowable as long as they remain finite in any unit 
e^l. 

, lu case m, there is at least one solution of type (21a) and possibly 
two, depending upon whether h is zero or not. 

The solutions for case t correspond to the unallowed regions of energy, 
whereas those for cases ii and Hi correspond to the allowed regions. We 
shall dee that die functions corresponding to case Hi are solutions associ- 
either with points in wave-number space at the zone boundaries or 
at points such as d =* 0 for which the solutions have periodicity a. 

It should be mentioned that the solutions for case i need not always 
be excluded if the periodic field does not extend to inlnity; for in the 
finite case, which corresponds to an actual crystal, the wave functions 
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associated with some values of E in the allowed region may not diverge. 
In these cases, which were hrst pointed out by Tamm, the functions have 
their manmum absolute values near the boundary of the lattice and 
decrease rapidly on both sides of this point. We shall discuss these 
solutions further in Sec. 70. 

Kramers was able to express the quantities ju, d^/dE, and d^fi/dE^ in 
terms of integrals that involve the functions <pi and ^ 2 . From these 
expressions, he deduced that /x(F) has the form illustrated in Fig. 4, 



Fig. 4. — The n{E) curve. The allowed values of E correspond to the ranges in which /x 
lies between 1 and —1. (After Kramers.) 

whicl^ approaches 2 cos a\/E when E approaches « and approaches 
when E approaches — <». In intermediate regions, it oscillates 
between values greater than 2 and less than —2, in the manner 
shown. Thus, there are alternate continuous bands of allowed and 
unallowed levels. The unallowed bands become vanishingly small when 
E is large and positive. All values of E that are sufficiently negative are 
unallowed because of the monotonic increase of /x. 



Fio. 6. — The one-dimensional periodic potential of KTonig and Penney. 

2. The case of Kronig and Penney . — One of the simplest examples of a 
one-dimensional periodic field has been treated by Kronig and Penney.^ 
This ex^ple, merits attention because of the direct way in which it 
yields the general features of zone structure. Let us consider the 
periodic potential illustrated in Fig, 5, for which 

^ Kronig and Prnnbt, op. oU., 490 (1931). See also V. Rojanskt, Introdvtiofy 
Qwcnfttw Meckmies, Sec. 49 (Prentice-Hall, Inc., New York, 1938), 
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F = -h^x^O, 

F = 0, O^as^o-b, 

F(i + o) = Vix). (23) 

Thus, V has the constant value Fo for a range of length b in each unit 
cell. In the regions where F is zero, the general solution of the Schro- 
dinger equation is 

= Ac*** + Be~^‘ (24) 

where 

■\/2mE 

“ = — r“- 

In the other region, we have 

= Ce?* + Be-f’ (25) 

where 

„ \/2»»(F(i - E) 

P = 1 

Since we are searching for solutions of Kramers’ class m, we must have 

hi-'b) = - &), 

- 6), (26) 

where X/2ir is the wave number. In addition, we must have 

^ 2 ( 0 ) = ^i(O), 

\^'2(0) = ^UO), (27) 

because of the continuity requirement at x = 0. We find, after sub- 
stituting (24) and (25) in (26) and (27) and solving the determinantal 
compatibility equation, the condition 

cos Xa = ^ ^ ^ sinh ph sin a{a — b) -h cosh ph cos a{a — b), (28) 

2ap 

which may be used to determine the allowed values of E. 

Following ICronig and Penney, we may, at this point, introduce the 
simplifying conditions 

b-^0, 

and we may stipulate that these limiting values are approached in such a 
way that the quantity 


mVt 
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remains constant. This restriction assures us that the “ potential area” 
VJb is finite. With these conditions, the quantity Pb m Eq. (28) is 

equal to 


4 


2ch 
a “ 5 


where c is the limiting value of (29). Equation (28) approaches the 
value 

cos Xa = — sin aa + cos aa (30) 

aa 

in the Umit as 6-»0. This equation may be satisfied whenever the 
quantity on the right-hand side lies in the interval from -1 to +1 since 
X may then take real values. As is shown in Fig. 6, we obtain allowed 


5i^^ + COSCtO 
aa 



Fio. 6.— The function (c ein aa/aa + ooe ao). The allowed ^ 

those range, of « - functwn he. ^ ;irctr^e i. Ko«^ 

seen that the unallowed ranges become smaller as E increases, ims curve 

to that of Fig. 4. (After Kronig and Penney,) 

bands of energy that become closer and closer as E approaches infimty. 
It may be verified that the coeflScients A and B in (24) have the ratio 


A 1 - 
"5 “ 1 - 


(31) 


in the range of i that extends from 0 to o. The values of A and E m any 
other range, such as that extending from na to (n -|- l)o, may b&obtained 
from the values in the range from 0 to o by multiplying by the factor 

giX(n+l)a^ . j* • 

Case c. The Two-dimensional Schrddin^er Egiiofion.— By discussing 
three types of two-dimensional cases, we may obtain some o t e mos 
important principles of zone-structure theory. The first case, wlu^ w 
investigated by Brillouin,' deals with electrons that ^ practically fim 
The periodic potential then may be treated as a small perturbation. I 

^ Cf. Quafitenstaiistikj op. eU. 
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the second case, the periodic potential is larger than in the first but may be 
expressed in the form 

V{x,y) = V.{x) + VM + Vp(x,y) (32) 

where 7*(a;) and Vy{y) are large compared with Vpix^y). The Schro- 
dinger equation is separable in this case if Vpix^y) is neglected. The 
zones that are obtained when Vp is included by perturbation theory 
usually do not have the same form as in Brillouin^s case. We shall see, 
however, that the two sets may be made identical by suitable rearrange- 
ment. The third case to be discussed is the more general one in which 
perturbation methods cannot be employed. 

1. Brillouin^s case . — We shall assume that the Schrodinger equation 
has the form 

For simplicity, we shall discuss the case in which V (x^y) has the periodic- 
ity a in both the x and y directions. The normalized unperturbed eigen- 
functions then have the form 

(33) 

where S is the area of the lattice, which we shall assume is a square having 
the edge length Na. If we adopt the Bom-von K4rm4n boundary 
conditions, the permissible components of k are 




(34) 


where n* and n» are arbitrary integers. The unperturbed energy of the 
wave function (33) is 



(35) 


kad the entire energy spectrum above zero is quasi-continuous. 

Tq the first order in perturbed quantities, the eigenfunctions of 
Eq. (32) are 


M*,v) ““ + 2 




JSk® - Br® 


where the summation extends over all values of K K 

gmtiqn extends over the entire lattice. The integrals in Eq. (86) may 
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be simplified by use of th^ translational symmetry of V{x,y). We have 
in fact 

J^^»-V).tv(x,y)dxdy = [f^^»-*'>-^V{x,y)dxdy'\'^^»-^)-* (37) 

d 

where d is the vector 

and the integral in the right-hand term extends over the unit cell, that is, 
over the ranges of x and y lying between zero and a. The summation in 
(37) vanishes identically unless the vector (k - k') satisfies the relation 


(fc, - K)a = pJ 

(ky — ky)a = Pyf) 


(38) 


where p* and py are integers. Hereafter, we shall reserve the letter 
K for wave-number vectors of which the scalar products with the primi- 
tive translation vectors of the lattice are integers. Thus, we may write 
Eq. (38) in the form 


k' - k = K. 


(39) 


Vectors of type K possess the important property that the functions 
g 2 iriX.r have the same periodicity as the lattice. Using (38), we may now 
write Eq. (36) as 


where the function 



K 


(40) 


has the periodicity of the lattice. As we have remarked previously, the 
form of (40) may be deduced rigorously on the basis of symmetry. 
Turning now to the energy, we have in the second approximation 


Eu 



- Ei^^ 


(41) 


The first two terms on the right do not affect the continuity d E as a 
function of k. It may be seen, however, that the third ima becomes 
infinite when k and k' satisfy Eq. (39) and the relation 

J^k® « Er° 


(42) 
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is fulfilled. It is precisely in this case that the perturbation method we 
have used needs revision. Instead of using the unperturbed wave func- 
tions (33), we should select those “proper linear combinations^^ of the 
degenerate functions that make the integral 

V’Vk = !^hi'^*V{x,y)\l^)t.^dxdy (43) 

vanish. Then the numerators of the troublesome terms vanish, and the 
degeneracy (42) is removed, so that there is a discontinuity in E at the 
points where Eqs. (39) and (42) are satisfied. 

The origin of this discontinuity may be illustrated by approximate 
considerations of the following type. We shall assume that the values 
of k and k' for which degeneracy nearly occurs and for which Eq. (39) 
is satisfied occur in pairs. If and are the functions associated 
with these pairs, the proper linear combinations ^k®' and ^k'®' have the 
form 

^^0' = Cl^k® + 

in which a, 6, c, and d must be chosen so that the off-diagonal components 
of the energy matrix 


/^k® + y^^kk FVk+K \ 

\ y®k+K,k i^®K+k + y®k+K»k+K/ 

vanish. We shall assume that the 7® are continuous functions of k. 
The equations corresponding to this condition are 


€k(X + y®k,k'h Xo,) 
yv.ka + €k^5 = \hj 

in which we have set k' = k -h K and 


(44) 


€k = -f y®kk. 

The X for which Eqs. (44) have solutions are the new unperturbed 
energies and satisfy the equation 

X = (45) 

2 

When |y°kk'| negligible in comparison with Ck — ek^, the roots of this 
equation are €k and ek^ When €k and €k' become nearly alike, however, 
the roots do not become closer than 2iy®kk'!, which implies a discontinuity 
in the energy versus k curve. This is illustrated schematically in Fig. 7. 
No^, Eq. (42) is satisfied whenever 

|k| » |k'^ 


(46) 
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because of Eq. (35). Hence, (39) and (46) are the only equations that 
must be satisfied if there is to be a discontinuity. It may be seen that 
these conditions determine a set of lines which satisfy the equations 



(47) 


where K may be any one of the K-type vectors. These lines are illus- 
trated in Fig. 8 for the lattice under discussion. 

Brillouin has pointed out that all similarly shaded regions in Fig. 8 
may be pieced together in a unique way to form a square that is identical 


with the central zone. When this is 
done, points in any two squares that 
overlap when the squares are placed 
on top of one another differ by a 
vector of type K. For this reason, 
similarly shaded regions are said to 
belong to the same zone. It may be 
observed that this piecing process 
requires only that the sections be 
translated to the central zone by a 
vector of type K ; that is, "the sections 
do not need to be folded or rotated. 
If it is recalled that has the 

translational periodicity of the lattice, 
it may be seen that the functions 
that go with a given zone may be 
written in the form 

where k ranges over all points in the 
inner zone and xk has translational 


« j 


\ 
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Fig. 7. — Schematic diagram showing 
the effect of the perturbing potential V 
on the energy levels. The unperturbed 
energy curve is continuous and the 
energy associated with the state k is equal 
to that of the state -k. The matrix 
components of V vanish unless the two 
states satisfy the relation k' *= k + K, 
where K is a principal lattice vector. 
If the matrix of V connecting these two 
states is diagonalized, the new Ek curve 
possesses a discontinuity at k =» ± K/2. 


symmetry; In addition, it may be seen from Eq. (45) that Ek is con- 
tinuous when regarded only as a function of the values of k in the first 


zone. In other words, we may represent Ek as a multiple-valued function 
of the points in the first zone instead of as a single-valued, discontinuous 
function of the points in the entire k plane. The correspondence between 
the two types of representation may be made clear by cutting up each 
of the surfaces in t)ie multiple-valued representation and by placing 
them over the outer zones. The reduced-zone scheme, which uses only 
the inner zone, has the advantage that it requires knowing the geometrical 
form of only one zone. 


It should be emphasized that the symmetry of the zone structure 
shown in Fig. 8 arises from the high degree of symmetry of the 
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unperturbed energy surface. The zone structure does not have the same 
form when this symmetry is absent. We shall illustrate other possibili- 
ties in case 11. 

The important zone relations 

k' - k = K, (48a) 

k^ = k'S (486) 

occur in the theory^ of diffraction of X rays by crystals in which they 
are called Laue^s equations. An X ray having wave-number vector k 
that impinges on a crystal can have its wave-number vector changed to 
k' by diffraction only if these equations are satisfied. Thus, we may 



Fio. 8. — The first four Brillouin zones for a square, two-dimensional lattice. The 
similarly shaded areas may be translated into the first zone by vectors of type K and will 
then exactly cover this zone. The heavy dots indicate principal vectors in k space. 


determine the X-ray diffraction pattern of a crystal from the Brillouin 
zone pattern, and vice versa. This identification of Eqs. (48a) and (486) 
with Laue’s equations shows that the occurrence of zones in the electronic 
P 9 t)blem is intimately connected with the wave properties of electrons. 

, 2. Case 11. — We shall now consider the Schrodinger equation when 
the potential has the form (32). If Vp is neglected, we know that the 
unperturbed equation may be separated into the ordinary equations 


2m dx^ 
dhi(y) 
2m dy^ 


+ ( 7 . - EM » 
+ ( 7 , - EMy) = 


0. 


(49) 


A. H. Compton and S. K. Alubon, X-Rays (D, Van Nostrand Company, Inc., 
Now.Ydrk, 1934), 
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(50) 

and the unperturbed energy is 


E^ ^ Ex + Ey. 

(51) 

From parts a and b of this section, it follows that 


{ = Xfcx(a:)e2«H\ 

V = Xky(y)e^^'^»y,} 

(62) 

where fc* and ky satisfy Eqs. (34). Hence, 



(63) 

just as in Eq. (40), where 


Xk® = Xfc.XJfc,- 

, 


Moreover, both and Ey possess discontinuities at points that satisfy 
the relations 



(n„n, = 0 , ± 1 , ± 2 , • • • ). 

h - Hi 


Since E^ has the same discontinuities as Ex and Ey, we know that dis- 
continuities appear in the unperturbed problem along the lines shown in 
Fig. 9, which illustrates the energy contours of the unperturbed energy 
function in a typical case. 

When applying the perturbation theory, we may use the same simpli- 
fications that were used in simplifying Eq. (36). This procedure is 
permissible because x in Eq. (53) has the same translational periodicity 
as Vp. The perturbed functions now are 






(54) 


Hence, the form of Eq. (40) is maintained, and many of the remarks made 
in connection with E^^ in the preceding case are valid again. Thus, 
the perturbed energy, is discontinuous whenever 

E^ = (55) 


This fact may be derived from an equation analogous to (41). One 
difference between this case and the last is that Eq. (55) is not nece^aril^f 
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satisfied when |k| = |k + K|, as it was in Brillouin^s problem, for the 
energy contours usually are not circles. Instead, they have lower sym- 
metry which depends upon the symmetry of 7* + 7y. Let us assume 
for simplicity that the unperturbed potential has the symmetry of a 
square, which is the highest possible. We may then use one of the 
elementary results of the theory of symmetry, ^ which states that Eq. (55) 
is satisfied whenever is sent into ^®k+K by the symmetry operators 
under which the Schrodinger equation is invariant. From the form of 
(54), it follows that this happens in the present highly symmetric case 



Fig. 9. — ^Energy contours of the zero-order eigenvalues when the potential has the 
form (32). Discontinuities occur only at the lines corresponding to the zones of one- 
dimensional lattices. 

whenever k is sent into k + K by one of the eight symmetry operations 
of a square, that is, whenever 


± (h + K.)\ ± (ky + Ky) 

ky^ ±(K + Ky)) \ky = ±(fc. + K,) 


(56) 


'j^he ± signs in the two sets of cases may be taken in arbitrary combina- 
tions. The conditions (56) include all the lines shown in Fig. 9 and all 
the additional straight lines shown in Fig. 10. Many of the lines that 
appear in Brillouin’s pattern are absent, however, because (56) is not so 
stringent as the condition |k| = |k'l. 

There is a large amount of accidental degeneracy in addition to the 
S 3 nmLmetrical degeneracy that occurs at the points satisfying (56). It is 
not difficult to see that this accidental degeneracy adds just enough zones 
to make up for the difference between the pattern of Pig. 10 and Bril- 

* Cf» E. WiQNBE, Oruppentheorie (Vieweg, Braunschweig, Germany, 1931). 
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louin’s pattern. The additional zone boundaries, however, are usually 
curved rather than straight lines. The amount by which these curves 
deviate from straight lines depends upon the amount by which the energy 
surface = Ex + Ey deviates from a parabola of revolution. An 
additional curved zone is illustrated in Fig. 10 for the case corresponding 
to Fig. 9. The resulting pattern possesses square symmetry. 

The sections having similar shading in Fig. 10 have the same total 
area as the central zone and fit exactly into the first zone if cut along the 
lines of the Brillouin pattern. Moreover, overlapping points of the two 
squares still correspond to values of k that differ by a vector of type K. 


■ 


m 

H 

■ 

m 

m 



«H8 

i 

i 

1 



1 

i 

m 

i 




i 



1 

1 


Fig. 10. — The lines of discontinuity in the case in which the non-diagonal matrix com- 
ponents of the perturbing term in (11) are taken into account. Only the straight lines are 
the same as for Brillouin's case, in which the zero-order eigenfunctions are free-electron 
functions (c/. Fig. 8) . The additional straight lines of Brillouin’s pattern are replaced by 
curved lines, of which one set is shown. The corresponding Brillouin zone is represented 
by dotted lines. 

We shall present these statements without proof since they are easy to 
demonstrate. It follows that the differences between Brillouin^s pattern 
and Fig. 10 have only superficial importance, for by properly cutting 
and translating the zones of Fig. 10 it is possible to piece them together 
to form the Brillouin pattern. As a result of this process, some of the 
starting eigenfunctions are relabeled, since a ^ previously associated 
with a point k may be associated with a point k + K after the redistribu- 
tion. These facts show that knowledge of the central zone is suflGicient 
to provide a complete description of zone structure, for we may always 
regard the energy surface as a multiple-valued function in this doinain. 

If the potential function (32) has no symmetry, aside from transla- 
tional periodicity, we may anticipate that the symmetry of J^k® is much 
lower than it was previously, It is true that the separation into E<j[8. (49) 
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proceeds a^s before and that the unperturbed energy (51) has the dis- 
continuity pattern of Fig. 9, but does not have equal values at points 
that are connected by Eqs. (56). The remaining symmetry, which is 
called the “natural symmetry of the Schrodinger equation, is expressed 
by the theorem that ^ and are independent solutions of the Schrodinger 
equation having the same energy, if ^ is a complex solution and the poten- 
tial function is real. Now, the conjugates of the solutions and rik„ 
of Eq. (49) are and respectively. Thus, the symmetry of the 
one-dimensional energy curves relative to the origin of k space is due to 
the natural symmetry^ of the Schrodinger equation. This symmetry 
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Fig. 11.— First, second and third zones in a case in which the potential function (32) 
has no syfnmetry other than translational symmetry. The only zones that are straight 
lines, as in Brillouin’s scheme, are the vertical and horizontal lines of Fig. 9. All other zones 
are curved lines. Only one curved zone, namely the second, is shown in this figure. The 
fourth zone is curved as in Fig. 10. 

carries over to the two-dimensional energy-level diagram and accounts 
for the straight lines of Fig. 9. Since all other degeneracy that occurs 
is accidental, the other zone boundaries usually are irregular curves, as 
Fig. 11, which have the residual symmetry expressed by the equations 

As before, the similarly shaded regions may be cut and pieced together 
to form the Brillohin pattern. 

. 3. The general case , — It follows from the discussion of the two pre- 
ceding cases that Brillouin’s zone pattern usually does not occur unless a 
^rturbation method in which the unperturbed wave functions are free- 
electron functions \a used. The only unambiguous %ay in which to 

( K Wmmi, Gau, Nm^,, 646 (1982). : ' 
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arrive at Brillouin^s pattern in a general ckse is to use the reduced-zone 
scheme, in which is determined as a many-valued function in the first 
Brillouin zone, and to cut and distribute the energy surfaces among the 
outer zones. The distribution must take place in such a way that an 
energy value associated with the point k in the inner zone goes to a point 
k 4- K in an outer one. If the single-valued representation is obtained 
by another method, the zone structure usually depends upon the method 
employed. Certain zone boundaries, which may be established by an 
investigation of symmetry degeneracy, always appear in cases of high 
symmetry. Other boundaries are not unique and may be altered by 
choice. There will be certain fixed points through which the zones must 
pass, however, even in the case of lowest symmetry. These points are 
determined by the relation 

E^ = (57) 

which expresses the natural symmetry of the Schrodinger equation. 
Thus, the zone lines must pass through the points 

k = |. (58) 

The natural advantages of the Brillouin zone scheme are (1) that it 
determines zones by the Laue conditions, which have significance in the 
theory of X-ray diffraction, and (2) that it preserves a correspondence 
between the k vectors for perfectly free electrons and, those in the lattice. 
If the wave functions for electrons in the crystal are labeled according to 
Brillouin’s scheme and if the crystalline potential field is adiabatically 
decreased to zero, the wave-number values will be preserved and will 
agree with those for the resulting free electrons. 

In spite of these advantages, the Brillouin scheme is not always the 
simplest one to use, particularly when one is dealing with cases in which 
primitive translations are not equal or are not orthogonal to one another. 
Let us consider a case in which the primitive translations are orthogonal 
but not equal. The lines defined by Eq. (58), which are shown in Eig. 12, 
do not form zones that are as simple as those of Fig. 8. It is easy, how- 
ever, to determine a set that is almost as simple. Such a set, for example, 
is shown in Fig. 13. These lines are parallel to the fundamental K 
vectors instead of orthogonal to them, as Brillouin’s zone boundaries are. 
The relative simplicity of this scheme is illustrated in an even more strik- 
ing manner in an oblique case. It is still true, of course, that both 
methods of construction may be brought into coincidence by appropri- 
ately cutting and rearranging zones. 

Case d. The Three-dimensional Schrddinger Eqv4dion.---The thr^ 
dimensional case is a straightforward generalization of the tWOi4imen- 
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sional one. All i^he remarks in case c may be extended at once to cover the 
case in which k is a three-dimensional vector. If we introduce the Born- 
von KArmdn boundary conditions, k takes on the discrete, though dense, 
values defined by the equations 

= Wi (n* = 0, +1, ±2, ± • • • ),, (59) 

which are identical with Eqs. (8), Sec. 22, Chap. III.^ Here the n< are 


arbitrary integers, the ti(i = 1, 2, 3) 



Flo. 12. — Brillouin zone scheme for 
a two-dimensional rectangular lattice. 
The zone boundaries, which are de- 
fined by Eq. (27), are more com- 
plex than those of Fig. 8 because they 
are orthogonal to the K vectors. 


are the three primitive translations 



• 






• 

1 





• 



Fig. 13. — Alternative to Fig. 
12 in which the zone boundaries 
are drawn parallel to the K 
vectors. This simplifies the 
pattern, 


of the lattice, and the Ni are the number of cells that extend along an 
axis of the crystal parallel to 

The three-dimensional Brillouin zones are determined by planes that 
satisfy the equations 



4 ' 


(60) 


^ It may be noted at this point for future reference that the density of points in 
It space, as determined from the solutions 

. ^ Til ^ ^ yt X ri ^ Ti X Tj 

Ni |riTaT|| Nt |Tir2r*| Ni Irirarjl 

of Eq, (34), is F, where F is the volume of crystal. This may be shown by computing 
the recipiocal of the volume of the unit cell of the reciprocal lattice. If spin degen- 
eracy is included, the density of states is 2F. 
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which are analogous to (48). The vectors K are defined by the relations 

= (61) 


where the I are arbitrary integers. These equations, which generalize 
(38), are special cases of (59) and their solutions [c/. Eq. ( 8 a), Sec. 22 , 
Chap. Ill] are: 


K = I 


^2 X 1?3 
IT1T2T3I 


+ h 


X Tl 

|tlt2t3| 


7 X 

hi r* 

|Tlt2t8| 


(62) 


The three-dimensional eigenfunctions always have the form 

where Xk has the translational periodicity of the lattice. This fact may 
be proved either by perturbation theory, as was done in case c, or by 
use of group theory. 

We may obtain zone patterns that are different from Brillouin’s by 
basing the determination of zones on some scheme that does not start 
from free-electron waves. Some of the simpler zones determined by 
other methods are the same as those obtained by use of (61) in cases of 
high symmetry. As before, the differences in zone pattern are super- 
ficial, since any pattern may be made to coincide with the Brillouin 
pattern by appropriately rearranging points in k space. We shall dis- 
cuss further details of the three-dimensional case in the next section. 

Although the discussion of c and d has been restricted to the Schro- 
dinger equation, the conclusions are valid for the solutions of any eigen- 
value problem in which there is translational symmetry. The problem 
of determining the normal modes of vibration of a crystal is a case of this 
type. We have seen in Chap. Ill that zone theory plays an important 
role in the classification of solutions of this problem. 

62. Survey of Rules and Principles Concerning Three-dimensional 
Zones. — In this section, we shall amplify the remarks of part c of the 
previous section by tabulating rules for constructing three-dimensional 
zones. Some of these rules were discussed in Sec. 22 ; others may be 
derived by applying the principles introduced there. The rules are as 
follows: 

a. All zones have equal volume in wave-number space. This rule 
follows from the fact that all zones may be mapped in one another. 

h. It is possible to neglect all zones except the first if^ €(k) is regarded 
as a multiple-valued function in this zone. This reduced-zone scheme 
is most useful when one is determining surfaces by a direct solution of 

^ We ehall usually designate the eigenvalues of the three-dimensional periodic 
one-electron functions by €(k). 
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Fock^s equations, for then one may derive ‘the energy bands without 
becoming involved in many of the geometrical complexities of zone 
structure. 

c. Each zone contains 2N states, where N is the number of cells in 
the lattice. The factor 2 arises from the two possible orientations of spin, 
and the factor N from the fact that N values of k are associated with each 
zone. It follows that the maximum number of electrons that may occupy 
any zone is 2N. 

d. There is a close correspondence between the laws for determining 
Brillouin zones and those for determining X-ray diffraction. This 
correspondence is indicated in part by the fact that the equations of 
Brillouin zone boundaries are the same as Laue^s equations for X-ray 
diffraction; however, the correlation may be much closer. Mott and 
Jones^ have pointed out, for example, that in any monatomic solid in 

which the electronic potential may be approximated by a sum 

8 

of contributions from each atom, the energy discontinuities are small 
for values of wave numbers for which the X-ray structure factor is 
small and are large when the structure factor is large. This type of corre- 
lation usually does not occur in polyatomic solids because the scattering 
powers of atoms for low-energy electrons and for X rays are not necessa- 
rily proportional for different atoms. 

e. Lattices that have the same type of translational symmetry have 
equivalent zone patterns since zone structure is determined by the K 
vectors and these are determined by the primitive translation vectors. 
The magnitude of the gaps, which is determined by the distribution of 
potential in the unit cell, however, may be entirely different for crystals 
that have the same zone structure. Hence, the zone boundaries at which 
the largest gaps occur may be completely different in translationally 
similar crystals. This fact is analogous to the fact that the intensities 
of X-ray diffraction spots may be very different in crystals that have the 
same translational symmetry. 

If Brillouin^s zones are used to describe the states of all electrons 
iii the solid, it may be convenient to regard the X-shell electrons as filling 
the first set, the L-shell electrons the next, etc. The valence electrons 
then occupy zones at the outer fringe of the filled region. It is usually 
more convenient, however, to disregard inner-shell electrons when one is 
discussihg properties of the solid that do not involve them explicitly. 
The valence electrons then may be regarded as occupying the central 
zones. 

. f, 

* Mott and H. Jonsb. The Theory MeUde and AUoytt Chap. V (Oxford 
Univenfity Press, New York, 1936). 
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g. Two neighboring zones may have overlapping energy levels even 
though the energy associated with the outer zone is higher than that 
associated with the inner at any particular point of the boundary. An 
example of a case in which overlapping occurs is shown in Fig. 14. 

h. All occupied zones cannot be completely filled in a substance 
that has an odd number of electrons per unit cell. Hence, occupied and 
unoccupied levels are immediately adjacent in a substance of this type. 
Since this is the condition for metallic conductivity, these substances are 




Fig. 14. Fio. 15. 

Fig. 14. — €(k) curves for the case in which two aones overlap. This figure gives super- 
position of energy curves for values of k on lines that pass through the origin of k space 
and extend in three prominent directions. The intercepts of these lines with the zone 
boundary occur, respectively, at kai kb, and kc. The highest point at ka, which belongs to 
the second zone, lies below the lowest point of k& which belongs to the first zone, etc, (com- 
pare with Fig. 15). 

Fig. 15. — e(k) curves for the case in which two zones do not overlap. This figure is 
the same as Fig, 14 except that the gaps are so large that the uppermost levels of the lower 
band are always below the lowest levels of the upper band. A substance having e(k) 
curves of this type is an insulator if there is an even number of electrons. 


metals (c/. Sec. 60). If the substance has an even number of electrons 
per unit cell, the type of conductivity depends upon the nature of the gaps 
at the boundary of the filled region. Suppose that there are 2m electrons 
per unit cell. The mth zone is not completely filled if the mth and the 
m + Ist zones overlap, for then some electrons prefer the lowest levels 
of the m + 1st zone to the highest levels of the mth zone. Thus, the 
substance should be a metal in this case. On the other hand, it should 
be an insulator if they do not overlap. Cases corresponding to both 
these types are shown in Figs, 14 and 16. 

We shall not discuss those properties of zones and energy surfaces 
which may be derived by application of group theory, for to do so would 
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carry us too far afield. The development of .this topic may be found in 
the references of footnote 1, page 275. 

63. Examples of Zone Structure. — For illustrative purposes, we shall 
describe in this section the simplest zones of several lattices. The precise 
description of zones is important, at present, only for a few simple 
crystals, such as the monovalent and divalent metals and the alkali 
halides. More complex solids can be handled only in rough approxima- 
tion. Thus, for 7 brass all that is important is to know the shape of one 
or two zones near the limit of the filled region and whether the gaps at the 
boundaries of these zones are large or small. We shall discuss these 
cases as we need them in later sections. 

a. Face<entered Cubic Lattice . — The primitive translations of the face- 
centered cubic lattice may be chosen as 



The components of these vectors are expressed in Cartesian coordinates. 
Solving the equations 

k • Niiii = Ui {i = 1, 2, 3), (2) 

which define the values of k, we find 



Hence, the reciprocal lattice is body-centered. 

The K vectors are given by those values of (3) for which ni, n 2 , and 
ns are integer multiples of Ni, and iVs, respectively. The first three 
sets of these vectors are: 
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The first two zones are shown in Figs. 16a and b and are bounded by 
planes orthogonal to (I) and (II), The higher zones are more compli- 
cated and involve other K vectors. It may be seen that the illustrated 
zones are uniquely specified by symmetry conditions. 

6. Body-centered Lattice . — The primitive translations in this case are 



In other words, the inverse lattice in this case is face-centered. 



The first two sets of K vectors are: 



The first two zones appear in Fig. 17. 

c. Close-packed Hexagonal Lattice , — ^The primitive translations of the 
close-packed hexagonal lattice are 
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Thus, this lattice is its own reciprocal. The first zone is tlie hexagonal 




Fia. 17. — The first two zones for the body-centered cubic lattice. The surfaces of the 
first are normal to K vectors (I) of the text, whereas the surfaces of the second are normal 
to K vectors (II) and K vectors that lie in the (111) direction. 






Fig. 18. — The first two Brillouin-type zones for a close-packed hexagonal crystal. The 
second zone is not uniquely defined by symmetry and may be drawn in many different 


ways. 


prism shown in Fig. 18, which is determined by the following two sets of 
K vectors: 



The form of the second zone, which is determined by the sets (I) and (II) 
and the set 
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depends upon the axial ratio y/Zh/%a. The form for an ideally close- 
packed lattice is illustrated in Fig. 18. 

64. Cases of Coalescence of the Heifler-London and Bloch Schemes^. 
We saw in Sec. 58, Chap. VII, that the Heitler-London and Hund- 
Mulliken schemes are equivalent when applied to the state of a molecule 
whose constituent atoms or ions have only closed-shell configurations. 
In this case, the total wave function is a single determinant in both the 
one-electron schemes, and it is possible to transform one determinant 
into the other by adding to each row an appropriate linear combination 
of other rows. A similar theorem is valid for solids. The Heitler-London 
and Bloch schemes are identical whenever the Heitler-London scheme 
leads to completely filled shells. To prove this, all that is necessary is 
to show that a complete zone of N Bloch functions may be constructed 
by taking linear combinations of the N Heitler-London functions associ- 
ated with translationally equivalent atoms in the N unit cells of the 
lattice, j^r each of these Heitler-London functions appears once with 
each spin in the determinantal eigenfunction. 

Let ^(r — r(n)) be the closed-shell function that is centered about 
the point r(n) in the nth unit cell. The functions formed from these by 
taking the linear combinations 

4 ( 1 ) 

n 

where r(n) is summed over all unit cells in the lattice and k is a vector in 
the reciprocal lattice of the crystal, are Bloch functions. This may be 
seen^ by changing r to r — 'c where 'c is any primitive translation of the 
lattice, for then (1) becomes 

^ ^2irtk.Tg~2»»k.lr(n)+rl^(r - (x(n) -f* t)) = 
r(n)+r 

since in an ideal unbounded lattice the summation over r(n) + 1 is 
equivalent to a summation over r(n). Thus, the function in (1) is 
multiplied by a factor when the crystal is translated by an amount 

^ F. Bloch, Z. Physik, 62, 555 (1928), pointed out first that the sum (1) is the 
combinatioii of atomic functions which satisfies the periodic boundary conditions. ' 
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X. N independent functions of type (1) may be constructed from the 
^(r — r(n)), and this number is just sufficient to fill a zone. 

The converse would be a theorem stating that the Heitler-London and 
Bloch schemes are equivalent whenever the Bloch scheme leads to a set 
of completely filled zones. It does not seem to be possible to prove this 
theorem generally. It is probably valid, however, in many special cases. 
Consider the N functions 

4f(t - tin)) = (2) 

k 

where is a Bloch function, k is summed over all the N values in a 

single zone, and r(n) ranges over N translationally equivalent positions 
in the N cells of the lattice. The function (2) is localized in the nth 
unit cell if Xk varies sufficiently slowly with k ; hence, in this case, it is a 
function of the Heitler-London type. Suppose, for simplicity, that xk 
is independent of k. Then the function (2) degenerates to 

xW^e-^’Tfk-tr-rCn)]. (3) 

k 

The phases of the exponent in the summands of this function range 
roughly between the values ±27r|r — r(n)||k(max.)|, where k(max.) is the 
distance from = 0 to the farthest point in the zone. Hence, the sum 
in (3) has its maximum value when r is in the nth unit cell and is very 
small when \t — r(n)| is large. Although this property is affected if 
X depends upon k, we may expect (2) to be localized as long as the 
dependence is not strong. 

Thus, in some cases, we may transform a determinantal wave function 
that is based upon a filled zone of Bloch functions into a determinant of 
Heitler-London functions that are localized about any set of points in the 
unit cell we choose. It may happen, however, that the Heitler-London 
wave fimctions which are obtained in this way do not have desirable 
symmetry characteristics and that a better set can be found. 

Before leaving this topic, we shall discuss the connection between 
tlie energy parameters in Fock^s equations for the Bloch scheme and the 
Heitler-London scheme when the two are equivalent. For the Bloch 
scheme, the equations may be chosen in the form 

= €(k)^ (4) 

since the ^ are automatically orthogonal (c/. Sec. 51). The correspond- 
ing equations for the Heitler-London functions are 

H\l/n = 60 + 2 ) anm^m 


(5) 
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in which 

* Ht - r(n)) 

is localized about the atom at the position r(n) and the otnm are normaliza^ 
tion parameters that must be introduced because the form a highly 
degenerate set of functions not automatically orthogonal. 

The and are connected by the equations 

m 

It may be verified that the operators H in Eqs. (4) and (5) are the same 
because of Eqs. (6). The relation between c(k) and eo may be found by 
multiplying Eq. (5) by e^xtk.rCn)^ summing over n, and subtracting Eq. (4). 
The result is 


(eo - e(k))^ + = 0- (7) 

n,m 

If we multiply this by ^k* and integrate, we find 

e(k) = eo + ^2 (8) 

n,m 

We shall discuss relationships of this type in more detail in the next 
section. 

65. Approximate Bloch Functions for the Case of Narrow Bands*.— 

It is possible to use Eq. (6) of the preceding section to obtain Bloch 
type functions from atomic functions even when the Heitler-London and 
Bloch schemes are not equivalent; indeed, these functions are sometimes 
very useful for semiquantitative discussions. The relationship between 
the energies in this case may be derived in the following way: We shall 
assume, for simplicity, that we have a monatomic lattice of atoms that 
possess one valence electron each and that the Schrodinger equation for 
the wave function ^(r — r(n)) of the electron in the nth atom is 

{ " r(n))|^(r - r(n)) = e^(t - r(n)) (1) 

when the atom is free. The function 7(r — r(n)) is the electronic poten- 
tial, which we may expect to be negative. When the atoms are brought 
together, the potential at the nth atom is changed by the addition of the 
term 

^V(r-r(m)) 
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in which m is sununed over all atoms except the nth. In order to deter- • 
mine* the energy of the Bloch wave function 

n 

it is necessary to evaluate the integral 

«(k) = J + 2 

m 

n,m 

y(r - r(n))|i^(r - r(n))dr -f- 

2e*"Mr(»)-r(m)i J ^.(r _ r(m))2 ^(r - r(0)\^'(r - r(n))dT.^ (3) 

n,m Mn 

We shall assume that the atomic functions satisfy the relations 



Si*(i - r(m))f(r - t{n))dT = 5„,„ 


and that 

/^•(r - r(m))F(r - r(0)^(r - i(n))dr 


is zero unless one of the conditions 



n ^ 1, n — m, 1 = m 


is satisfied. 

Equation (3) may then be simplified to 



*(k) = e' 

(4) 

where 

n,m 



*' = « + X/ I'KFWiT - t{l))dT 

(5) 

and 

1 

= ini - r(m))F(r - r(n))^(r - r(n))dr. 

. (6) 


Both in this equation and anm in Eq. (8) of the preceding section are 
larger when the atoms overlap a great deal than when they are far apart; 
moreover, in the limit as the atoms become free, (4) approaches the 
energy c' of the electron in the free atom for all values of k. We may 

^Ibid. 
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conclude that in the solid there is a band of Bloch levels corresponding 
to one zone of k space for each electronic state of the free atom {cf. 
Fig. 19). 

Since the lattice has translational symmetry, it follows that c4+i.„ 
is independent of n. Thus, Eq. (4) may be written in the form 


€(k) = *' + (7) 

I 

in which 

“ ^n+l,n ( 8 ) 

and the summation extends over all values of I Equation (8) of the 

preceding section evidently can be placed in the same form. Now, 

atomic functions may always be chosen as real if there is no magnetic field 
present. Thus, the a' may be regarded as real, and Eq. (7) may be 
placed in the form 


€(k) = e' + cos 2irk • iQ) 
i 


= €' + sin^ irk • t(1). 

i i 


(9) 


Only the ai corresponding to very 
the bands are comparatively narrow. 
Hence, only the first few terms in the 
series (8) need be retained in this 
case. The a corresponding to im- 
mediate neighbors are equal in the 
three cubic lattices and in the ideally 
close-packed hexagonal crystal when 
the atomic functions are s type. 
Hence, in this case the nearest- 
neighbor terms in (9) may be written 
as 

e(k) = *"-2a]g8in!iirk.r„ (10) 

fn 

where r„ ranges over the vectors 
connecting an atom with its nearest 
neighbors and 

6" = e' -I- za 


near neighbors are important when 



Fio. 19. — The one-electron levels of 
the free atom split into bands when the 
atom enters the solid. 


in which z is the number of nearest neighbors. Now, if F(r — r(n)) 
in the integral (6) is negative, as the electronic potential of an atom 
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should be, and if the portions of the ^ that overlap have the same sign, 
as we may expect for well-separated b functions, the a in (9) are negative. 
Thus, we may conclude that before appreciable overlapping occurs the 
€(k) curves for bands that arise from b electrons increase with increasing 
values of {k| in any direction starting from the origin of k space (c/. 

Fig. 20). 

The same conclusion cannot be 
drawn in cases in which the atomic 
functions are not s type. Suppose, 
for example, that the atomic ^ are p 
functions of the form 

( 11 ) 

Then the overlapping portions of the 
^ of atoms that have different x 
coordinates have opposite signs, and 
their a are positive (c/. Fig. 21). 
Moreover, although the overlapping portions for atoms that lie in the 
same x plane have the same sign, the product is small because (11) has a 
node in this plane. Thus, in this case the function e(k) should decrease 
with increasing values of k in the x direction of k space and should 
increase in the y and z directions (c/. Fig. 22). Cases in which the func- 
tions are higher than « or p type must be considered individually. 



Fig. 20. — The e(k) curve for an « 
electron band is concave upwards for all 
directions in k space. 



Flo. 21. — The overlapping parts of p functions of ts^pe (11) that have different * coordinates 

have opposite sign. 

It is readily foi^nd that, in monatomic crystals having the three 
simplest cubic structures, £q. (10) reduces to 

€(k) ^ - 4ir*aa«k* (12) 

in the nei^borhood of the origin of k space, where a is the edge length 
of the fundamental cube. This may be made identical with the expreS'* 
sion for effectively free electrons, namely, 
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by setting 


Since a is negative for s electrons, they have a positive effective mass. 
On the other hand, it is clear from what has been said in the preceding 
paragraph that the effective mass of electrons near the origin of a p band 
is negative for motion in the x direction. The significance of negative 
masses will be discussed in Sec. 68. 

Mott and Jones^ have used €(k) 
functions of type (10) to compute the 
function dN/de, which gives the num- 
ber of states per unit energy range. ^ 

Since the density of points in k space 
is uniform and is equal* to 2F, it 
follows that 



6N = 2FdTk, 

where drk is the differential of volume 
in k space and 6N is the number of 
states in this volume. Now, if we 
choose coordinates so that the differ- 
ential of volume is bounded on two 
faces by surfaces of constant energy, 

drk = ds(^Jd€f 



Fio. 22. — €(k) curves for a p band. 
The «(A:») curve is concave downward, 
whereas the t{ky) and e(.kt) curves are 
concave upward. The curvature is 
less in the second case because the over- 
lapping is smaller. 


where dS is the differential area of the surface of constant energy, de 
is the energy difference of the two bounding surfaces, and dk/de is the 
change in in going from one energy surface to the other. Evidently, 


whence 


n(€') s 


^1 = 1 
,dt) Igradk «(k)|’ 

_ f f 2Vd8 
, dt J J Igradk €(k)| 


in which the integral extends over the surface of energy e'. 


( 13 ) 

(14) 


' C/. Mott and Jonbb, op, eU, 

* In the following Bections of this book^ we shall usually designate dN/a^ by nU), 

* See footnote 1, p. 294. 
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Figure 23 gives a comparison of the n(€) curves for the first zone of 
a body-centered lattice that are obtained with the assumptions that €(k) 
is given by Eq. (10) and by the free-electron equation 



respectively. In the second case, the function varies as until the 
spherical contours intersect the zone boundary, whereupon the density 
of levels decreases. 



0.5 10 15 

_c 

4a ^ 


Fio. 23. — dN/de curves for a body-centered cubic lattice. Curve b is derived by 
assuming the electrons are perfectly free; curve o is obtained from an e(k) relation of the 
type (10) . 

66. The Total Electronic Wave Function of the Solid. — ^Let us digress 
momentarily from the one-particle approximation and discuss the wave 
functions of the solid as a whole. To begin with, we shall assume that 
the constituents are far apart. If the lowest states of these atoms, ions, 
or molecules are nondegenerate as in rare gas solids, ordinary molecular 
crystals, or ionic crystals that are referred to a normal state of ions with 
rare gas configurations, the lowest state of the entire assembly also is 
nondegenerate. On the other hand, if the constituents are twofold 
degenerate, as in the alkali metals, the total degeneracy of the system of 
N separated atoms is 2^. More generally, the degeneracy of the lowest 
state of the entire assembly is if the lowest state of the constituent is 
i>-fold degenerate. The first excited state of the nondegenerate assembly 
is iVjf-fold degenerate if the first excited state of the constituents is /-fold 
degenerate. The factor N appears because any one of the N constituents 
may be? excited. 

Let us now bring the atoms or molecules closer together in order to 
form a solid. We may expect some of the levels of the entire solid that 
are highly degenerate at infinite separation to split into levels of lower 
degeneracy as the interatomic distance decreases to the point where the 
charge distributions of different atoms overlap. This splitting may occur 
in any one of several ways. (1) The components of the splitting level 
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may be separated from one another by finite distances {cf. Fig. 24o). 
(2) The level may split into a quasi-continuous band (Fig. 246). ( 3 ) It 
may break into separate continuous bands (Fig. 24c). (4) It may break 
into bands and discrete levels (Fig. 24d). A nondegenerate level remains 
nondegenerate, of course, although it may cross or mingle with the 
progeny of degenerate levels (Figs. 25a and 256). 

The splitting of degenerate levels may be 
understood from a general standpoint in the 
following way. It can be shown on the basis of 


Fig. 24. Fig. 26. 

Fig. 24. — Possible behavior of a degenerate level of a system of atoms as the atoms 
are combined to form a solid. In a the level splits but remains discrete; in h it splits into 
a quasi-continuous band; in c it splits into two bands; in d it splits into a band and a dis- 
crete level. The discrete levels in a and d may be highly degenerate. 

Fig. 25. — The upper level is highly degenerate whereas the lower is nondegenerate. In 
case a the lower level does not merge with the continuum; in case h it does. 

symmetry theory that the wave functions of the entire crystal have 
the form 

2irt(Sk<T<) 

Xki, . . . , kn(ri, • • • j tn)e * . ' (1) 

Here, r* is the position vector of the tth electron; Xki, . . . , k« is a periodic 
function in the sense that 

Xki, . . . ikfi(fl *4" 't, r2 “I" ■ * * # Tn “h * 5 ) = Xki, . . . i k»(ri» ' ’ ’ » In) (2) 

where t is any translational vector of the lattice. If periodic boundary 
conditions are used, the satisfy the relations 

(a “ 1, 2, 3), 

where T® is one of the three vectors corresponding to the edge lengths 
of the crystal and la is an integer. The function ( 1 ) evidently is a 
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StHlimensional generalization of a Bloch function, and is a general- 

I 

ized wave-number vector. For each set of integers Is, and Is, there is 
an independent value of When the atoms are widely separated, 

t 

we may expect xk, k«, as in the one-dimensional case, to be a func- 

tion that has a relatively large amplitude only when the electrons are 

2x»(2k»Ti) 

near the atoms. The modulation factor e * then has relatively 
minor importance; and, as in the case of bound electrons in the Bloch 
scheme, the degeneracies may be high since many wave functions that 

have different values of may have the same energy. On the other 

hand, we may expect x to have an appreciable amplitude for a much 
wider range of the r* when the atoms are close together. The value of 

then affects the energy, and the degeneracy is at least partly 

% 

removed. 

If the lowest level is not degenerate and if, as in Fig. 25o, it does not 
mingle with a continuum, the solid in its normal state is an insulator. 
In this case, we may regard the effect of an electrostatic field as a pertur- 
bation and may express the perturbed state as a hnear combination 
of the unperturbed functions. The amplitude with which the excited 
states appear in this function is proportional to the field intensity and is 
small as long as the field is not strong. Hence, we should expect a 
finite electronic polarizability for small electrostatic fields, just as for 
ordinary atoms and molecules in which the lowest level is discrete. 

Consider next the cases illustrated in Fig. 26 in which there are 
low-lying continuous bands. The lowest state now has a large number of 
other states arbitrarily near to it. When this solid is placed in an electro- 
static field, it may be possible to construct from the lowest levels of the 
contmuum a stable perturbed wave function which takes maximum 
advantage of the applied field by neutralizing this field within the solid. 
This property corresponds to infinite polarizability and is characteristic 
of metals. A continuum of levels is a necessary but not a sufficient 
condition for n^etaUic polarizability, as we shall see presently. We may 
conclude that Fig. 26 is representative of the energy-level diagram of a 
metal Figure 26& then corresponds to the case of an alkaline earth 
metal. The normal state at infinite separation is not degenerate in this 
case because the atoms have closed-shell (s^) configurations. 

ft is not possible to describe a continuum of the type required for 
metailie behavior by means of the Hdtler-London approximation. 
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Since the Hartree-Fock field for the Heitler-London functions must 
have a trough in the region where the electrons are localized, just as in 
the case of atoms, we may expect the lowest energy levels that are associ- 
ated with this trough to be discrete. Hence, the lowest and first excited 
levels of the system should be separated by -a finite energy. 

The Bloch scheme, on the other hand, leads to a continuum of the 
required type, as we have seen in the preceding sections of this chapter. 


Thus the Bloch scheme is preferable to the 
Heitler-London for a purely qualitative 
description of the properties of metals. 

Although the lowest state of insulators 
may be described equally well by either ap- 
proximation, the Bloch scheme may be 
inferior for the lowest excited states. Con- 
sider, for example, the following system. 
We shall start with a set of N infinitely 
separated atoms having nondegenerate 
normal states. One excited state of this 
system is that in which an electron is re- 
moved from one atom and is placed on 
another, a positive and a negative ion thus 
being formed. We shall assume for sim- 
plicity that this is the first excited state. 
Its degeneracy is gpgnN(N - 1), where gp 
and gn are the degeneracies of the positive 
and negative ions, respectively. The factor 
N(N - 1) occurs because an electron may 
be taken from any one of the N ions and 
placed on any one of the iV — 1 remaining 
atoms. Some of this degeneracy disappears 
as the atoms are brought within a finite 



Fig. 26 . — Cases in which the 
lowest levels form a quasi- 
continuouB band. In case a 
there is no nondegenerate level 
and the low>lying degenerate 
level breaks into a band. In 
case b the nondegenerate level is 
absorbed into the continuum of 


distance of one another, because of the arising from an excited 

. , .. 1 , ... 1 level. Case a is characteristic 

interaction between positive and negative of the alkali metals, case b of 

ions. The energy of a pair of spherically alkaline earth metals. 


symmetrical nonoveriapping ions decreases by an amount —e^/r, as the 
ions approach one another, where r» is the distance between their centers. 
Thus, the degeneracy of the new levels is n,gpgnNy where n. is the number 
of neighbors at distance r, from a given atom. This remaining degen- 
eracy is partly removed as the atoms overlap, and each level may be 
expected to split into a band. Suppose that the splitting has reached the 
point corresponding to the line A, Fig, 27, when the system attains 
equilibrium relative to interatomic displacements. The first band of 


excited states then differ from the normal state in that an electron has 
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been transferred from one atom to an immediate neighbor. Since the 
negative and positive ions that are produced remain at a fixed distance 
relative to one another, the crystal does not possess electronic conductiv- 
ity when in any one of the levels of this band of excited states. It is 
not possible to describe nonconducting excited states of this type by 
means of the Bloch approximation. A crystal in which all occupied 
zones are completely filled is an insulator, but it becomes an electronic 
conductor as soon as one electron has been removed to an unoccupied 
zone. Thus, the use of the Bloch approximation for an insulator is 
equivalent to assuming that a continuum which is similar to the con- 
tinua of metals lies above the lowest nondegenerate level of the crystal. 



Fig. 27. — Caae in which the lowest level is nondegenerate and the excited degenerate 
level splits into several bands, the lowest of which is nonconducting. The nonconducting 
states cannot be described by the Bloch approximation. 

V 

The Heitler-London approximation is somewhat more suitable than 
the Bloch scheme for describing the nonconducting excited states. 
However, it is open to the objection that in using it the assumption must 
be made that a particular atom is ionized and that the electron is localized 
on the neighbors of this atom. Since all atoms in the model discussed 
above are equivalent, the excitation would be described more appropri- 
ately if it extended throughout the lattice. In Sec. 96, we shall discuss 
an approximational scheme that satisfies this condition. 

The Bloch scheme is not always invalid when the lowest state of the 
solid is not degenerate for large separations. Free alkaline-earth metal 
atoms are normally in a state, and yet they combine to form metals. 
In this case, the degenerate level that corresponds to all atoms being in 
the first excited state apparently drops below the nondegenerate state 
and broadens into a continuous band as the atoms are^brought together 
((/. Fig* 265). This band presumably is similar to the low-lying band 
of the alkali metals and gives the alkaline earths their metallic charac- 
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teristics. It follows, from this example, that the first excited state of an 
insulator may be conducting for actual interatomic separations even 
though this state is nonconducting for large distances. A continuum 
that arises from degenerate states in which many atoms are excited or 
ionized can cross or become very close to the nonconducting levels, leaving 
the solid in the condition corresponding to that shown in Fig. 28. 


f 



Fig. 28. — Case in which the conducting levels arising from the first excited state of an 
insulator overlap or come very close to the nonconducting levels at the actual interatomic 
distance. In this case, unlike that of Fig. 27, the first excited state is conducting. 


67. Koopmans’s Theorem*. — We shall now prove a theorem, due to 
Koopmans,^ which states that the energy parameter €,• in Fock’s equa- 
tions for a solid, namely, 


( 1 ) 

is the negative of the energy required to remove the electron in the state 
<Pj from the solid when the space part of the <p are Bloch type functions. 

Suppose that the Hamiltonian for the entire solid is designated by H. 
Then when the jth electron is removed, the new Hamiltonian is 




( 2 ) 


where F,- is the ion-core potential. The wave function of the initial 
state is 




^;-i(ri) v>;+i(ri) ^n(ri)| 




1 

Vnl 





^ T. Koopmans, Phyaica^ 1, 104 (1933). 
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whereas the wave function for the state in which the electron having the 
function <pj has been removed is 


^i(ri) . 




Vin - 1)1 


. ^/-l(ri) <Pn(Tl) 


<Pi{rn). 


. ^«(rn)^ 


(4) 


Since the Fock Hamiltonian is practically unchanged when a Bloch 
type function is removed, because the electron charge is spread through- 
out the entire crystal, the (p in (3) and (4) are practically identical. This 
conclusion clearly is valid only when the electronic system is very large 
and when the one-electron functions are of the extended type. 

The work done in removing the electron is simply 


(5) 

in which dF excludes the variables of the jth electron. Now, 


tyj 

<pi*(.Ti)n*{Tt)<Pi{Ti)>Pkin) 



is equal to the same expression with the difference that the 
summations include the index j. Thus, (5) is 


i 

2 el J »’<*(»’0»f*(ri)w(ri)<i>>(ri)j , 

i 

- j <t>i*(XiWvi(ti)dr = -,j 

(if. Sec. 51), whidi proves Koopmans^s theorem. 

It should be noted that Koopmans^s theorem also tells us that, in the 
Fock approximation, the energy required to take an electron from the 
state ^ to the state w is «(k') — €(k) when the one-electron functions 
are of the Bloch type. 

68, Velocity and Acceleration in the Bloch Scheme.— We shall how 
de^^elop several theorems' concerning the behavior of electrons in the 

‘ These theorems have been proved independently by several workers. See, for 
exam^, A. Sommerfeld and H. Bethe, Hcmdbu^ der Phytik^ Vol. XXiy/2; H. Jbnes 




SfiC. 681 


TMB BAND APPROXIMATION 


315 


Bloch approximation. In particular, we shall be interested in the relation 
between electron velocity and energy and that between acceleration and 
external fields. In quantum theory, the quantities corresponding to 
velocity, acceleration, and force are represented by operators. The 
ordinary measured values of these quantities for a given state of a system 
are the mean values of the corresponding operators. Hence, in order to 
proceed in a rigorous fashion, we should compute these mean values and 
should derive relationships among them from the quantum laws. Actu- 
ally, the correct final results may be obtained much more simply by 
using wave-packet methods. We shall employ this procedure. 

a. The RelaMon between Velocity and Energy . — In order to determine 
the velocity of an electron that has a given energy €(k') and has the 
wave-number vector k', we shall construct a packet by adding together 
wave functions associated with values of k in the vicinity of k' and by 
determining the group velocity of this packet. This group velocity 
corresponds to the measured or mean value of the velocity of an electron 
having wave number k'. When the proper time dependence is included, 
the Bloch wave functions are 

^ ( 1 ) 

where is the space-dependent part and e * is the time- 

dependent part. The packet, whose constituent functions are centered 
about k', is 

/(r,<) = /a(k)xke“^(‘""*'‘)dr(k) (2) 

where |a(k)| has a maximum value at k = k' and decreases rapidly on 
either side. The integration extends over the range of values of k about 
k' in which \a{k)\^ is appreciably different from zero and which may be 
made as small as we please. If we set k = k' + Ak and expand €(k) in 
a Taylor series about k', we obtain 

€(k) = €(k') -h gradk' €(k') • Ak + • • • . (3) 

We shall assume that the range in which Ak is important is so small that 
we need retain only those terms indicated in (3). Equation (2) then 
becomes 

fiU) ^ Ja(Ak)xke*^^*^ ^^)’^dT(Ak) 

and C. Zener, Proe, Roy, 8oc,, 144 , 101 (1984); H. FrfihUch, Theorie der MMh 
(Jidinfl Springer, Berlin, 1987). 
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where the integration now extends over a range of Ak about the value 
Ak - 0. xk varies so slowly with k that we may take it outside the 
integral and write 


/W) S (4) 

Equation (4) describes a wave packet whose phase is determined by the 
function 


Xk'« •- * (5) 

which is the Bloch function corresponding to k = k'. Its group behavior 
is determined by the function 


J a{Ak)e 


f gradjj/* V 

— r“0 


Ak 


dT(Ak)^ 


( 6 ) 


of which the argument is r — Thus, the function (6) has 

constant amplitude at those points for which r — t gradk e is constant, 
that is, at points that move with the constant velocity 


v(k') = i gradk- 


( 7 ) 


\/hich is the group velocity of the packet. The classical expression 
1 1 = \/2elm for the speed is valid only in the special case in which 


€ = 



that is, for perfectly free electrons. The relation between speed and e 
is different in all other cases. For example, near the top of a band where 
the slope of € decreases, the speed decreases with increasing energy and 
actually may become zero if the slope of e happens to vanish at the 
boundary of the zone. 

The current i carried by an electron having velocity v is — ev. Hence, 
we obtain from (7) 

i=-ee2^). (8) 

h. The Effective Electron Mass . — We shall now derive the relation 
between acceleration and applied force. It follows from Eq. (7) that 

dv _ df gradk «(k)l _ gradk [d«(k)/<K] 

d< “ d<[ h J h 
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( 10 ) 

which should remain valid for the mean values of quantum theory. 
Substituting (10) in (9), we find 

dv _ gradk F • v _ F • [gradk gradk €(k)] . . 

dt h ^ ’ 

where gradk gradk fi(k) is a tensor the nine components of which are 


dh dh I 

dkl dkydK dkgdkx 

dh ^ dh 

dkxdky dkl dkgdky 

, dh dh dh I 


(12) 


\dkxdkx dkydK dkl I 

Equation (11) is analogous to the classical equation 

J = -F 

dt m 

and shows that in the Bloch approximation an electron in an energy band 
behaves as though it had an effective mass m* represented by the tensor 


^ ^ gradk gradk e(k). (13) 

Thus, the force and acceleration usually are not in the same direction. 

Suppose that the electron is moving in the direction of a principal 
axis of the tensor (12) and that this direction is chosen to lie along the 
X axis. Then, the effective mass for acceleration in the x direction is 


= dM&fcr 

As we may see from Fig. 2, this is usually negative when the electron 
is near the top of the band. Hence, an electron in this position behaves 
as though it had a negative mass. The type of force that we shall 
usually consider is the combination of electrostatic and Lorentz force: 


F = -eE - ?v X H. 
c 

Since e appears linearly in this, an electron with a negative effective mass 
is equivalent to a particle with a positive charge. 
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It was found while developing the free-electron theory of metals 
that the electrons that reside in the energy band of width kT B>t the top 
of the filled region are principally responsible for the electrical properties 
of metals. If this band lies ab^ve the inflection point of €(k), all these 
electrons behave like positive charges. This fact evidently offers an 
explanation of the anomalous Hall effect: metals and semi-conductors 
that have a positive Hall constant contain nearly filled bands. 

It sometimes is convenient to ascribe all the “ anomalous properties 
of metals and semi-conductors that are associated with the electrons of 
negative mass to the vacant levels or holes at the top of the nearly 
filled band. Thus, these holes may be treated as though they were 
positively charged particles having effective mass 

^ - gradk gradk e(k). 


This convention is not simply an analogy, for Heisenberg^ has shown that 
it is possible to replace the wave equation for the electrons in a nearly 
filled band by an approximate wave equation for the holes in the band. 
In this equation, the holes play the same role as positive charges. Heisen- 
berg^s theorem may also be applied to nearly filled atomic shells. 

In addition to the preceding relations, we shall find the following one 
useful. By combining Eqs. (10) and (7), we find 


whence 


F. V 


d€ dk , 



^ ^ F 
dt h 


(15) 


111 this connection, Houston* has made an interesting investigation ^ 
of the motion of an electron in the presence of an electrostatic field 
for the band approximation. He has shown that when the field is small, 
pr when the electronic wave-number vector is not near the zone boundary, 
a good approximation for the solution of the time-dependent Schrodinger 
equai^n is 

cfEit 

where v « k — J"' ^ being the field intensity. This function degener- 

ates to ^ * when E is zero. In this approximation the electronic 

^ W. Hsisxhbbbo, Ann. Ffiynk^ 10, 888 (1081). 

• W. V. Houston, Pkys. Rev., 8T, 184 (1040). 



SBC. 69] 


THE BAND APPROXIMATION 


319 


v^^ave-number vector moves through k space at a uniform rate eE/h^ or, 
in the reduced-zone scheme, the wave-number vector moves uniformly 
to the boundary of the zone in the direction of E, suffers a Bragg reflection, 
that is, jumps to the opposite face of the zone, and starts back along the 
same path, repeating the process indefinitely. During these cycles, 
the system remains in the same energy surface €(k), so that there is no 
transition between zones. In higher approximation, the electron may 
jump between zones for sufficiently strong fields. Houston has shown 
that these transitions occur when the wave-number vector is near the zone 
boundary and that in a one-dimensional case the probability of a transi- 
tion in a single cycle is 


(1 

where a == mVMIeEhf in which m is the electronic mass, 27 is the energy 
gap, and d is the lattice distance. A similar expression had previously 
been derived by Zener^ and applied to a discussion of the problem Of 
dielectric breakdown in insulating crystals. It is believed at present that 
dielectric breakdown in simple crystals, such as the alkali halides, occurs 
for fields weaker than those required to cause transitions from the filled 
to the unoccupied levels by this process (see Sec. 133). 

69. Modification of Boltzmann’s Equation for the Bloch Scheme. — 
We are now in a position to modify Boltzmann’s equation to suit the 
quantum mechanical one-electron mode of description instead of the 
classical one (cf. Sec. 31, Chap. IV). In place of the distribution function 
f{x,y,z,Vx,Vy,v,)f which gives the number of particles at y, and z with 
velocity components r*, Vy, and v,, we shall introduce the function 


f{x,y,z,kx,kyjkt) — /(r,k), (1) 

which gives the number of particles at x, y, z with wave-number com- 
ponents fc,, ky, kg. 

The drift term, analogous to (2), Sec. 31, Chap. IV, is 


fdf\ df df df 

WariH = "55** a-/* 


dk,” 



( 2 ) 


which may be expressed in terms of gradk «(k) and F by means of Eqs. (7) 
and (15) of the preceding section. The result is 



gradk t 
h 


gradr/- j 


gradk/. 


‘C. Zbkb^ Proe. Roy. Soe., 146 , 623 (1W4).* 


( 8 ) 
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The collision terms may now be expressed in terms of the function 
which gives the probability that a particle 
changes its wave-number components from kx, ky, kt to values in the range 
from fci to K + dk'^, etc. The quantities that correspond to a and 6, Sec. 
31, Chap. IV, are then 

Q, ~ fiXfU )Zjkx)ky)kz) jQ(kxfkyjkz^k^fkyfk^dkg.dkydkgf (4) 

h = Sfix,y,zX\K>k"MKX,K'^ (5) 

The equation of equilibrium analogous to Boltzmann’s equation, is 

• gradr/ + ? • gradk/ = 6 - o, (6) 


which may be solved when 6 — a is known. 

In general, a and h may be determined from (4) and (5) when 0 has 
been determined by means of a quantum mechanical analysis. We shall 
discuss particular cases of this procedure in Chap. XV. 

It may be concluded from the results of the present discussion that the 
developments of Chap. IV can be modified in two important respects, 
namely: 

a. Although the electrons may behave as though effectively free, so 
that the relation 


6 


= 

2m* 2m* 


(7) 


is valid, as assumed in Chap. IV, it should be recognized that the effective 
mass m* may be negative in cases in which the bands are nearly filled. 
As we have seen in the preceding section, this situation may be treated 
by assuming that both m* and the electronic charge are positive. Thus, 
the results of Chap. IV can be employed in these cases by reversing the 
sign of c. 

5. It may be necessary to use the tensor character of the effective mass 
in order to take into account the anisotropy even of cubic metals. This 
procedure probably is necessary in discussing the dependence of resistivity 
on magnetic field strength; for as we have seen in Sec. 34, the results 
derived on the basis of (7) are badly in error but would be improved if the 
Velocity at the top of the filled region were an anisotropic function. 

70. Additional Energy States. — It was mentioned in part 6, Sec. 61, 
that some of the nonperiodic states that are labeled under Kramers’ 
class i may be permitted if the crystal is not infinitely large. If the 
crystal does extend to infinity in all directions, the amplitude of these 
states diverges in at least one direction. The possibilities for the finite 
lattice were first pointed out by Tamm' who showed that the divergences 

1 1. Tamm, Phyeik. Z, Sowj., 1, 733 (1932). 
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can be avoided in special cases. We shall discuss his computations for a 
simple model in the following paragraphs. Before doing so, however, we 
should add that a computation that is based upon the use of a static one- 
clectron field, as Tamm’s is, is not completely adequate for establishing 
the general conditions under which nonperiodic states are permitted, since 
the actual field in which an electron moves is determined in part by the 
electron itself. 

Tamm considers the simple potential field that is shown in Fig. 29, 
which, for positive values of x, is the same as that used by Kronig and 
Penney and has the constant value W for negative values. As before, we 
shall allow Vo to approach infinity and shall assume that mV oh{a ~ h)/h^ 



approaches the constant value c in the limit. One restriction on the solu- 
tions then is 


cos Xa = — sin aa + cos aa 
aa 


( 1 ) 


[c/. Eq. (30), Sec. 61], where 


\/2mE 

TT 

and is the factor by which the wave function is multiplied when x 
changes to x -f a. We found previously that X is necessarily real, for 
otherwise the wave functions would diverge at large values of x. Hence, 
the allowed values of E were determined by the condition that the right- 
hand side of (1) should lie between the values —1 and +1. These 
conclusions are no longer valid since the wave functions are different from 
Kronig and Penney’s in the negative region of x. Instead, they are 
exponential functions of the type 


V', = c'e’* 


( 2 ) 
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where 

V2in(W - E) 

^ k 

These functions should be joined to Kronig and Penney ^s at the origin 
of X. 

It turns out that all of Kronig and Penney 's solutions going with real 
values of X may be joined to functions of type (2), if the phases are chosen 
properly. Hence, the continuous spectrum of periodic states is not 
altered. We must consider the case in which X is imaginary. 

The solution that decreases by a factor in successive cells of the 
lattice along the positive x axis is 

where e is +1 when the right-hand side of (1) is greater than +1 and is 
— 1 when the right-hand side is less than —1. The condition (1) is 
replaced by 


c cosh /Lia = — sin aa -f cos aa. (4) 

aa ^ ' 

The additional condition that must be satisfied if (2) and (3) are to join 
smoothly at the origin is 

sin aa . 

t} h cos ad = (5 / 

a 

for the case in which E < W. Eliminating n from (4) and (5), we find 
that E must satisfy the equation 

2 

oa cotan aa = \/a^y^ — oV (6) 

where 

2 _ 2mF 

This equation possesses one root in each interval of aa extending from rwr 
to (n + l)ir. Since there is one continuous band in each of these inter- 
vals, we may conclude that there is one surface” state in the energy 
f^ott between each pair of neighboring bands, when E is less than F. 

When E is greater than F, the functions (2) are periodic and may be 
joined to (3) for arbitrary values of E, The resulting solutions are 
periodic outside the lattice and exponentially damped inside. 

We may conclude that the type of surface barrier which is con- 
m<tered here permits states which lie m the unallowed” energy region. 
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These states are exponentially damped on both sides of the surface 
when E is less than W and are periodic outside the. lattice and damped 
inside when E is greater than W, The first type represents electrons 
that are localized at the surface, whereas the second represents electrons 
that impinge on the surface from outside and are reflected back. 


X— 



Fowler' has pointed out that in a finite one-dimensional crystal the 
surface states occur in pairs, one state being associated with each end of 
the crystal. 

In addition, Shockley^ examined the origin of the surface levels more 
thoroughly on the basis of a more general one-dimensional model and 
considered the dependence of the levels on lattice parameter. He found 
that if the potential of the normal lattice may be expressed as a periodic 
sum of simple troughs of the type shown in Fig. 30 the surface levels can 



Fig. 31 . — Sohematio diagram showing the manner in which the surface levels dcour in a 
case in which the potential is a periodic sum of troughs of the type shown in Fig. 30 . 

occur only if there is a separate potential trough at the surface or if the 
energy bands arising from separate atomic levels overlap (see Fig. 31). 
The second case evidently cannot occur at large interatomic separations. 
It turns out that the bands do not overlap in the Kronig-Penney model 
and that Tamm obtained surface levels only because he implicitly intro- 

' R. H. Fowhbh, Proc, Roy, 8oc,, Ul, 66 (1933). 

* W. Shocxlit, Phy8. Rcp., 66, 317 (1939). See also the similar discussba by 
W. G. PoLhiUU), PhyB. Rw,, 66, 324 (1939), 
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duced an additional potential trough at the surface in cutting off the 
potential function in the manner shown in Fig. 29. 

Shockley also showed that one level is removed from the lower band 
and one is removed from the upper band for each pair of surface levels 
that occurs. Thus, if the lower band were completely .filled and the 
upper band were completely empty at large interatomic separations, two 
electrons of opposite spin would be forced from the lower band into the 
surface levels when overlapping occurs. 

The generalization for three dimensions is apparently straightfor- 
ward. Suppose that we have a crystal that is bounded by the plane 
X = Oj the crystal being on the positive side of the x axis. We may expect 
some wave functions that have energies lying in the unallowed regions 
and that have the form 

inside the lattice and the form 

^ = e-^x^^^iik^+ka) ( 8 ) 

outside. In (7), x is a function possessing the periodicity of the lattice; 
ri is real when E is less than TT, the potential outside of the lattice, and is 
imaginary when E is greater than W. As before, the second type of 
solution is permitted for all values of E in the unallowed regions. We 
may expect more than one solution of the first type in the unallowed 
regions in which they may occur, however, for fc* and ky may take all values 
associated with a two-dimensional zone system that is determined by the 
translational symmetry of the surface. Roughly speaking, we may 
expect as many states in these unallowed regions as there are atoms on 
the surface. Since this number ordinarily is about one million times 
smaller than the total number of atoms in a crystal, we should not expect 
these surface levels to affect the bulk properties of a substance. 

There does not seem to be any direct experimental evidence for the 
existence of surface states, although Tamm suggests that charges on the 
surfaces of some charged insulators may be bound in states of this type. 

Shockley has made a qualitative generalization of the results of 
his investigation of the one-dimensional model. His conclusions are as 
follows: 

a. Surface levels will not occur between the ordinary X-ray levels 
or in the forbidden region of most simple insulating salts such as sodium 
chloride, for neither of these cases corresponds to overlapping-band 
systems. The basis for these conclusions is discussed in Chap. XIII* 

5. Surface states should occur in the forbidden rdgion between the 
highest filled band and lowest vacant band of diamond, for this gap occurs 
9.S ft of th® overlapping of an s band and a p band (see Sec, 109). 
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Since the number of surface states is approximately twice the number of 
electrons that are forced from the filled band, the surface band should 
not be completely filled. In an ideal case, this statement would imply 
that the surface should be conducting; however, various effects, such as 
surface cracks or adsorbed atoms, could easily impair this type of con- 
ductivity, which does not seem to be observed. 

c. Surface states should occur near the overlapping bands of all 
metals. In the monovalent metals, such as the alkali metals, in which the 
occupied band is usually not filled to the zone boundary, these levels 
would be completely empty. They should be partly filled in the divalent 
metals, however. 

More important than the existence of surface states is the fact, sug- 
gested by these computations, that bound electronic states may be 



Fig. 32. — Schematic representation of a localized impurity level. The lower curve 
is the lattice potential which is distorted by an impurity atom. The upper curve represents 
the localized charge distribution associated with an impurity level that lies in the forbidden 
region. 

associated with any flaw or discontinuity in an otherwise perfectly 
periodic lattice in the manner illustrated in Fig. 32. Suppose, for example, 
that we have an infinite one-dimensional lattice, such as that of Kronig 
and Penney, and that we alter the potential in a single cell by 
lowering it from zero to —W'. It is easy to show by the method 
used above that in the forbidden energy regions there are then, states 
corresponding to electrons which are localized in the vicitiity of the 
singular cell. If the cell extends from —a to 0, the allowed forms of the 
wave function within this range are 

+ i) (») 

where 



The localized functions correspond to cases in which the functions (9) 
are joined smoothly to functions of type (3) at a; = 0 and a; = a. The 
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feonditione for this in the two cases (9) are, respectively, 

— cotan ^ sin ao + cos aa = ««“<“ ( 11 ) 

Ot a 

and 

tan sin aa + cos aa = ( 11 a) 

a a 

Either one of these conditions and the condition (4) must be satisfied 
simultaneously. The resulting equations are more complicated than ( 6 ) 
and will not be discussed in detail here. They show that when E is 
negative we may expect approximately as many trapped electron states 
as there are discrete states for a simple barrier of width a and depth — 7 ', 
whereas, for values of E greater than zero, there usually is one state in 
each forbidden region. However, there may be more or less than one in 
particular regions. These cases depend in a complex way upon the 
relative values of aa and 7 'a. 

Thus, we may conclude that impurity atoms or lattice imperfections 
induce additional energy states which correspond to electrons localized 
in the vicinity of the impurity or defect. These states lie in the regions 
between continuous bands. We shall find that they can play a very 
important role, particularly in semi-conductors. 

71. Optical Transitions in the Zone Approximation. — Before leaving 
the zone approximation, we shall find it convenient to discuss optical 
transition probabilities. We found in Sec. 43 that the probability of an 
optical transition between two states and contains the following 
integral 

/ •••>*»> ••• > f") (^) 

i 

in which pi is the momentum operator for the ith. electron, n is the wave- 
number vector of the light quantum that is absorbed or emitted, and the 
integration extends over all of the electronic coordinates. In the band 
approximation, and are determinantal wave functions that are 
Constructed of Bloch one-electron functions. Since the operator 

^P(e 2 H,r( ( 2 ) 

i 

is a sum of one-electron operators, the integral in ( 1 ) vanishes if and 
differ ynih. respect to more than one Bloch function; moreover, (1) 
vanishes even in this case, unless the electron spins associated with the 
two different Bloch functions are the same. Hence, -only one electron 
.can ehimge its state during the absorption or emission of a single light 
quantum. 
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If and are, respectively, the different Bloch functions in the 
functions and (1) may be reduced to the form 

J^*pe2«Vr^,(fT(x,y,e) (3) 

where the integral now extends over the coordinates of one electron. Let 
us write and in the typical Bloch function forms 

V'k = 

= Xk'€^'*'‘L (4) 


The integral (3) may then be written as 




g2irt(k' + 1 ? - *j 


J grad Xk' - h2ir{n + k')xk' 


dr. 


( 5 ) 


The quantity 


/ 


= Xk*j^ j grad Xk' - ^27r(n + k')xk' j (6) 

has the periodicity of the unit cell, so that (5) may be written in the form 

2^g2rtXk'+n-k)*nJjg2irt(k'+n~k)-(r-rOJ^^^ (7) 


where the integral J, extends over the fth unit cell of the lattice and n is 


a vector extending from a corner of this 
cell to the origin of coordinates. Since 
each integral in the sum (7) is the same, 
this series is 

A^e^n(k'-hv-k)-u (8) 

r.- 

where 

A = f^e^'^’+v-a-f/dro 

in which the integral extends over the 
unit cell at the origin. Now, (8) vanishes 
unless 

k' + 11 - k « K (9) 



where K is a principal vector in the inverse lattice. Hence, transitions 
are allowed only between one-electron states the wave-number vectors 
of which satisfy the relation (9). The wave length of a light quantum 
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ordinarily is large compared with the wave lengths of an electron of 
comparable energy. Hence, n is usually much smaller than k or k' 
and may be neglected. Equation (9) then simplifies to 

k' = k + K, 

which states that electrons may make only vertical transitions in the 
reduced-zone scheme (c/. Fig. 33). 



CHAPTER IX 

APPROXIMATIONAL METHODS 


72. Introduction. — One of the most useful methods for obtaining 
approximate solutions of the Schrodinger equation for solids will be 
discussed briefly in this chapter. This discussion is supplementary to 
that of Chap. VI, for the one-electron schemes described there form the 
basis for the method described here. This method begins by replacing 
Fock’s equations, which usually cannot be separated into one-variable 
equations, by central field equations that are separable. When accurate 
one-electron functions have been derived in this way, they are used to 
compute coulomb and exchange energies. Following this, an attempt is 
made to estimate the correlation effect and correlation energy. It is 
difficult to treat these quantities either accurately or concisely; however, 
they have been handled in a few special cases that will be discussed near 
the end of the chapter. 

73. The Cellular Method. — The primary requirement of a practical 
plan for solving Fock^s equations is that it should replace them by accurate 
separable equations. Hartree's procedure in the case of free atoms (c/. 
Chap. VI) is a good illustrative example of such a plan. Hartree^s 
equations are not separable when they are applied to an electron con- 
figuration that involves an incompletely filled shell of p or d electrons. 
*If the nonspherical part of the coulomb potential of p or d electrons is 
dropped, however, the equations become separable and may be solved by 
the methods used for ordinary differential equations. The error made 
in dropping the nonspherical terms lies within the limits of natural 
error of the Hartree field method and may be conveniently corrected by 
perturbation methods. 

A similar procedure is possible in solids.^ Let us restrict the discus- 
sion, for the present, to the case of Hartree^s equations and overlook the 
exchange terms. These equations are 

-£A^k(ri) + [rCn) + 2 = e^(ri) (1) 

where V (ri) is the total ion-core potential and the sum in the second term 
extends over all electrons except the kth. The wave function near the 

' E. WiGNlDR and F. Seitz. Phya, Ew., 48 , 804 (1933); 46 , 509 (1934). 
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nucleus of any atom is determined by the ion-core field of this atom, for 
this field becomes very large compared with the other potential terms in 
(1). In simple solids in which the ion cores are closed shells, this field 
is spherically symmetrical. The potential arising from other parts of 
the lattice is comparable with that of the ion core of this atom at dis- 
tances from the nucleus that are of the same order as interatomic dimen- 
sions. If the crystal has a high degree of rotational symmetry relative 
to the nucleus, the potential of the rest of the lattice is nearly spherically 
symmetrical. Thus, it may be expected that there is a large domain 
about each nucleus in which the field may be replaced by a spherically 
symmetrical one. This principle may be used in a wide range of cases, 
although it is less accurate in crystals having low symmetry than in cubic 
lattices, such as the alkali metals and alkali halides. 

The preceding observation on the symmetry of the field in the neigh- 
borhood of each nucleus suggests that the lattice should be partitioned 
into a set of space-filling polyhedra, which are centered about each of the 
nuclei, and that the field may be chosen to be centrally symmetrical 
within each of these polyhedra. Within each polyhedron, Hartree’s 
equations may then be replaced by the equation 

=* ( 2 ) 

where V (r) is the approximate spherically symmetrical field. The solu- 
tions of (2) in spherical polar coordinates have the form 

^=^ 01 .( 0 ,^) ( 3 ) 

where /i(r,€) is a radial function that satisfies the radial equation 

and is a surface harmonic 

®'- = VIW! (5) 

Bloch functions may be constructed from functions of the type (3) by 
forming series of those which are associated with the same value of 
The coefficients in these series may be determined from appropriate 
boundary, conditions which we shall discuss below. This procedure forms 
the basis of the cellular method. 

TOe manner in which cells are chosen depends upon the lattice for 
which computations are being made. For monatomic crystals in which 
all atoms are translationaify equivalent, the most convenient cell is 



chosen by taking the polyhedron whose plane faces bisect orthogonally 
the lines joining an atom with its nearest neighbors. Figures 1 and 2 
show cells of this type for monatomic face-centered and body-centered 
cubic lattices. The cell may be chosen in the same way when more than 
one atom is present in the unit cell if they are equivalent^ as in diamond 
or in closed-packed hexagonal crystals. Figures 3 and 4 show this type 
of cell for the crystals that were just mentioned. If the atoms in the unit 
cell are not equivalent, as in sodium chloride, the cells may not be chosen 



Fiq. 1. — The cellular poly- 
hedron for a monatomic face- 
centered cubic lattice. 



Fiq. 2. — The cellular poly- 
hedron for a monatomic body- 
centered cubic lattice. 



Fig. 3. — The cellular poly- 
hedron for diamond. 



Fig. 4. — The cellular 
polyhedron for a close- 
packed hexagonal lattice. 


on the basis of symmetry alone. Each case of this type can be handled 
in many ways. 

As we mentioned above, within any cell, the Bloch function 
associated with the energy € and wave number k, may be expressed^ 
in terms of a series of the type 


t,m 

^ WiGNBR and SuiTZ, op. dt; J. C. Slatbb, Pkyt, Rw,^ 45 , 794 (1934). 


( 6 ) 


332 


THE MODERN THEORY OF SOLIDS 


[Chap. IX 


The important practical problem associated with this series is that of 
determining the h from the boundary conditions which the Bloch func- 
tions must satisfy. These conditions are the following: (a) i/'k and its 
first derivative must be continuous at the boundary points between 
neighboring polyhedra, and (5) must satisfy the relation 

Mr + ^) = (7) 

where t is a translation vector of the lattice. It turns out that these 
conditions can be satisfied only for discrete values of e for a given wave- 
number vector k. The permissible solutions furnish us the desired 
relationship between e and k. It may easily be seen that the boundary 
conditions need be satisfied only for points within a single unit cell, for 
the form of the function at any point outside this cell is connected with 
a value inside by Eq. (7). Let us suppose that condition a has been 
satisfied at all the interfaces between polyhedra in a given unit cell. By 
definition, the vectors that join opposite faces of the remaining surface 
are primitive translations of the lattice, since these faces constitute the 
boundary of the unit cell. Moreover, the points on the faces are the 
only ones in the unit cell to which the condition (7) can apply. 

It has not been feasible in any of the work that has been carried 
through up to the present time to satisfy conditions a and h at all points 
of the surfaces of the polyhedra. Instead, all but a finite number of the 
terms in the series (6) are discarded, and boundary conditions are satis- 
fied at just enough points to determine the coefiicients of all these terms. 
The only justification for this procedure lies in the belief that the series (6) 
should converge rapidly for small values of k, since then the wave length 
of the Bloch function is large compared with the dimensions of the cell. 
Results that have been derived by using this method will be presented 
in the following chapters. 

Shockley^ made an extensive test of the cellular method in a case in 
which exact solutions are known, namely, in which V (r) is constant. He 
found that when a small number of boundary points is used the approxi- 
mation is satisfactory for zones which normally are occupied but that it 
usually is very bad for excited states. 

Several improvements* on the cellular method have been proposed 
since Shockley ^s work; but only one of these, namely, the method of 
Herring and Hill, has been applied to practical problems. These workers 
assumed that the ^ functions at a given point on the zone may be 
expressed as a finite sum of free-electron functions of the type 

^ W. Shocklbt, Phy$. Reo,, 62 , 866 (1937). 

* J. C, Slater, Phya, Reo., 61 , 846 (1937); G. Wannier, Phya. Rev., 68 , 671 (1938); 
C. C, Herring and A, G, Han, Phya. Rev. (to appear), 
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^ ( 8 ) 

in which the constants and k* were chosen by use of group theory. 
The matrix components of the crystalline potential that connect approxi- 
mate wave functions of the type (8) at the corresponding points in 
several zones were then computed, and the resulting matrix was diagonal- 
ized. In this way, approximate values of e(k) for the boundary points 
were obtained. This method, which was applied by Herring and Hill 
to beryllium {cf. Sec. 81), evidently is a special case of the perturbation 
method described in Sec. 61, the functions (8) being the appropriate 
linear combinations in the zero-order approximation. 

74. The Hartree Field. — In order to determine a self-consistent 
Hartree field within each of the polyhedra in the cellular approximation, 
it is necessary, first of all, to adopt a starting field or charge distribution 
from which wave functions may be computed. This field may be chosen 
in many ways. For example, when one is dealing with a monatomic 
solid, the ion-core field plus the field arising from a uniform distribution 
of valence electrons may be used. In any case, the starting potential 
Vi and the starting charge distribution pi are related by the equation 

Viiti) = (1) 

Bloch functions niay be constructed from the starting field by use 
of the method described in Sec. 73, which combines the solutions of the 
equation 

= eA (2) 

where V\ is the spherically symmetric part of (1) in a given polyhedron. 
A new electronic charge distribution, e]^l^k(r)p, where k is summed over 

k 

all occupied levels, is determined by these ^k, and a new Hartree field 
Fn(ri) = + 7.(r,) (3) 

may be determined from this distribution. In (3), 7c (ri) is the total 
potential from the rigid ion cores ;^that is, 

r.(ri) = 5^»i,.(r0 (4) 

where Vi,a(ri) is the potential at ri that arises from the core of the «th 
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atom in the ith unit cell. The entire potential (3) may be written in the 
form of a lattice sum, such as the sum in Eq. (4), by expressing the first 
term of (3) in the form 



k i,a 


where p»,a is the value of within the ath polyhedron of the ith 

k 

unit cell. 

Usually, 7ii(r) will not be spherically symmetrical within a polyhedron, 
since it may contain all surface harmonics that are compatible with the 
symmetry of the polyhedron. Hence, the closest agreement that may be 
expected, is that V* and the spherically symmetric part of Vu should be 
identical. This will not be the case, unless by fortunate chance. Hence, 
it usually is necessary to choose a new field Vm as the starting field for 
another computation. There are no general rules for choosing Vm in 
such a way that the field 7iv, which is derived from its wave functions 
in the way in which Vn was derived from the solutions for 7i, will be 
closer to 7iii than Vn was to 7i. The convergence is often swift in a 
monatoipic lattice of equivalent atoms if 7in is taken as the mean of 7i 
and 7ii, but this scheme does not work very well in solids that contain 
two or more different kinds of atom. The factors that govern the speed 
of convergence have not been investigated in any general way. 

The final wave functions that are derived from a self-consistent 
Hartree field may differ appreciably from the solutions of Fock’s equa- 
tions, for exchange terms are neglected in Hartree^s equations. Unfor- 
tunately, the exchange terms usually cannot be included merely by 
adding one-electron potential terms (c/. Chap. VI). There are special 
cases, however, in which they may be included very simply; we shall 
discuss these in the next section. 

76. Bzchange Terms*. — There are two cases in which the exchange 
terms have been handled rigorously, namely, the cases of perfectly bound 
electrons and perfectly free electrons. In the first case, the atoms are so 
far apart that the electronic wave functions of separate atoms do not 
overlap appreciably; in the second, the potential field in which the elec- 
trons move is so' nearly constant that the one-electron functions have the 
form e****'. We shall discuss these two cases in detail. 

a. Rigidly Bound Electrons {Narrow Bands ). — Atoms and ions when 
they are far apart affect only the electrostatic field in their own vicinity. 
Hence, in this case, the atomic or Heitler-London afjproximation is the 
most accurate of the one-electron approximational methods, and the Bloch 
appnmmation is as accurate only when it is identical with the Heitler- 
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London method. We saw in Chap. VIII that the two schemes are 
equivalent when there are completely closed shells if detenninantal 
eigenfunctions are used. Let us consider the way in which this equiva- 
lence appears in Fock’s equations for the two systems. For simplicity, we 
shall deal with a monatomic lattice of atoms whose valence electrons form 
closed shells of the s® type. We shall let ^(r - r(»)) represent the 
Heitler-London wave function of the electron that is centered about the 
nucleus at the position r(n) . Fock’s equation for ^{t - r(n)) has the form 

- r(n)) + |v{ri - r(n)) + 

- r(n)) = eKti - r(n)) (1) 

where V (h - r(n)) is the ion-core field of the atom at r(n) and the integral 
is the coulomb potential of the other electron on this atom. F.vohango 
integrals do not occur because, by assumption, electrons on the same 
atoms have opposite spin and those on different atoms do not overlap 
appreciably. Outside a given atom, the coulomb field of the electrons 
cancels the ion-core field; hence, there are no coulomb terms between 
different atoms. Since exchange terms are absent, Hartree’s and 
Fock’s equations are identical in this particular case. 

Now, let us consider Hartree’s and Fock’s equations in the Bloch 
approximation. As long as the closed shells do not overlap, we should 
be able to write the Bloch functions in the form 

Mt) = 

n 

where k is the wave-number vector, ^(r - r(n)) is the normalized one- 
electron function that is centered about the atom at r(n), and N is the 
total number of atoms in the lattice. In a filled zone, each value of k is 
associated with a pair of electrons having opposite spin. In the following 
paragraphs of this section, summations over 2k will imply summation 
over both types of states associated with the N values of k in a zone. 

Hartree^s equations for the ^ are 

2k' •' n 

^ extends over all pairs of electrons in the zone, except one of the 

pairs having wave number k, and »»(ri) is the ion-core field of the atom at 
J'(n). The potential ^ 
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/' 


'M 

rij 


dT2t 


( 4 ) 


arising from a single electron, is negligible at any point in the lattice as 
long as the crystal contains a large number of atoms. Hence, it is 
immaterial whether the sum in (3) extends over all electrons or all elec- 
tronls except one and the primes may be deleted. Using (2), we have 


Xl'^>‘(r)l“ = V(r - r(n))^*(r - (6) 

2k 2k n,m 

The terms for which r(n) differs from r(m) vanish because the \p do not 
overlap. Thus, 


- rW)P (6) 

2k n 

where the factor 2 appears because of spin. Outside the mth atom, the 
potential arising from the term 2|^(r — r{m))\^ in (6) and the ion-core 
field Vnit) cancel one another. Hence, only the term in (6), arising from 
|^(r — r(n))p, need be considered in the vicinity of the nth atom, for the 
other terms are canceled by the ion-core terms. Thus, near the nth 
atom, (3) reduces to 

- r(n)) + |2e ^ drt + PnCrojiKii - r(n)) = 

t^(ri-r(n)). (7) 

This equation is not the same as Eq. (1), because of the factor 2 which 
appears in the coulomb integral. It is easy to trace this spurious screen- 
ing term to the fact that the electrons are completely uncorrelated in the 
total wave function on which Hartree’s equations are based (c/. Chap. 
VI). In the Hartree approximation of Bloch^s scheme, the probability 
of an electron being at a given atom is determined only by the average 
charge distribution 2|^|2 of other electrons on the atom. Actually, 
other electrons tend to stay away from this atom when the given electron 
is there both because of the electron repulsion and because of exchange. 

Let us consider next the Fock approximation. In this case, we have, 
in addition to the terms on the left-hand side of (3), the exchange terms 

( 8 ) 

iapin 

where the sum extends only over electrons of one kind of spin. This sum 
need not be primed if the prime is dropped in (3), since the additional 
t^rms just cancel one another. Using (2) once again, we find that (8) is 
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equal to 

k' n 


The cross terms in the second factor of the sum have been dropped 
because the ^ on different atoms do not overlap. This equation, in turn, 
may be written in the form 

~ r(”)) ~ (10) 

n,m k' 

The sum ig equal to N6n,m, however, for k' is summed over 

k' 

the points of a zone. Hence, (8) reduces to 

■ <i« 

n 

Thus, Fock’s equation for — r(n)) is 

-^AiA(ri - r(n)) + i- v,(ri)|if'(ri - r(fi)) = 

fiiti - r(n)), 

which is identical with (1). Thus, the exchange integrals remove a 
part of the spurious screening that occurs in Hartree’s equations (7). 
This fact shows, however, that we cannot expect exchange to compensate 
for all the inadequacies of Hartree^s scheme, even in the simple example 
discussed above. The exchange correlation affects only electrons' with 
parallel spin and does not alter the spurious screening of electrons with 
antiparallel spin. The remaining defect may be corrected only by 
solving the many-body problem by a method that is more accurate 
than the one-electron approximation. 

Let us consider an example in which the atoms do not have closed 
shells and the zones are not coinpletely fiUed. We cannot expect the 
Heitler-London and Bloch schemes to lead to identical results in this 
case, but we can examine the relative merits of the two. We shall 
assume that the atoms have a single valence electron outside the closed 
shells and shall designate the ion-core field for this electron by F(r). 
The equation for the Heitler-London function associated with the atom 


- r(n))| 


{2j— 


— r(OT))pdTa \ 


rn 


} 


(9) 
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at r(n) is 

-^A^(r - r(n)) + V(i - r(n))iKr - r(w)) = €^(r - r(n)) (12) 

as long as the atoms do not overlap. Under these conditions, the total 
energy of the lattice, relative to a eystem of N ionized atoms is iVe, 
and is independent of the assignment of spins to the electrons. This 
solution evidently is as accurate as the ion-core field. 

In the Bloch approximation, the wave functions have the form (2) 
and the k may be assigned spins in many different ways. The k range 
over an entire zone if the spins are parallel, for example, but many other 
arrangements are possible. The total wave function is a single deter- 
minant in two cases, namely, the states of highest multiplicity, in which 
all spins are parallel, and the state of zero multiplicity, in which all 
spins are paired. In both these cases, Hartree’s equations have the 
form 

- tin)) + |F(rx - tin)) + 

"'f ~ - r(n)) = «^(r, - r(n)), (13) 

which differs from (12) by spurious screening terms. The exchange 
terms of Fock^s equations remove this term in the case in which all 
spins are parallel, for then the k range over an entire zone and the 
exchange term is identical with (8). On the other hand, if the spins are 
paired and only the lower half of a zone is filled, the exchange term for 
is [cf. Eq, (9)] 

k' n m 

where k' is summed over half a zone. This may be rewritten in the form 

n,m V 

Eq. (10)J. The summation 

^^2r»kqr(n> -r(m)l 

is not equal to NSn,m, for k' does not range oyer an-entire zone. If we 
assume, hdwever, that the atoms are so far apart that the summation is 
imi^ble when r(n) r(m), (13) reduces to (iV'/2)fin,«. Hence, in this 
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case, Fock’s equation for ^ in the Bloch scheme is 

- r(n)) + - r(»)) = 

(ri - r(n)). (14) 

The exchange term cancels only half the spurious screening term. This 
fact shows that the Bloch scheme may be very inaccurate^ for some states 
when the bands are very narrow. Thus, the energy of the lattice in the 
Bloch approximation is 

4 fKMSM'*.. (15) 

4 j Tn 

higher than the energy in the Heitler-London approximation when spins 
are paired. The integral (15) is equal to 

32 ah 

or about 2.9 ev, for hydrogenic Is functions. 

As the atoms are brought nearer and nearer, the terms in (13) for 
r(n) 7 ^ r(m) may be neglected no longer and the exchange terms reduce 
part of the screening effect of electrons on different atoms. This type of 
correlation effect does not occur in the Heitler-London scheme. Thus, a 
part of the advantage of the Heitler-London scheme over the Bloch 
scheme begins to disappear as atoms begin to overlap. It is for this 
reason, among others, that the Bloch scheme may be used in competition 
with the Heitler-London scheme in the computation of binding energies of 
actual solids, 

h. Perfectly Free Electrons . — As a working model for discussing the case 
of perfectly free electrons, we shall consider a system of N electrons in 
a box that contains a uniform positive charge distribution of total 
magnitude Ne. The positive charge compensates for the over-all repulsion 
of the electrons and makes the system stable. The exchange terms for 
this system have not been treated in the Heitler-London approximation. 
Although this solution probably would be very poor kinematically because 
the metallic properties of the model are not apparent in the Heitler-London 
approximation (cf. Sec. 66, Chap. VIII), the cohesive energy probably 
would compare favorably with that derived on the basis of the Bloch 
approximation. 

Since the positive-ion distribution is uniform in our model, the Bloch 
functions have the free wave form 

^ Caution must be used in applying Bloch functions to discussions of ferromag- 
netism; for, as we see here, the Bloch approximation gives a spurious ferromagnetism 
in a case in which states of all spin actually have the same energy. 
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Vv 


p2irtk'r 


(16) 


where V is the volume of the crystal. Let us assume that all the lowest 
electronic levels are doubly occupied. The value, fco, of k at the top of the 
filled region is given by^ 


and the exchange term in the equation for is 

p2 r g2jri(k-k0-r* 

> e2«V.ri I ! 

J r,2 

k' 

which is identical with 


— _^ 2 irtk. 

yr 


’■2J 


’g2ir»(k'-k)-(ri-r2) 
rn'^ 


dr^. 


(17) 


(18) 


(19) 


This integral is independent of ri and may be evaluated by direct meth- 
ods.* The result is that (19) reduces to 

p2Tik'ri 

-c,- 


where 


C* 




''\/V 


— i-2 

S + ‘-^log 


H~ feo lN 

- ^o|/ 


1 ll 4- a 

= 0.306- 2 -1- -(1 - a*) log 

TaL OL |1 — a _ 


( 20 ) 


in which a — k/k^ and r, is defined by the equation 

!![ 3 = I 

s'"’ N' 


Hence, (19) is equal to a constant times ^k, or 

A^k = (21) 

for perfectly free electrons, where A is the Dirac exchange operator. The 
function Ckr,/e^ is shown in Fig. 5. 

iSie mea;n value of — C* for all electrons is equal to twice the exchange 
energy per electron. We shall evaluate this energy directly.® The total 
exchange energy is 

' Cf. Eq. 20, Sec. 26; also, Sec. 49. 

*]?, A. M. Dibac, Proc. Cambridge Phil. Soc., 26, 376 (1930); J. Barddbn, Phys. 

49 , 653 (1936). 

< WxoNBB and Ssm, op. eU. 
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g2irt(k'-k).(ri~ri) 

djidr 

T12 


s 



g2Tt(k' - k) .(n - r,) pj^pj^dk'dkdTidrz 


( 22 ) 


where p& = F is the density of points in k space and the summation has 
been replaced by an integration. This replacement is allowable for 



Fi(i. 5. — The negative of the exchange energy for perfectly free electrons as a function of 
k/ko. The energy units are c®/r«. 

ordinary-sized crystals since their states are very dense. Integrating over 
k and k', we find that (22) reduces to 

-iwe^ f ~ = -ireWkl (23) 

J ^12 

fco may be replaced by its value (17), and then the mean exchange energy 
per electron is found to be 

(24) 

where no is the number of electrons per unit volume. In terms of r„ (24) 
becomes 

-0.458 -• . (24o) 

T$ 

The implications of the exchange terms for perfectly free electrons were 
discussed in Sec. 49, Chap. VI. We saw there that the exchange terms 
have the effect of keeping electrons of antiparallel spin apart (c/. Fig. 2, 
Chap. VI). The absence of such correlational effects for electrons of 
antiparallel spin in the Fock-Bloch approximation constitutes a large 
source of error. The Heitler-London approximation will furnish some 
correlation between electrons of both kinds of spin by keeping them on 
separate atoms; but as we have seen in molecular problems, such as that of 
H 2 , this method of introducing correlations is not very accurate. Thus, it 
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seems reasonable to say that both one-electron schemes have comparable 
errors when the electronic interactions are appreciable. We shall discuss 
the correlation terms for the Bloch scheme in the next section. 

76. Correlation Correction for Perfectly Free Electrons.— The total 
correlation correction for the free-electron model in which the positive 
charge distribution is uniform has been investigated most thoroughly by 
Wigner.^ A part of this correction is the exchange energy 

-0.458 (1) 

which was derived in Sec. 75 (c/. Eq. 24a). We shall be interested here 
in the additional term that arises primarily from electrons of anti- 
parallel spin. 

The simplest case in which the total correlation may be estimated is 
that in which the electron density is so low that the electronic kinetic 
energy is negligible. This is the case in which r, is very large. The 
electrons then will form the most stable lattice arrangement, which, 
according to the Madelung type computations, is a body-centered cubic 
arrangement. Its energy, relative to the energy of a perfectly uniform 
negative charge distribution, is 

-0.746 (2) 


Hence, the correlation correction to the Bloch-Fock scheme, which is 
the difference between (1) and (2), is 



( 3 ) 


for low electron density. The expression that is valid for small values 
of r, should approach this asymptotically. 

‘ The details of Wigner’s calculations for high electron density are 
too involved for discussion in a book of this type. We shall present 
only a brief summary of his procedure and results. 

In the starting approximation, in which the correlation term (3) is 
serO| the total electronic wave function may be taken in the form 




M^if) 

2 


^i(yi) 


• • -hiyn) 

T 



T 



T T 


2r 


r F 


( 4 ) 


^ K Wiofma, Pky$, Rw., 4i, 1002 ( 1984 ); front. Pa^y Soc, 84, 678 (im). 
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where the x refer to electrons of one spin, the y to electrons of opposite 
spin, the ^ are free-electron wave functions, and N is the total number of 
electrons. This function does not satisfy the Pauli principle, but it has 
the same energy as though it did. Exchange effects, which are the 
principal consequence of the Pauli principle in the one-electron approxi- 
mation, are given correctly by (4) since all terms of given spin are con- 
tained in the same determinant. 

Wigner considers the following modified form of (4) 



2 

2 

2 


^l(2/l) . 

• if'i(VAr) 

2 

yi • 

• • 2/w) • • 
2 

2 2 

2 


2 

* • 

2 2 


in order to obtain functions from which to construct a better total wave 
function. Here, the are the wave functions for free electrons. 
The 2 / 1 , , Vn) are to be determined by the condition that the 

mean energy of (5) should be a minimum. The ^ are then used in a 
new.total wave function from which a new total energy may be computed. 
This new total wave function evidently will not be a rigorous solution 
of the complete Schrodinger equation, but it is a closer approximation 
than the function based on (4). 

The correlation energy obtained by Wigner in this way is accurate 
only for high electron densities because of his approximate computational 
methods. He found that this result may be joined to (3) by the function 


0.288e^ 
r, -f 5.1ah 


( 6 ) 


which he estimates is accurate to within 20 per cent. 

An expression similar to (20) in the preceding section that will give 
correlation energy as a function of k has not been developed. However, 
we may compute the correlation energy of the uppermost electron in the 
filled band. Suppose that a number of electrons are removed from the top 
of the band so that the total number is equal to Ne instead of iV, the 
total number in a neutral lattice. The correlation energy will change as 
a result, and the new value may be derived by taking into account the 
change in density, that is, by changing r, to the value (Ar/iV’a)*r,. Henqe, 
if the total correlation energy is expressed in the form 

B. - 


( 7 ) 



344 TH^ MODERN THEORY OF SOLIDS 

where, according to (6), g is 


[Chap. IX 


gir) = 


, 0.288 
® r + 5.1a*’ 


( 8 ) 


the correlation energy of the upper electrons is 

This expression may be used in considering energy changes during a 
process in which an electron is removed or added to a system, such as 
during thermionic or photoelectric emission or when an electron jumps 
from the conduction band to a vacant inner-shell level during X-ray 
emission. 



CHAPTER X 
THE COHESIVE ENERGY 


77. Introduction^. — The degree to which the computed energy of a 
system agrees with an accurate observed value is a measure of the 
accuracy of the wave functions that are used in the theoretical compu- 
tations, because of the variational theorem. For this reason, computa- 
tions of the cohesive energies of solids occupy an important position 
in the development of the theory of solids. The existing calculations 
deal with simple substances, such as the monovalent metals, the alkali 
halides and hydrides, and rare gas solids, all of which will be discussed in 
this chapter under three headings: metals, ionic crystals, and molecular 
crystals. There have been no accurate computations that deal with 
valence, crystals, such as diamond. 

Before beginning the detailed discussion of cases, we shall derive 
several useful equations. The cohesive energy of a solid is defined as the 
difference between the energy of the crystal in the normal, bound state, 
at absolute zero of temperature, and the energy of the isolated atoms or 
molecules of which it is composed. If the surface energy is neglected, 
the cohesive energy is proportional to the total number of atoms or 
molecules in the lattice and may be expressed conveniently in units of 
electron volts per molecule or in the thermochemist’s unit of kilogram-calo- 
ries per mol. This energy is equal to the actual heat of sublimation only 
when the substance evaporates into the atomic or molecular constituents to 
which the separated system is referred. 

Let us derive an approximate expression for the cohesive energy in the 
general case in which there are v atoms per molecule and m molecules per 
unit cell of the crystal. Then, if == 1, • * • , v) is the energy of the 
^th neutral atom and is the complete electronic wave function for N 
unit cells of the crystal, the cohesive energy Ecf relative to a system of 
separated atoms, is 

V 

E. = mN'2tEA> - ••>,««, fi, •••, f») ,(1) 

U-l 

where H is the complete Hamiltonian of the crystal and n is the total 
number of electrons. We shall develop this in the important case in 
which ^ is expressed in terms of the solutions of Fock’s or Hartree’s 
equations. 
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If the one-electron functions for the /3th atom are <pk^{XfyjZ)j where 
fc ranges over the electrons of the atom, and if the total wave function 
of the atom is ' * * , «n, f i, • • • , fn^), the energy of the atom is 

nfi 

EJ = 2 - ^y>^Mx,y,z,!;) + 

Jb-1 

• • • « W- (2) 

k.l ^ 

The notation that is used in this equation is the same as that which was 
introduced in Chap. VI. — is the potential of an electron in the 

#eld of the nucleus, whose charge is and e^/rki is the interaction 
potential of the fcth and Zth electrons. The last term in (2) may be 
expressed as a sum of coulomb and exchange integrals of the type 


and 




i;iV.(r4V;dr; 


J ^12 


(3a) 

(3b) 


which have coefficients depending upon the multiplicity of We shall 
not be concerned with the numerical values of these coefficients at present 
but shall express the two sums in the form 

and (4) 

k,l Kl 

The wave functions of those gp electrons on the jSth atom that belong to 
rigid closed shells are practically unchanged in passing from the free to 
the bound state. We shall designate the terms in (2) and (4) that 

involve only these gp electrons by the symbol Similarly, the terms 

0 

that involve these electrons and the remaining - g^ electrons on the 
atom will be designated by 2^^, and the terms that involve only the 

g,n-~g 

nfi gn electrons outside closed shells will be designated by 2^ » The first 

n-a 

set of terms is eanceled by the sinular term of Eq. (1) that appears 

in tiie ejq)re88ion for the total energy of the solid and may be dropped 
fmm em)sideration« The two other terms are 
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" i) X 

g^n-^O k">ll'"g0 

k^g 

(otkflkf - PkfKkf)- (6) 

k,l^9 

The first of these expressions is the energy of the interaction between the 
valence and closed-shell electrons; the second is the total energy of the 
valence electrons, minus this interaction. In the two cases in which 
the one-electron functions are solutions of either Hartree^s or Focks 
equations, namely, 

respectively, it may be verified readily that the sum of (5) and (6) reduces 


k->o k,l»g 

EAF) = i X 

l^g k,l^g 

Let us now designate the one-electron wave functions of the valence 
electrons in the crystal by for which i ranges over values from 1 to n , 
where n' is the total number of valence electrons. We shall assume 
that the total wave function has unit multiplicity. The total energy 
of the crystal then is (c/ . Chap. VI) 


E = J'J'WdT = 2 J ^ 

t-l 


A + 7(ri) U<(ri)dri + 


»<*(ri)p,*(r»)»><(r8)»/(i:i) ^,^^ ^ 
ru 


12^+12''-+ 2- « 


2^ ra^ 

a,$ 


in which the self-energy of the ripd ion cores is neglected. Here, F is 
the coulomb ion-core field, F.« is the exchange interaction between ion o 
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and ion and €«< is the exchange interaction between and the ath ion. 
Just as in Eqs. (8), the first term in (9) may be expressed in terms of the 
energy parameters of Hartree^s or Fock's equations and the exchange 
and coulomb integrals. The energy per molecule of the crystal may then 
be obtained by dividing (9) by Nm, and an approximate expression for 
the cohesive energy per molecule may be obtained by subtracting (9) 
from the expression for the total energy of the free atoms that is derived 
by adding terms of the type (8). 

Thus, the cohesive energy may be expressed in terms of energy 
parameters and coulomb and exchange integrals for the atomic and 
crystalline systems in the Hartree or Fock approximations. Since the 
practical difficulties of evaluating these parameters and integrals are 
very large, progress has been made only in those cases in which simple 
approximational methods, such as those described in the last chapter, 
can be used. There is a tendency for the errors that are introduced by 
use of the one-electron approximation to compensate one another when 
this approximation is employed in both the atomic and crystalline states, 
for the computed energies are too high in both cases. Thus, the com- 
puted cohesive energy may be larger or smaller than the correct value, 
depending upon whether or not the correlational error in the atomic 
state is larger than that of the solid. In solids such as ionic and molecular 
crystals in which the Heitler-London approximation can be used for 
both the crystalline and the atomic states, the correlation error is nearly 
the same in both cases, and we may expect to obtain a good value of 
the. cohesive energy. Oh the other hand, the correlation energy of the 
valence electron on a free alkali atom is much smaller than that of the 
valence electrons in the corresponding metal. Hence, the one-electron 
approximation cannot be expected to give a good value of the cohesive 
energy in this case. 


A. METALS 

78. The Alkali Metals. — The cohesive energies of the three alkali 
metals lithium, sodium, and potassium have been computed^ to a similar 
degree of accuracy by using the approximate methods that were described 
in the last chapter. We shall discuss the three alkali metals at the same 
time. 

a. The lonrcore Field . — The first step in computing the cohesive energy 
of any substance is to obtain an ion-core field that takes into account the 

F. Seitz, Phys, Rev,, 47, 400 (1936); J. Babdbbn, Jour. Chem. Phys., 6, 
867 (1938). 

Na: E. WiGNBR and P. Seitz, Phye. Rev., 43, 804 (1933); 46, 609 (1934). E. 
WigJihr, Phys. Rev., 46, 1002 (1934). Bardbbn, op, cit. 

K: E. GoBm, Physik. Z. Sowj., 9, 328 (1936). 
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interaction between the closed-shell electrons and the valence electrons. 
In both lithium and sodium, it was found possible to construct a radial 
potential field Vc{r) having the property that the eigenvalues of the 
equation 

= E4> ( 1 ) 

closely reproduce the observed atomic-term values. From the stand- 
point of Fock's equations, it is possible to say that in these cases the 
exchange interaction between core and valence electrons may be replaced 
by an ordinary potential term. In lithium, for example, the best field 
that could be obtained by a trial-and-error method duplicated the atomic 
values to within a few tenths of a per cent. The field for sodium, which 
was derived by Prokofjew^ for another purpose, leads to term values 
that agree with the observed ones to within about 1 per cent. Thus, 
the computed atomic 3s function has an energy of 0.381 Rydberg 
unit, whereas the observed value is 0.378. Gorin attempted to con- 
struct a similar field for potassium, but he found that this could not be 
done with sufficient accuracy. Presumably, in this case the exchange 
terms cannot be replaced even approximately by ordinary potential 
terms. As a result, Gorin used a Hartree ion-core field and evaluated 
the exchange integrals between the valence and core electrons by direct 
methods. The ionization potential that he obtained in this way is 
0.2934 Rydberg unit, which should be compared with the measured value 
of 0.3190 Rydberg unit. 

h. Application of the Cellular Approximation . — All the alkali metals 
form body-centered cubic lattices for which the polyhedron that should 
be used in the cellular approximation is the truncated octahedron shown 
in Fig. 2, Chap. IX. It may be assumed, for simplicity, that these 
polyhedra can be replaced by spheres of equal volume. The error that 
is made in doing so can be shown to be negligible and will be discussed 
below. Since each of the spheres is electrostatically neutral, the coulomb 
potential in a given cell that arises from any other cell is zero. Hence, 
all that is necessary is to consider the coulomb field arising from the charge 
in a given cell in the sphere approximation. For this reason, we shall 
restrict the following discussion to a single sphere. 

When deriving the electronic wave function within a sphere, we may 
neglect the potential of the valence-electron distribution in the first 
approximation. This procedure is permissible because the electronic 
charge distribution turns out to be very nearly constant and its potential 
is a slowly varying function that may be included readily by perturbation 
methods in a later approximation. 

^ W. Peokofjbw, Z. Physik, 68, 266 (1929). 
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Thus, the first problem to be solved in determining electronic wave 
functions is that of finding solutions of Eq. (1) that satisfy boundary 
conditions implied by the Bloch form 

^ ( 2 ) 

(c/. Chap. VIII). We may expect the lowest eigenfunction to be one for 
which k is zero and which has cubic symmetry relative to any nucleus. 
The iowest order surface harmonics that possess this symmetry are s 
and g functions of the type 

8 = 1 

g = ~ 4 j^(a;V + 2/^2^ + zV) - + y* + j* (3) 

Hence, should have approximately the form 

h = /.W 4- gfg{r) (4) 

where f» and fg are radial functions. The equations for continuity of the 
normal gradient of 4' at the points (100) and (111) on the sphere of radius 
r, are 

~ Kir.) = 0 , 

r.ir.) + if'ir.) = 0, (5) 

where r, is the radius of the sphere and the prime indicates differentiation 
with respect to r. The solutions of (5) are either 


h “ /.(r) 

with 

/:(r.) = 0 

(6) 

^0 = 

with 

= 0. 

(7) 


Since an « function should have lower energy than a g function that 
satisfies the same boundary conditions, we should use the first of these 
conditions for the lowest state. If the actual polyhedron were used 
instead of a sphere, each of the two equations (6) would involve different 
values of r„ one of which would be the distance from the center of the 
polyhedron to a point on the surface in the (100) direction, and the other 
of which would be the distance to a point in the (111) direction. We 
shoul^ then obtain two solutions that involve both the « and g functions. 
One of these, however, would be predominantly an 8 function and the 
other predominantly a g function. 

We may conclude that within the sphere is that s function which 
goes into the lowest atomic s function when the lattice is expanded and 
which satisfies the condition ^i(r,) « 0. A relative scale plot of this 
function for the value of r. corresponding to the actual lattice constant 
is shown in Pig. 1 for sodium. The energy of as a function of r„ 
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eoW) ^ shown in Fig. 2 for the three alkali metals. The full curve for 
potassium includes the exchange interaction between the valence and 
closed-shell electrons. These energy curves resemble very closely the 



function is practically constant for over ninety per cent of the atomic volume. 



Fw. 2.~The e(f,) curves for a lithium, h sodium, and c potassium. The energy scale 
is in Itydberg units (one Eydberg unit equals 13.64 ev). The horisontal dotted lines 
represent the normal* 4 tate atomic energies. The dashed curve for potassium represents 
the case in which the valence-electron closed-shell exchange energy is neglected. Exchahge 
is included in the full curve. 

characteristic energy versus intemuclear distance plots for diatomic 
molecules and show that the stability of metals is related to the fact that 
the spatial distribution of potential in a solid allows some of the electrons 
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to have a lower energy than they have in the free atom. A part of this 
decrease in energy is connected with the decrease in kinetic energy that 
may be associated with increased smoothness of the wave functions, 
and part is connected with the fact that the center of gravity of the 
electronic charge in a given cell is nearer the nucleus. 

Only two electrons are in the state going with k = 0. In order to 
find the other wave functions in first approximation, it is necessary to 
solve (1) for those cases in which k is not zero. Since only half of the first 
zone is filled in the normal state of Mie alkali metals, it is not necessary ^ 
to find the exact form of the €(k) curve near the boundary of this zone 
in order to compute the cohesive energy. With this in mind, we shall 
compute and €(k) by a method that is accurate near the center of the 
zone but not accurate near the boundary. 

If we substitirte (2) in Eq. (1), we find that Xk must satisfy the equation 
^2 ^2 

“^Axk + t^cXk — ’ Srad xk = e'(h)xk (8) 

where 

•'»> - - fe"’- <9) 

The solution of (8), as given by the Rayleigh-Schrodinger perturbation 
method,^ is 

fh-k ^ g,«i M, + + 

Tn j €o — €v 


m Co ~ ' 


( 10 ) 

( 11 ) 


where the are the solutions of (8) for k = 0 and is the lowest s func- 
tion. The first integral in (10) is zero; the second term may be simplified 
in the following way. The only function i/',, for which • grad Wt 
does not vanish is one having p symmetry, that is, one having any one of 

^ As we see from Fig. 17, p. 300, the closest point of approach to the zone boundary 
occurs in the (110) direction of wave-number space. Since the ratio of ka to the value 
of k at the zone is only 0.88 in this direction, it is possible that a small correction for 
deviations from the free-electron e(k) curve should be made (c/. footnote 2, p. 366). 

* Bardeen, op, dt, has developed an alternative method for solving Eq. (7) which 
involves the assumption that the solution may be expressed in the form 

Xk *= fir) + k • r^(r) 

where fir) and g(r) are radial functions within each sphere. Evidently, fir) is 
and ff(r) is fp(r) in Eq. (18). 
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the forms 

x<f>.{r), y<p,(r), z,p.{r), (12) 

where ip,{r) is a radial function. In each of these three cases, the matrix 
components are, respectively, 

hj^'Pvir)^oir)dT, (13) 

Since the integrals in these terms are equal, Eqs. (9) and (10) may be 
written in the form 


6'(k) = 60 + 


m} 9 eo - €, 


V 


(14) 


Xk = ^0 - . 


r(f>, 


47r J<p,\l/QTHr 

" y 60 - €, ’ 


( 15 ) 


The p functions that are satisfactory solutions of (1) in the sphere 
approximation are those which satisfy the boundary condition <pv(r,) = 0. 
This fact may be proved by setting up equations similar to (5). When 
these p functions have been computed, both 6'(k) and i/'k may be deter- 
mined by evaluating the integrals in (14) and (15). It is not evident 
from what has been said that the higher order perturbation terms are 
negligible, but a practical examination of these for all three metals 
shows that they actually are so for values of k in the first zone that are 
not too near the zone boundary. ' 

It is worth noting that, in the approximation in which Eq. (14) is 
valid, 6(k) may be written as 

.(k) = ,'(k) + |ik-.„ + 5^.k. (16) 

where^ 


J_ = iA 4- h^^Z2ir^\ Mydr\A 
m* m\ 9 co - e, J 


Similarly, may be expressed in the form 

^k = e2-''W) + 2Ttk.i/p(r)) 


( 17 ) 


( 18 ) 


' We shall see in Chap. XVII that the terms in the coefficient of 1/m in Eq. (17) 
are related to the / factors of radiation theory. 



354 


THE MODERN THEORY OF 80UDS 


IChat. X 


where /< is the lowest s function and 


/.« - 


The radial integrals that appear in the preceding equations were 
determined for several values of r, for each of the three metals. The 
values of the quantity m/m* that were computed^rom these [c/. Eq. (17)] 
are listed in Table LIL It turns out in the case of sodium that the 


Table LII. — ^Valubs op m/m* for the Alkali Metals 
^The values for the observed values of r, are given in boldface type.) 
li 


r,/ah 


m/m* 

3.00 


0.584 

3.21 


0.663 

3.32 

Na 

0.684 

3.80 


1.079 

3.96 


1.069 

4.12 

K 

1.069 

4.82 


1.72 

5.06 


1.59 

5.34 


1.48 

5.47 


1.44 


summation in (17) ^^accidentally” vanishes for values of r, in the vicinity 
of the observed one, so that this ratio is practically unity. The ratio is 
less than unity in lithium and greater than unity in potassium. A small 
term that takesl into account the variation with k of the interaction 
between the valence electrons and the closed-shell electrons has been 
included in the case of potassium. 

The expression (16) for €(k) is the same as the expression for the 
eneigy of free electrons that was used in the theory of metals discussed in 
Chap. IV, with the difference that e© replaces — Wa- The quantity m* 
is, as before, the effective electron mass. Since this mass is practically 
equal to the ordinary electronic mass in the case of sodium, this metal 
should behave more like an ideal metal than either lithium or potassium. 
The same point is indicated by the fact that for sodium (c/. Fig. 1) 
is^^mqst constant in about 90 per cent of the volume of the sphere, a 
jl^ch shows that the wave functions are closely equal to Ae***’', 
^jj^ere A is a constant. 

As long as Eq. (16) is valid, the electrons in their normal state com* 
pletely occupy a sphere centered about the origin of k sjiace, just as in the 

^ Ills values for Na and li were computed by Bardeen nmng the method dis« 
ouaaed in footnote 2, p. 352. 
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Sommerfeld theory. The radius h of the occupied sphere of points in k 
space is given by the relation 

jKV = f (20) 

where V is the volume of the crystal, N is the total number of electrons, 
and the 2 in the denominator of the right-hand side arises from spin 
degeneracy. The mean value of 



( 21 ) 


for these electrons will be called the mean Fermi energy in the following 
discussion, since it corresponds to the mean kinetic energy e that the 
electrons would possess if they were distributed according to Fermi-Dirac 
statistics. Actually, (21) is a combination of kinetic and potential 
energy so that the mean value of this quantity is not the mean value of 
The mean Fermi energy is easily found to be 


3 ^ 

5 2m* ® 10 m*\8ir / 


( 22 ) 


where no = N/V is the number of electrons per unit volume. This is 
identical with the expression for i that was derived in Sec. 26, Chap. IV. 
Since no = l/(47rrJ/3), Eq, (22) is 


= 3 hU 9 Vl _ 1105 e^(m\ 
10m*\32TV r* rj a\m*) 

Values of this energy are listed in Table LIII. 

It is interesting to note that the quantity 


(23) 


-(eo + €/ + €,), (24) 

where €/ is the negative of the atomic energy, that is, the ionization 
energy, agrees closely with the cohesive energies in the cases of lithium and 
sodium. In the first case, (24) is 39 kg cal/mol, and the observed value is 
also 39; in the second case, (24) is 24.4 kg cal/mol, and the observed 
value is 26. These computed values are given for the observed values of 
r. at which (24) actually does have a minimum. The agreement is not 
so close in the case of potassium, which we shall discuss separately below. 

In taking (24) to be the cohesive energy per atom, it is effectively 
assumed that the field acting upon an electron is essentially that of the 
ion core in the polyhedron in which the electron is momentarily found. 
Thus, it is as^med that no more than one electron can be in a given cell 
at one time. The agreement between (24) and the observed cohesive 
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energies in the cases of lithium and sodium suggests that on the average 
the electrons actually do avoid one another in this way. 

The cohesive energy of potassium, computed from Eq. (24), is 6 kg 
cal/mol, whereas the observed value is 22.6. This discrepancy is sur- 
prising at first, for we might expect the properties of the alkali metals to 
vary continuously as we pass down the periodic chart from lithium to 
cesium. Gorin believes that the error in potassium is related to flaws 
in the Hartree field on which the computations are based, for this field 
does not reproduce the atomic energy levels with the same accuracy as 
the fields used for lithium and sodium (c/. part a of this section) even 
when exchange terms are included. Thus, the error in the lowest level 
of the atom is 0.735 ev without exchange and 0.347 ev with exchange. 

Since the exchange terms are larger in the solid than in the free atom, 
because the center of gravity is nearer the nucleus in the solid, it seems 


Table LIII. — Values of to + e/ and ep for the Alkali Metals 
(The values of t/, the ionization energy, are theoretical values.) 



eo + €/ 

€F 

— (to + c/ + €f) 

Observed 


cohesive energy 

Li(€/ = 5.365 ev = 123.4 kg cal/mol) 

3.00 

—84 6 kg cal/mol 

44.7 

39.9 


3.21 

-82.6 

43.6 

39.0 

39 kg cal/mol 

3.32 

-81 5 

42.7 

38.8 



Na(€/ 5.159 ev = 118.7 kg cal/mol) 


3.80 

-75,3 

51.4 

23.9 


3.96 

- 71.3 

46.9 

24.4 

26 

4.12 

-67.2 

42.9 

24.3 


K(€/ = 3.973 ev = 91.4 kg cal/mol) 

4.82 

5.06 

-41.0 

42.7 

-1.7 

22.6 

5.34 

-40.6 

35.7 

4.9 


5.47 

-39.7 

33.1 

6.6 



reasonable to expect that the entire correlational effect between the 
valence and closed-shell electrons increases in passing from the free atom 
to the soEd. Now the exchange and correlation interaction energies of 
the valence and closed-shell electrons in the, free atoi^ are, respectively, 
0.388 ev and 0.347 ev. Gorin attempted to correct the absolute error 
of the lowest level in the solid by multiplying the closed-shell valence- 
electron exchange energy of the solid by a factor 
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( 0.388 + 0 . 347 ) _ . 

The correction induced by this is listed in Table LIV and increases the 
binding energy, as computed by Eq. (24), to about 14.5 kg cal/mol for the 


Table LIV. — Corrected Values op eo + for Potassium Obtained by Increas- 
ing Closed-shell Valence-electron Exchange by a Factor 1.89 
(e/ = 4.333 ev = 99.7 kg cal/mol) 



€0 + £/ 


— (eo + e/ ri" ep) 

Observed cohe- 
sive energy 

4.82 




22.6 

5 06 

-51.5 

42.5 1 

9.0 


5 34 

-48.1 

34.5 

13.6 


5.47 ' 

-46.2 

31.9 

14.3 



point Va = 5.4 where the total energy is a minimum. The agreement 
between the observed and calculated energies is now comparable with 
that found above for lithium and 
sodium. The value of the lattice 
parameter at which the minimum 
occurs is much too large, however, 
a fact showing that the corrections 
of Table LIV are not adequate for 
small interatomic distances. 

c. The Influence of Coulomb 
Terms . — We shall now proceed to 
correct the equations in part h by 
considering the effects of the 
coulomb term 


2 «-/' 




rn 


(25) 



The charge distribution in the 
unit sphere of lithium. The ordinates are 
expressed in units of e/vo, where Po is the 
atomic volume. 


We could evaluate this term, using 
the wave function (9), and deter- 
mine a new set of functions to replace (9) by placing the result in Eq. (1). 
The new solutions then could be employed in a reiteration of this pro- 
cedure and the process repeated until a self-consistent set of functions is 
found. Actually, the change in the wave functions is negligibly small 
at the end of the first step in this procedure. The charge distribution 


k k 


( 26 ) 
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obtained from the functions (10), is shown in Fig. 3 for lithium when 
ft = ro. It should be noted that this function is practically constant 
over the major part of the unit sphere. This condition is satisfied even 
better in sodium and not quite so well in potassium. Since the potential 
that arises from a constant charge distribution turns out to have a 
negligible effect on the wave functions (10), as we shall see, we may 
conclude that the effect will also be negligible when (26) is used. The 
electronic potential at a point r, arising from a spherical charge distribu- 
tion of constant density — e/vo where ro is the volume of the sphere, is 


7(r) = 


2 r. 


le^ 

2 rj 


(r ^ r,). 


(27) 


The constant term does not affect the wave function, and so we need 
consider only the term inr^ The correction to arising from this term 
is 


J^kVWr 

2rJ^ 60 - 6k 


(28) 


where the ^k obviously form the family of s functions that satisfy the con- 
dition ^'(r,) = 0. An upper limit to the value of the integrals / ^k*rVodr 
may be obtained by evaluating the quantity 

X " / ^orVodr - V'orVodrp. 


Since is practically constant, this is. 


(^ - 

Thus, the maximum value of any of the integrals -in (28) is 0.13e^/ra. 
The difference between the first two s levels in the alkali metals is of the 
order of 6 ^/ 20 *. Hence, the ratio of the coefficient of any ^k to that of 
^0 is at most 0.26/r„ which varies from 0.08 to 0.05 for the three alkali 
metals. Actually, only the lowest of the ^k has a coefficient of this magni- 
tude ; the others play a less important role because the energy denominators 
increase and the value of the integral J^k*rVodr decreases with increasing 
k. In addition, it seems likely that the upper limit is too high, for it is 
determined by adding the absolute values. On the whole, then, we may 
conclude that the correction term to changes the function by only a 
few per cent. The same conclusion can be drawn for the other functions, 
for they are practically equal to The total error made by 

ne|d©cting the change in wave functions can be shoWn to be less than 
1 kg, cal/mol, which is less than the computational error of the present 
work 
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By way of summary, it may be said that the solutions of ( 1 ) that are 
given by ( 2 ) and ( 11 ) in the sphere approximation also are solutions of 
Hartree^s equations for the lattice. 

d. The Influence of Exchange Terms. — It was demonstrated in Sec. 75, 

Chap. IX, that the exchange operator A is diagonal in the special case in 
which the eigenfunctions are free-electron waves In this case, the 

solutions of Hartree’s and Fock^s equations are identical. Now, we 
saw in part c that the solutions of Hartree^s equations are very nearly 
free-electron waves for all three alkali metals under consideration. 
Hence, the exchange operator should be almost diagonal in these cases, 
and we may assume that the solutions of Fock’s equations are identical 
with ( 10 ). This fact is a very fortunate one, for unless it were true the 
problem of treating the alkali metals would involve many more difficulties. 

The influence on the exchange energy of the small p term in (18) may 
be estimated in the following way. For simplicity, we shall assume that 
has the form 

+ iyk • r) (29) 

where both a and y are constants. This is equivalent to assuming that 
/, and /p are constant. In this case, the quantity A • where A is the 
exchange operator, is 

^^ 2 '^ f * ^g) ^ 2 T 4 (k-ko.r«+k^.riUy 

|ri-“r 2 | 

If we make the transformation ts = rj — ri, we may,^ to terms in 7 ®, 
change this to 

-e»(o. + nk ■ 

Hence, the functions (18) are eigenfunctions of A to terms in 7 ®. We 
shall find that the 7 ^ terms are very small when we discuss the value of the 
exchange energy in part e. 

e. The Energy in the One-electron Approximation. — We may now 
evaluate the energy of the crystal in the one-electron approximation. 
This energy is 

E « !^*HSifdr 

^ This Approximation is equivalent to assuming that the wave functions have the 
form 

^ • oe* , 
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where ^ is the deteririinantal eigenfunction, formed of the functions (2), 
and 


t i,j a,/3 

is the total Hamiltonian of the lattice. In Eq. (30), 

Vi = - r(n)l) 


r«/j 


(30) 


(31) 


where t;c(|r< — r(n)l) is the potential at r* arising from the ion at the posi- 
tion r(n), and the last term is the interaction potential of the ions. The 
latter has the same form as for point charges, for the ion cores are so far 
apart that they do not overlap appreciably.^ 

The mean value of the operator (30) is 



2in 


A + 


|^k(ri)Hi/^k^(r2)|' 


rn 


dr 


>Ak*(ri)^k-*(r2)>Ak(r2)iAk<ri) 

rn 


dr 






£1 


(32) 


where the sums over k and k' extend over the occupied values of k, 
excluding spin, and the factors 2, 4, and 2 in the first three terms give 
the results of spin summation. We may split the first integral into 
integrals over each of the N cells of the lattice. Since the component 
integrals must be the same for every cell, they are equal to 


k V 


(33) 


in which the integration extends over a single cell. From (31), we may 
derive the relation 


f |*.|%.(|r-r(n)|)dr+ ^ l'^kP».(lr-r(n')|)rfr 

k k • nVn k 

(34) 


where the integration extends over the nth cell. In the second term, 
tfcdr — r(n')l) maybe replaced by — eV|r — r(n') | since the field is coulombic 


outside tHe n'th cell. 


Hence, if the fact that the distribution 5^2|^k|^ 

k 


‘ The contribution to the energy from the exchange and van der Waals terms is 
less than 0.2 kg*cal/mol so that these terms are negligible for the cohesive energy. 
They are important, however, when the elastic constants are computed. 
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is spherically symmetric within a given cell is taken into account^. (34) 
reduces to 


so that (33) may be replaced by 


+ ‘-'(1^ - >-(")l))Wr - ^2 -r 


^2 |r(n) - r(»')l “ 22 r„/ 

n' a,$ 

The coulomb term in (32) may be split into two parts, namely, one 
for which ri and T 2 lie in the same cell, and another in which they lie in 
different cells. In the sphere approximation, the second term is equal 
to the mutual potential of a set of point charges, that is, to 

a,P 

which cancels the last term in (36), 

Upon combining these results, we find that (32) reduces to 


dTi2. (39) 


Thus, the total energy differs from the sum of the energy parameters 
for all doubly occupied states by the self-potential of the charge distribu- 
tion in each of the polyhedra and the exchange energy of all electrons. 
That the self-potential and exchange terms would enter in just this way 
might easily have been predicted on the basis of the discussions of parts c 
and d. 

The self-energy of the charge distribution within a unit cell has been 
evaluated numerically for several values of r, in each of the three metals 
under discussion; the results are listed in Table LV. It should be noted 
that the actual energy is very close to 0.6e*/r„ which is the self-energy 
of a constant charge distribution, for the observed lattice constant in 
lithium and sodium. There is a considerable deviation, however, in 
the case of potassium, which probably is related to the errors in the 
potassium field that were discussed in part h. 
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Table LV.— Coupabisoh of CoTTLona and Exchangb ENiBonos fob Actoal 
Elbctbons and fob Fbbb Elbctbons at Pabticulab Valties of r » 

(In kg cal/mol) 



Coulomb 

Exchange 

Actual 

0.6e‘A. 

Actual 

-0.458cVr. 

Li(r4 «> 3.210^) 

114.8 

116.3 

-90.2 

-88.9 

Na(r. - 3.96a*) 

63.8 

94.4 


-72.0 

Kir, « 6.060*) 

82.2 

74.3 

-57.5 

-56.6 


The exchange terms are complicated by the fact that the integrals 
cannot be broken up into integrals over single polyhedra in any simple 
manner. They may be evaluated, however, by replacing the functions 
(18) with the simpler functions (29). This approximation actually is a 
good one in the alkali metals, for/, is very nearly constant and/p is small. 
The exchange energy has been evaluated by direct computation in this 
case and the result is 

A^(-0.458- - 1.05i) - - (40) 

\ r, r, / 

where ij is the constant appearing in when it is expressed in the form 

When rj is zero, (41) is a free-electron wave function and the expression 
(40) reduces to 

r, 

which, as we have seen in Sec. 75 of the last chapter, is the exchange 
energy for free electrons. Numerical values of the quantity (40) appear 
in Table LV. The terms in actually are very small, a fact showing 
that the exchange operator is almost constant (c/. part d). 

/. Justification of the Sphere Approximation . — Before discussing the 
cohesive energy, we shall justify the approximation in which the poly- 
hedron surrounding each atom is replaced by a sphere. It will be shown 
that the expression for the total energy does not differ appreciably from 
that derived in part e, if the wave functions (18) are used at points inside 
the polyhedron instead of at those in the sphere. " 

Wh may dispose of the exchange terms at once by observing that the 
pripdpal t^ of (40), namely, -0.458eV»’«» was derived by using funo- 
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tions which extend throughout the lattice. The terms in n may be 
influenced slightly by the sphere approximation, but they are so small 
that this variation cannot be important. 

Next, let us discuss Eq, (32). V may be expressed rigorously in the 
form (31), so that we are interested in the sum 


where the integration now extends over the polyhedron. 

Although satisfies Eq. (1), we cannot set the sum (42) equal to 
2S€k, for the normal gradient of ^k is not continuous at the boundary 
of the polyhedron. In other words, since A^k is singular at the boundary, 
it is necessary to determine the contribution to the integral that is 
associated with the singularity. It may be shown (see the papers on 
sodium, footnote 1, page 348) that the necessary addition to the energy is 



k r 


grad ^k • d6 


(43) 


where the integrals extend over the surface of a polyhedron and the 
second sum extends over all cells in the lattice. This integral is less 
than 0.005 ev for V'o and may be neglected. Since fp in (13) is small near 
the boundary, the integral is also negligible in other cases. 

The remaining terms in the expression for the total energy, namely, 


- r(n')|)(ir + 

k nVn 





ri2 


dndrz -f 


2-^ raff 
ct,0 


(44) 


may be broken into two expressions, namely, one for the self-energy of 
the charge in a polyhedron, and one for the mutual interaction energy 
of the set of polyhedra. In order to do so, all that is necessary is to 
write the second term of (44) in the form 



[2Xl^(r0l‘][2Xl^'(r»)l’] 


rii 


dridri + 



r2XlWri)|*ir2X'lMr.)|’l 

r-dn*,. (45) 
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The first term is the sum of the self-energies of the electronic charge dis- 
tribution in each cell, and the second is the interaction energy of the 
electronic charges in different cells. The sum of the second term in 
(45) and the Brat and last terms in (44) is the total electrostatic interaction 
energy of the polyhedra. In the sphere approximation, this sum was 
assumed to be zero, and (44) was evaluated by computing the self- 
energy of the charge in the sphere. 

The electronic charge density in each of the three alkali metals is 
very nearly equal to e/v throughout all parts of the polyhedron, except in 
the region S near the nucleus where the eigenfunctions have nodes. 
Since the distribution is spherically symmetrical in this region, the 
potential outside S is the same as though the polyhedron contained a 
positive point charge at its center and a uniform negative distribution of 
density e/v. Hence, except for the value of the self-energy of the elec- 
tronic charge in S, (44) has the same value as for a lattice of positive 
point charges that contains a uniform distribution of negative charge. 
The self -energy of this lattice may be computed by the methods discussed 
in Chap. II and is 

-0.8958- 

r, 

per ion. The interaction energy of the positive and negative charge in a 
given polyhedron of this lattice, as determined by direct numerical 
calculation, is 

-1.4939-- 

r. 

If we designate by Ae the difference between the self-energy of the actual 
electronic charge distribution in the region S and the self-energy of a 
constant electronic distribution in the same region, (44) is equal to 

Jv(o.598^* + At) (46) 

,where N is the number of atoms. The result corresponding to (46) is, 
in the sphere approximation, 

Ar(o.6^ + At) (47) 

where 0.6e Vn is the self-energy of a sphere of constant charge distributionw 
The difference, namely, —N0.0Q2e^/r„ is never more than 0.2 kg cal/mol 
and may be neglected. 

The close agreement between (46) and (47) is not" a fortuitous coin- 
cidence but rests upon the fact that the field outside a polyhedron actually 
is practically zero, as assumed in the sphere approximation. 
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g. Enetgy M fe Foek Approximation . — ^The complete expiesrion 
for the cohesive energy of the alkali metals in the one-electron approxi- 
mation is 


r( ^110' 


e2 0.598e2 , ^ 0.458e2 , 

ah r, ‘ r, ^ 


Table LVI. — Contributions to the Cohesive Energy of the Alkali Metals 
(The values for K contain the corrected values of eo + e/ of Table LIV.) 


r* eo + €/ + ej* 

Cou- 

lomb 

term 

Ex- 

change 

energy 

(40) 

Cohesive energy 
in Fock 
approximation 

^ Final 

, cohe- Ob- 
lation . , 

sive served 

energy 

energy 

Li 

3 00 -39.9 kg cal /mol 

124.6 

-95.1 

10.4 kg cal /mol 

-22.3 32.7 

3.21 -39.0 

114.8 

-90.2 

14.4 

-21.7 36.1 39.0 

3.32 -38.8 

110.9 

-87.1 

14.0 

-21.5 35.5 

Na 


3.80 

-23.9 

98.3 

-75.1 

0.7 

-20.3 21.0 


3.96 

-24.4 

93.8 

-72.0 

2.6 

-19.9 23.6 

26.0 

4.12 

-24.3 

89.6 

-69.2 

3.9 

-19.6 24.5 

1 


4.82 







22. e 

5.06 

5.34 

5.47 

- 9.0 
-13.6 
-14.3 

81.7 

69.7 

1 67.6 

-57.3 

-54.1 

-52.5 

-15.4 
- 2.0 
- 0.8 

-17.8 

-17.3 

-17.1 

2.4 

15.3 

16.3 



which includes only the principal term in the expression (4) for the 
exchange energy. This result is listed in Table LVI in the column 
headed ^ ^ Cohesive energy in Fock approximation. ^ ^ The minimum values 
of the cohesive energies and the corresponding values of the lattice 
constant appear in Table LVII. A striking feature of these results is 

Table LVII. — Comparison of Observed and Calculated Values of trb Cohesive 
Energy and Lattice Constant in the Fock Approximation and Final 


Approximation 



Cube-edge distance, A 

Cohesive energy, kg cal/mol 


Observed 

Fock 

Final 

Observed 

Fock 

Final 

Li 

3.46 

3.50 

3.60 

39 

14.6 

36.2 

Na 

4.25 

4.56 

4.61 

26 

4.1 

24.6 

K 

5.20 

5.86 

6.82 

23 

- 0.7 

16.5 
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the fact that the cohesive energy determined by the one-electron approxi- 
mation is smaller than the observed value by about the amount that 
one would expect from consideration of the atomic and molecular prob- 
lems for which correspondingly accurate solutions have been found. 
It seems reasonable to ascribe most of the error, which is about 1 ev per 
electron, to the neglect of correlations between electrons having opposite 
spin.^ 

Since the one-electron wave functions are nearly the same as those 
for free electrons, we may use Wigner^s expression for the correlation 
energy, which was discussed in Sec. 76, namely, 


0.288 , 
r, + 5.1a/ 


(49) 


The final energies are given in the next to the last column of Table LVI 
and in Table LVII. 

The calculations for lithium probably are the most significant since 
they are the most accurate. It is not easy to trace the source of the 
error of 3 kg cal/mol, but it probably arises from an error in the expres- 
sion (49) for the correlation energy.* It is possible, however, that the 
effective ion-core field also contributes to this error, for it may not 
adequately represent the valence-electron and closed-shell interaction 
in the solid. The error in sodium probably has the same origin as that 
in lithium, whereas a large part of the error in potassium, which was 
discussed in part 5, undoubtedly is connected with the inaccuracies in 
Hartree^s closed-shell wave functions. 

79, Metallic Hydrogen. — Although a metallic modification of hydro- 
gen is unknown, Wigner and Huntington* have made a computation 
of ihe properties of this hypothetical substance in order to estimate the 
conditions under which it should be stable. This computation was 
carried through on the assumption that the metallic lattice would be 

* Tables LVI and LVII contain a summary of values that the writer regards as 
the *^beBt’’ results of the papers listed in footnote 1, p. 348. 

> C. Herring has pointed out to the writer that two types of correction to the 
equation « » h^*/2m* may be expected in the case of lithium. In the first place, 
there may be a slight downward curvature in the (110) direction because of the 
proximity of th^ son® boundary. This effect presumably will also occur in sodium 
and imobably is not large. In addition, since the «(k) curve for lithium is well below 
^he free^lectron curve near k - 0 and we may expect it to rise in higher sones, 
there is probably a positive term of the order k^ in a more accurate representation of 
€(k). ITus term probably does not affect the Fermi energy appreciably but may 
responsible for a decrease in level density near the edge of the filled region that is 
important lor other properties, such as the conductivity and paramagnetic sus- 
eepdbility (see Chaps. XV and XVI). 

* E. WioNBB and H. B. HwriKaTON, /ear. Chem, Pkys., 3, 764 (1985). 
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body-centered, so that the computational procedure closely resembles 
that used for the alkali metals. The principal difference is that the ion 
core is a proton which rigorously has a coulomb field. This simplification 
makes it possible to evaluate the wave functions and energies analytically 
when the sphere approximation is used. The coulomb, exchange, and 
correlation energies were estimated by the same methods that were used 
for the alkali metals. Figure 4 shows the electronic energy per electron 
as a function of r,. The binding energy, which involves a small correction 
for the zero-point vibrational energy, is found to be 10.6 kg cal/mol for 
a density 0.59. The corresponding values for the molecular forms are 
52.4 kg cal/ gram-atom and 0.087. The difference in energy shows clearly 
why the ordinary form is not metallic. 

If it is assumed that the observed 
compressibility of the molecular form, 
namely, 3 • 10“* cmVdyne, is constant 
for a large change in volume, it is 
found that the energy of the molecular 
form would be increased by only 0.92 
kg cal/mol when the density is changed 
from 0.087 to 0.59, so that there would 
be no tendency to change to a metallic 
form. Actually, the compressibility 
decreases with decreasing volume. 

Even if it became large enough to 
make the change from the molecular 
to the metallic phase possible, how- 
ever, the pressure required would be 
at least 400,000 atmospheres which is 
not attainable at present. 

80. Monovalent Noble Metals. — Fuchs^ treated the cohesion of 
copper along the lines developed in the preceding sections and found that 
the interaction between closed shells and the exchange and correlation 
interaction between valence and closed-shell electrons play a much more 
important role in this metal than in the alkali metals. The reasons for 
this may be found from an investigation of Hartree^s wave functions for 
atomic copper, for these show that about 0.4e of the lOe charges of the 
newly completed 3d shell lie outside the sphere whose volume is equal 
to the volume of the unit cell. This means that the effect of binding on 
the d-shell electrons is nearly as important as the effect on the valenoe 
electrons and that the discrete atomic d levels are split into bands in the 
solid. Since it would be difficult to treat all eleven electrons by the 

^ K. Fuchs, Proc. Boy, Soc„ 161, 686 (1986); 168, 622 (1936); 167, 444 (1936). 



Fio. 4. — The lower curve is the 6o(r,) 
curve for metallic hydrogen. The 
upper curve is the total energy per 
electron. The origin of the energy 
scale is the energy of an ionised hydro- 
gen atom, so that only the values of 
the upper curve relative to one Rydberg 
unit are of interest for cohesion. 
Abscissa is expressed in Rydberg units. 
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Bloch scheme in a computation of the cohesive energy, Fuchs assumed 
that the d shell is nearly rigid. 

The closed-shell one-electron functions may be expressed in the form 

= fnl(r)eTie,ip) (1) 

where /«i(r) is a radial function associated with the radial and orbital 



Fig. 5. — The lowest energy wave functions of metallic copper. The dotted curve 
corresponds to a case in which exchange is neglected and the full curve to one in which it 
is included. {After Fuchs,) 



Fig. 6 . — The eo(ra) curves of 
metallic copper without exchange 
(curve I) and with exchange (curve 
II) , Curve III represents the mean 
energy per electron after adding 
the Fermi energy. (After Fuchs.) 



are the same as in Figure 6. 
Curve IV includes the ion- 
ion exchange repulsion. (Aftev 
Fuchs.) 


angular momentum quantum numbers n and Ij respectively, and 0r is 
a surface harmonic. In a given closed shell, the z component of angular 
momenttim quantum number m ranges over all integer values from -I 
to If and each ^ occurs once with each of the two possible spin orientations. 
If it is assumed that the valence electrons in the metal are so well corre- 
lated that only one appears in a given cell at a time, Fock^s equation 
for the valence-electron wave function ^(rO is 
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n,l m"*^l 

( 2 ) 

Here, Ve is the coulomb potential of the ion core, and the summation 
extends over those \p in the closed shells which have the same spin as tp. 

Fuchs solved Eq. (2) for the radial function of the 4s type that 
satisfies the boundary conditions = 0. In doing so, he evaluated 
the coulomb and exchange terms by the use of the Hartree one-electron 
wave functions for atomic copper. The solutions that were obtained 
with and without the exchange terms are shown in Fig. 5 along with 
Hartree’s 3d function. In Fig. 6, €o(r«) is represented for both approxima- 
tions. The exchange energy is 2.5 ev for the value of r, corresponding 
to the observed lattice constant. Since this is a large fraction of the 
cohesive energy of 3.1 ev, we may conclude that the correlation inter- 
action between closed-shell electrons and valence electrons cannot be 
neglected in an accurate computation. This term could be included 
roughly in the manner developed by Gorin for potassium, but the labor 
is not justified in the present case because of other approximations that 
are made. 

The Fermi energy was not determined by use of the perturbation 
method described in Sec. 78. Instead, it was evaluated more roughly 
by means of a perturbation scheme in which the entire periodic potential 
field of the ion cores 7(r) is treated as a perturbation. The starting 
wave functions in this case are free waves, and the energy of the per- 
turbed functions is 






i;«- 


2jri(k-k')-r 


7(r)dT|^ 


e(k) ~ 6(k') 


(3) 


(cf. Sec. 61). Here 7ooo is the integral of 7(r) over a unit cell, 
k' = k + K, 

where E is any lattice vector in the reciprocal lattice, and v is the volume 
of the unit cell. Fuchs retained only that term of the second-order sum 
in (3) that belongs to the lowest zone and derived the expression 

4(2-21 - 0.10076yjr;) (4) 

ior the mean Fermi energy. This result is expressed in Rydberg units 
when r, is given in Bohr units. Vg is the integral: 
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where g is the vector joining the origin of k space to the nearest point of 
the first zone boundary for the face-centered lattice. Fuchs assumed 
that Vgf which is approximately equal to one-half the energy gap at the 
first zone boundary, is of the order of magnitude 2 ev. The second term 
in (4) is then practically negligible, and the Fermi energy is the same as 
for free electrons. This conclusion is not fully justified, for the same 
line of reasoning would lead to a Fermi energy less than the value for 
free electrons in the case of potassium, whereas Gorin’s work shows that 
the opposite is true. We may conclude that the other terms in (3) 
usually are not negligible,^ so that the approximation (4) is not reliable. 
The sum of €o(r,) and the free-electron Fermi energy is shown in Fig. 6. 

Fuchs assumed that the valence-electron self-energy is exactly bak 
anced by the exchange and correlation energies, just as in the alkali 
metals. The error made in doing this undoubtedly is smaller than that 
introduced in estimating the Fermi energy from (4). 

Finally, the very important ion-ion repulsion term was estimated-^ 
by means of a modified Fermi-Thomas method. When this result is 
added to the previous results, the energy curve shown in Fig. 7 is obtained. 
The closed-shell interaction correction is of the order of 0.5 ev when r, 
is equal to ro and rises very rapidly as the lattice constant decreases. 
As we shall see in Sec. 82, the fact that the compressibility of the mono- 
valent noble metals is less than that of the alkali metals can be associated 
with this interaction term. 

The cohesive energy and the computed lattice constant of copper are 
listed in Table LVIIL This energy was obtained by subtracting the 

Table LVIII. — The Obsebyed and Calculated Cohbsivb Energy and Lattice 
Constant op Copper 



Cube edge, A 

Cohesive energy, 
kg cal/mol 

Calculated 

4.2 

33 

Observed 

3.6 

81 


observed ionization energy of atomic copper from the energy curve of 
Fig. 7. The large error in the calculated value cannot be associated with 
an erh)r in a single term in this case, as it could in the case of lithium and 
^ium. In spite of this fact, the computations do give an indication 

^ Except in the case of lithium, the actual free-electron band does not correspond to 
the lowest zone, so that there are terms in (3) with positive as>well as negative energy 
d^ommators. 

* ln subsequent work on the elastic constants, which is discussed in Sec. 82, this 
interaction was also used. 
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of the relative importance of the various terms that influence the cohesive 
energy in the monovalent noble metals. 

81 . Metallic Beryllium.— Herring and Hill^ have given a detailed 
treatment of metallic beryllium along the lines of the preceding sections. 
When compared with the monovalent metals, this case presents two 
additional complicating features, namely, the fact that the lattice is close- 
packed hexagonal instead of cubic, so that there are two atoms per unit 
cell, and the fact that two zones are nearly completely occupied, so that 
the free-electron approximations cannot be applied without careful 
investigation. The atomic cell for beryllium is shown in Fig. 4 of Chap. 
IX, and the first two zones are shown in Fig. 18 of Chap. VIII. Since 
the computations contain more details than it seems advisable to present 



Fia. 8. — The n(e) curve for beryllium. This is compared with the free-electron n(e) curves 
for m/m* ■* 1 and 0.62. 

here, we shall survey only the general outline of their work and compare 
their results with experimental material. 

To begin with, they obtained a self-consistent Hartree field for the 
valence electrons in the metal, using Hartree’s atomic field for the (Is)^ 
core. It should be mentioned at this point that all computations were 
carried out for values of r„ the radius of the atomic sphere, both larger and 
smaller than the observed value, as well as for the observed value {2.S7ak). 
Wave functions for a number of points in k space were then computed, 
the functions for the center points of the zone being determined by the 
method used for for the alkali metals, and the functions at the zone 
boundaries being determined by the use of the free-electron perturbation 
scheme discussed in Sec. 73. From the energies of these functions, a 
level-density curve was obtained and the mean Fermi energy computed. 

^ C. 0. Hbbbino and A. G. Hill, Phy9. Bw, (to appear). 
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A complicating feature of this process is the fact that the exchange 
interaction between valence and core electrons had to be included, as in 
the case of potassium. A comparison of the actual distribution curve 
with that for perfectly free electrons and that for free electrons having 
the effective mass m* determined from the curvature of the €(k) curve near 
k = 0 is shown! in Fig. 8. The vertical lines represent the top of the 
occupied regions of levels in the three cases. It may be seen that the 
actual density function has a strong minimum near the top of the filled 
region — a fact that seems to occur generally among the alkaline earth 
metals. Values of m/m* for several values of r* are given in Table LIX. 
It may be noted that the ratio is less than unity as in lithium. 

Table LIX. — Values of m/m* for the Valence Electrons of Beryllium Deter- 
mined FROM THE Curvature of 6(k) Near the Bottom of the Filled Band 


r., tth 

m/m* 

2 07 

0 422 

2.37 

0.616 

2.67 

0.697 


Next, Herring and Hill attempted to make a more accurate estimate 
of exchange than would correspond to the use of the free-electron value. 
This proved to be very difficult, but they came to the conclusion that 
the exchange probably does not deviate by more than about 6 per cent 
from the free-electron value. 

In Ueu of a better alternative, they employed the free-electron cor- 
relation energy. The correlation energy is not greatly larger than the 
uncertainty in the exchange, so that this procedure probably does not 
introduce an important new error. 

The results of the computation are listed in Table LX and are com- 
pared with computed quantities. The theoretical values are expressed 

Table LX. — Comparison of Observed and Computed Values of the Cohesive 
Energy, Lattice Parameter, and Compressibility of Beryllium 



Calculated 

Observed 

Cohesive energy (kg cal /mol) 

53 to 36 

75 

Equilibrium value of r,(aA) 

2.23 to 2.57 

2.37 

1.25 

1/jS • 10~^* (cgs) 

0.87 to 1.32 



in terms of the limiting values obtained as a result of several methods of 
approximating the various quantities. 

To explain the discrepancy in cohesive energy. Herring and Hill 
suggest the possibility that exchange and correlation energies for the 

! Figure 8 is not the final level-density curve obtained by Herring and Hill, but 
resembles it closely. 
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electrons near the top of the filled region, where the free-electron approxi- 
mation undoubtedly is worst, may be considerably larger than their 
computations indicate. In connection with this, they note that the work 
function computed from their results by a method to be discussed in the 
next chapter is in very bad agreement with the best observed value. This 
discrepancy would also be decreased if the exchange and correlation 
energies of the uppermost electrons were increased. 

82. The Elastic Constants of Metals. — It is pointed out in footnote 1, 
page 94, that the elastic constants c„- that enter in the relation 


Xt •“ j I) ‘ ‘ * J fi)j 

3 

between the six independent components Xi of the stress tensor and the 
six independent components Xj of the symmetric strain tensor are given 
by the equation 


dx^bXj 


( 1 ) 


where E is the energy per unit volume of the crystal as a function of the 
strains. Thus, the elastic constants may be computed if the energy 
of the crystal as a function of homogeneous atomic displacements is 
known. 

a, Compressihility . — The simplest energy change to compute is that 
accompanying a uniform compression in all directions. In this case. 


Xi - Xi = Xz = f, 

X4 = X5 = Xe = 0, (2) 


so that the change in energy per unit volume is 

dE == ^(Cii + Cn + C83)i^ + (Cl2 + C28 + C8l)j^. (3) 


Since the relative change in volume dV/V is 3f for small displacements, 
Eq. (3) may be placed in the form 



in which the compressibility ^ is related to the c by the equation 


^ ~ ^22 + Css) + 2(C12 + C28 + Csi)]. 


In cubic crystals, 


(5) 


Cii = C22 = CzZf 
C12 — C28 = cai, 
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( 6 ) 


whereas, in hexagonal crystals, 


whence 


Cii = C22, 
C28 = C81, 


^ ” g(2cn "f C38 + 2 Ci2 + 4C8i). 


(7) 


Now, dV/V is simply related to the relative change 5r,/r, in the 

radius of the atomic sphere by the 
equation 

^ = 3^. 

V r. 

Hence, if E(ra) is the energy per unit 
volume of the crystal as a function 
of r,, 



r\dm^ 
9 arj ^ 


or if e(r,) is the energy per atom, 

1 1 dh{u) 

P I2irr, dr] 


( 8 ) 


Fig. 9. — Comparison of the observed 
and calculated compressibilities of lithium 
and sodium as functions of the relative 
change in volume —AF/7o. (After 
Bardeen,) 


This quantity evidently may be com- 
puted from the 6(r,) curves discussed 
in preceding sections. These values 
are given in Table LXII. 

Bardeen^ has used the computed e{r,) curves for lithium and sodium 
to compute the compressibilities for a range of values of r, and has com- 
pared these with values obtained from Bridgman^s room-temperature 
results^ by extrapolation to absolute zero of temperature. The com- 
puted and observed curves are given in Fig. 9. The pressure required to 
produce the maximum change of volume in these cases is of the order of 
magnitude 40,000 kg/cm®. Bardeen suggests that the disagreement in 
the case of lithium arises from neglect of the effect of the discontinuity 
of the e(k) ciirve at the first zone boundary (c/. footnote 2, page 366). 

b. Other Relations.— In order to compute all the plastic constants, it 
is ne(^essaiy to determine the energy change of the crystal for deforma- 

^ BiiRDiBN, op. citf 372. 

* P. W. Bkidoman, Proc. Am, Acad, ScLj 72, 207 (1938). 
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tions other than a homogeneous compression. The most extensive work 
of this kind has been carried out by Fuchs^ for the alkali metals. He 
determined the energy change for the following two additional types of 
dilation: 

1. Equal contraction and ex'pansion^ respectively, along two cube edges, 
which leave the volume uncharged . — This deformation may be expressed 
in terms of the fractional displacements along the three axes which will 
be designated by a*, ay, and a,. If the z direction is that along which 
the distances are unchanged, we have 


Thus, in this case, 


and 


a^- = 0, 

a* = = i, 

ay ^ X2= -i, 

Xi = Xb — Xi = 0 . 


BE = (cn - Cl 2 )^^ 


__ Id^E 

Cn-Cn 


( 9 ) 


2. Shearing strain in a plane parallel to two cube edges . — In this case, 
the compressional strains are zero, and only the shear strains are finite. 
Thus the dilatation is described by the relations 


Hence, 


Xi == X2 = Xz 0 ; Xi xz = Xz = 0 . 


BE = 


It is evident that these deformations, unlike the deformation that 
determines the compressibility, distort the cells into noncubic forms, 
thus deforming the spheres of the sphere approximation into ellipsoids. 
Fuchs treated the changes in each of the contributions to the total energy 
that were discussed in the preceding sections in the following way: 

i. Since the lowest wave function is practically constant near the 
boundary of the polyhedron, Fuchs assumed that it is not appreciably 
changed by. a dilatation that does not alter the volume. Thus, €o was 
regarded as a function of r, alone. 

ii> Fermi energy. Since the Fermi energy of a free-electron gas 
depends only upon the volume, this assumption was retained in treating 
the alkali metals. 

^ Fuchs, op. eU. , 
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in. The coulomb energy. We saw in part/, Sec. 78, that the coulomb 
interaction of the electrons and ions is the same as the self-energy of a 
set of positive point charges in a uniform cloud of negative charge, except 
for regions very near to the nuclei. Since the form of the wave functions 
in these regions is not affected by distortions that do not change the vol- 
ume, the change in coulomb energy for the distortions 1 and 2 is the same 
as the change in the electrostatic self-energy of the simple lattice. The 
methods for computing this energy were discussed in Chap. II for the case 
in which the atoms are at lattice positions. The changes for the distor- 
tions 1 and 2 are simply related to second derivatives of these expressions 
for the appropriate lattice. 

iv. Exchange energy and correlation energy. It was assumed that 
these depend only on the volume, as for perfectly free electrons. 

V. Noncoulomb ion-ion interaction. The interaction energy of the 
closed shells is very sensitive to the interatomic distance and, hence, 
affects the elastic constants appreciably even in cases, such as the alkali 
metals, in which its contribution to the cohesive energy is small. Fuchs 
determined the effect of this interaction in the alkali metals by use of a 
repulsive term of the Born-Mayer type 

ri+r?-r 

Cube p 

which was discussed in Chap. II, and a van der Waals term of the type 

A 

y.6’ 

which was discussed in Chap. VII. The methods used for determining 
Ci 2 and A need not be discussed again here. In the case of copper, the 
closed-shell interaction was taken from the work discussed in Sec. 80. 
This interaction leads to a slightly expanded lattice. 

To summarize, the elastic constants are determined by terms Hi 
and V. 

In the alkali metals, the coulomb contribution is two to three times 
larger than the contribution from ion-ion interaction, whereas the situa- 
tion is reversed in the noble metals, as may be seen in Table LXI. A 
comparison of observed and computed constants is given in Table LXVIL 
It may be seen from Table LXI that the comparatively high rigidity of 
the noble metals arises from the closed-shell interactions. 

It is interesting to examine the extent to which these constants 
satisfy the conditions^ for isotropy and the Cauchy-Poisson relations, 
which are, respectively, 

2C44 = Cii - Ci2 

‘ See footnote 1, p. 94 and footnote 1, p. 106. 



377 


SBC. 82] THE COHESIVE ENERGY 

Table LXI. — Composition of the Elastic Constants of Monovalent Metals 
(after Fuchs) 

(In units of 10^^ dynes/cm*) 



Coulomb contribution 

1 1 

Ion-ion interaction 

Li 

Cll — C12 

t 

0.339 

-0.02 

C44 

1.263 

0.086 

Na 

] 

Cll — C12 1 

1 

0.143 

-0.02 

C44 j 

0.532 

1 

0.048 

K 

Cll — C12 

0 0644 

0 02 

C44 

0.240 

: 1 

0.020 

Cu 

Cu — C12 

0.573 

4.53 

C44 

2.57 

6.4 


Table LXII. — Comparison of Observed and Calculated Values of the Elastic 
Constants of Monovalent Metals 
(In units of 10^^ dynes/cm*) 

1//3 Cll — Ci 2 C44 Cu Cij 

Li 

Calculated 1.30 0.341 1.349 1.53 1.19 

Na 

Calculated 0.88 0.141 0.580 0.97 0. 

Observed M).85 0.145 0.59 M).95 

K 

Calculated 0.41 0.062 0.260 0.45 0.39 


Calculated 
Observed . . 


12.4 

13.5 
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and 

Cli « 044* 

It is readily seen from the results of Table LXII that neither condition is 
closely satisfied and that the alkali metals^ are very faf from isotropic. 
As was pointed out in Sec. 19, this fact accounts for a large part of the 
anomalies in the specific-heat curves of these metals. 

83. Cohesion of Alloys. — It was seen in Sec. 3 that alloys usually 
have a small heat of formation. There have been no extensive computa- 
tions of these heats. Mott,^ however, has attempted to estimate the 
difference in energy between completely ordered and completely dis- 
ordered jS brass, which is a body-centered metal containing equal numbers 
^f copper and zinc atoms (c/. Sec. 3). He assumed that the additional 
valence electrons of zinc cluster mainly about the zinc ions and that the 
potential near a zinc ion is greater than that near a copper ion by an 
amount 



( 1 ) 


.where g is a constant. Since this potential vanishes as at large 
distances, it follows that its use is equivalent to the assumption that the 
zinc atoms are neutral. The screening constant q was evaluated by 
comparing the observed resistivity of the alloy with that computed on the 
assumption that the difference between the potential of the two ions is 
given by (1) (c/. Sec. 130) and was found to be 2.7 • 10* cm“\ or 


which is only about one-quarter of the radius of the zinc atom. When 
this value of g' is used, the charges in the zinc and copper polyhedra of the 
body-centered lattice are 0.075e and — 0.075e, respectively, which 
corresponds to an electrostatic interaction energy per atom of 

_L^(0.075)V (2) 

where a is the cube-edge distance and 1.017 is the appropriate Madelung 
constant. This energy is 0,027 ev for jS brass. Since the mean potential 
at an ion arising from neighbors would be zero in a perfectly disordered 
lattice, it follows that (2) is the electrostatic ordering energy. In addi- 
tion, Mott estimated the decrease in exchange repulsive energy in going 


^ Th® experimental valu^ for sodium were obtamed by Quimby and Siegel (see 
Sec. 19). 

’* N. F, Mott, Proc, Pfcys. Soc,, 49, 2d$ (1937). 
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from the disordered to the ordered state and obtained a value of 0.013 ev 
per atom. Thus the total ordering energy is 0.04 ev per atom. The total 
change in energy in the transition from order to disorder as obtained by 
integrating the specific-heat curve of Fig. 43, Chap. I, is about 0.043 ev 
per atom, which is the same order of magnitude as the computed value. 
This computation suggests that the largest source of ordering energy is 
the Madelung term, as in ionic crystals. 

84. Simplified Treatments of Cohesion. — In addition to the preceding 
work, in which the computation of cohesive properties is based entirely 
on the Schrodinger equation, there have been several treatments of 
cohesion that start from other points. Among these treatments, the 
two most important are those which start from semiempirical equations of 
state and interrelate measured quantities and those which use the Fermi- 
Thomas statistical equation. We shall discuss these briefly. 

a. The Semiempirical Method . — Perhaps the most extensive work of 
this kind is that of Gruneisen,^ who assumed, following a suggestion 
of Mie, that the atoms in monatomic substances interact in pairs with a 
potential energy relation of the type 

‘W = ^ (0 

in which r is the interatomic distance and a, 6, m, and n are positive 
constants, n being larger than m. This assumption is analogous to 
that of the Born theory of ionic crystals in which m = 1 and a = eiC 2 . 
According to (1), the total energy of the crystal at absolute zero of 
temperature is 




( 2 ) 


in which the sum extends over all values of the distance r< between a 
given atom and the others. 

Three relations among the four parameters in (2) were determined 
by the condition that this expression give the observed values of the 
atomic volume, cohesive energy, and compressibility of the solid at 
absolute zero. 

The temperature-dependent free energy of the lattice was obtained by 
adding to (2) the free-energy function corresponding to Debye’s specific- 
heat law. When this was done, it was found that 


^ This type of work is extensively discussed in the book by J. C. Slater, IfUrodue^ 
tion to Chmicol Phynco (McGraw-Hill Book Company, Inc., New Yoik, 1889). 

* Q. OBUimiBSK, see Handhuch der Phyoikf vol X. 
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n + 2 _ d log Qd 
6 ““ dV 


where 0z) is the characteristic temperature and V is the molar volume. 
It may be shown that the right-hand side of (3) is equal to the quantity 


-F(d7/aT)p 
Cp{dV/dp)r ' 


(4) 


Thus a fourth relation among the parameters was determined by the 
condition that (n -f 2)/6 be equal to the measured values of (4). 

Using the resulting total free-energy function, Griineisen was able 
to correlate a number of properties of metals and of monatomic insulators 
such as diamond. For example, Table LXIII gives a comparison of 


Table LXIII. — Comparison op Observed Values of Expansion Coefficients 
WITH Those Computed by the Use op Gruneisen’s Theory 
(The values of at are given in cgs units.) 


Temperature 

ai • 

10« 

interval, ®K 

Calculated 

Observed 


Diamond 


84 . 8 - 194.1 

0.16 

0.18 

194 . 1-273 ..2 

0.61 

0.58 

273 . 2 - 296.2 

0.97 

0.97 

296 . 2-328 

1.17 

1.17 

328 -351 

1.37 

1.45 


Copper 


20 . 

4 - 80.5 

4 

3.8 

82 

-289 

14.0 

14.2 

289 

-523 

17.4 

17.2 

523 

-648 

18.7 

18.6 

648 

-773 

19.5 

19.6 


observed mean values of the expansion coefficients of diamond and copper, 
taken for a range of temperature AT, and the mean values computed from 
Griineisen^s equation of state. 

It is clear that the function (2) cannot be expected to give the proper 
elastic constants since it would lead to the Cauchy^Poisson relations, 
which are not usually satisfied in metals (cf. Sec. 82). 

Modifications of Qriineisen^s plan that are based on more accurate 
information of the cohesive forces in metals have been developed by a 
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number of people, principally Rice^ and Bardeen.* These methods 
have in common the property that they express the absolute zero energy 
of the entire metal as a sequence of terms which vary inversely as different 
powers of the volume, semitheoretical and empirical data being used to 
evaluate the constants. This type of modification has been pushed 
furthest by Bardeen, who used it to discuss the behavior of alkali metals at 
very high pressures and to correlate a number of Bridgman's measurements. 

It was seen in Sec. 78 that the cohesive properties of the alkali metals 
are given closely by the quantity — (eo + €j + 6^), in which co + €f 
is the energy of the electron of zero wave number relative to the energy 
of the free atom, in the sphere approximation, and ep is the Fermi energy. 
This result depends upon the fact that the exchange and correlation 
effects combine in such a way as to allow on the average only one electron 
in a given polyhedron at a given time. Now, by integrating Eq. (1), 
Sec. 78, with appropriate simplifying assumptions, it is possible to show 
that €o(r,) has the approximate form 

‘o(r.) =3-7 (5) 

where a is a constant that varies from solid to solid. In order to obtain 
a slightly more general result, Bardeen assumed that £o actually can be 
expressed in the form 


‘o(r.) = ^ ^ (6) 

to a higher degree of accuracy. We shall not consider a proof of (5) 
necessary, for (6) is a valid assumption if taken in the same spirit as 
Gruneisen's relation (1). Now, we saw in part/, Sec. 78, that the Fermi 
energy varies as 

2-21«7 '■ (7) 

' » 

in which a = mim*- Since r, is proportional to where v is the atomic 
volume, the total energy of the crystal in the sphere approximation may 
be expressed in the form 

where A, B, and C are constants for a given metal and vo is the observed 
atomic volume. 

‘ 0. K. Rice, Jour, Chem. Phys.^ 1, 649 (1033). 

* Bardeen, op. dt., 372. 
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Bardeen determined the parameters A, B, and C by adjusting them so 
that (8) would give the empirical values of E{vq), Vo, and the compressi- 
bility, Thus, since E must have a minimum when t; «= »o, we obtain 

( 9 ) 

Moreover, if the value of E at absolute zero is Eo and if the value of the 
compressibility is Po, we find in addition 

— Eq = 2 A -f- Bf 

| = 2A+f. (10) 

Values of A, B, and C determined from these equations by the use of 
empirical data are given in Table LXIV for all the alkali metals. The 


Table LXIV. — Compabison op Empirical and Theoretical Values op the 
Constants in Bardeen's Empirical Equation op State 
(The constants are expressed in units of 10“^* erg per atom.) 



Li 

Na 

K 

Rb 

Cs 

A (empirical) 

1,4 

4.3 

5.1 

4.2 

3.7 

B (empirical) 

8.4 

1.2 1 

- 2.1 

- 0.6 


B (theoretical) 

4.5 


2.3 

1.7 

1.5 

C (empirical) 

20.8 

15.4 

11.2 

11.4 

11.2 

C (theoretical) 

20.9 

16.2 

13.2 

12.3 

i 

11.4 


values of B and C are compared with the values obtained using the value 
c = 3, corresponding to Eq. (5), and the free-electron value of a in (7). 
It may be seen that (6) is a good approximation, whereas (7) is not good 
if a is assumed to be a constant. We have seen that a actually varies 
appreciably with v in lithium and potassium [see Eq. (17), Sec. 78; and 
Table LII] ; hence, this discrepancy in the value of B is not surprising. 
Bardeen suggests that the true Fermi energy probably varies in the 
manner 



. in wHch tiie second term takes into account the variation of a with v. 

As a test of the validity of the relation (8), Bardeen compared the 
volume-pressure curves obtained from this equation with those obtained 
by extrapolating Bridgman’s measurements to absolute zero of tempera- 
ture. The theoretical volume at pressure p is determined by the equation 
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which leads to the relation 


m 


pt?o « y^{y - 1)[2A + p + A(y - 1)] (13) 

in which 



The comparison is shown in Fig. 10. It may be observed that the agree- 
ment is fairly good in all the alkalies, the largest deviation occurring for 
rubidium. In addition, the experimental curve for cesium shows a break 
indicative of a phase change. 



Fig. 10. — Comparison of the observed and calculated relative changes in the volume 
of the alkali metals as functions of pressure. The break in the experimental curve for 
cesium is discussed in the text. {After Bardeen.) 

The effect of ion-ion exchange interaction is neglected in Eq. (8). 
This varies as 


Ae ^ ’ (14) 

and should contribute higher power terms to (8) . One might expect these 
higher power terms to enter first for cesium, since it has the' highest 
compressibility. Bardeen assumed that the expression (8) is valid for 
both a face-centered and a body-centered lattice with given values of the 
constants and that additional different terms should be added in the two 
cases in order to include the ion-ion interaction. He determined p in 
(14) from the results of Mayer and Bleick^s computation of the 
exchange interaction between neon atoms, and he determined A by 
the methods used in the Bom-Mayer theory (c/. Sec. 11). He found that 
a polymorphic change from a body-centered to a face-centered latlice 
should occur at about the same pressure as the observed change indicated 
in Fig. 10, which suggests that the change actually is of this type. 
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6. The Fermi-Thomas Method . — In the Fermi-Thomas^ statistical 
treatment of the many-electron problem, it is assumed that the electrons 
are effectively free at each point, so that the mean kinetic energy of the 
electrons at a point r is related to the density n(r) by the equation for 
perfectly free electrons, namely. 


^k{r) = 


3 h’^\Sn{r)V 
10 m Stt 


(15) 


[cf. Eq. (20), Sec. 26.]. This assumption clearly is rigorous only if the 
change in potential is very small over the distance of the electronic wave 
length, a condition that is not satisfied near the nuclei of atoms. In their 
original treatments of neutral atoms, Fermi and Thomas assumed that 
the kinetic energy of the fastest electrons, namely, 

em(r) = -g-c^-Cr), (16) 

is equal to the negative of the potential energy — e<p(r) at r. Thus, n(r) 
and <p(r) are related by the equation 


or 

f s. SttF 2we , V 1^ 

■ 

Now, (p satisfies Poisson^s equation 

= ^iren{r); 

and if w(r) is eliminated from (18) by means of 
^ 327r2 {2me\ , 

This equation is solved for neutral atoms with 
that ip be zero at infinity and vary as Ze/r near the origin. It yields 
reasonably good qualitative distribution functions for the electrons in 
heavy atoms. 

Modifications of Eq. (19) that are valid for systems more general than 
neutral atoms have been developed by Dirac^ and by Lenz and Jensen.^ 
The Lenz-Jensen scheme, which is a variational one, is formally equiva- 
lent to the original Fermi-Thomas scheme, inasmuch as the Eulerian 

for example, L. Brillouin, Die QnarUenstatiatik (Julius Springer, Berlin, 
1930), for a survey of early work on the Fermi-Thomas theory. 

* P. A. M. Dirac, Proc. Cambridge Phil. Soc., 128, 714 (1929). 

* H. Jbnsek and W. Lbnz, Z. Physik^ 77, 713, 722 (1932). 


(17) 

(18) 

Eq. (17), 

(19) 

the boundary conditions 
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equation of their variational principle reduces to Eq. (19) when applied 
to a neutral atom. Dirac’s scheme, however, is more general, for it con- 
tains an additional term that decreases the energy at a point r by an 
amount equal to the exchange energy of one of a system of electrons in a 
region where the density is n, liamely, 

( 20 ) 

Thus, Lenz and Jensen’s method is equivalent to Hartree’s when applied 
to perfectly free electrons, whereas Dirac’s scheme is equivalent to 
Fock’s. 

Slater and Krutter^ applied Dirac’s method to a system of electrons 
that are in a lattice of point positive charges but did not obtain a mini- 
mum in the energy versus interatomic distance curve. This result is not 
surprising; for the correlation energy, which is neglected in this method, is 
a large fraction of the cohesive energy in the alkali metals, which corre- 
spond naost closely to Slater and Krutter’s model. 

Gombas^ has applied Lenz and Jensen’s method to lattices that 
correspond to the alkali and alkaline earth metals. The lattices are even 
less stable in this approximation than in Dirac’s; however, Gombas added 
a number of correction terms in order to compensate for the errors of the 
method. Thus, he added the free-electron exchange and correlation 
energies, which are sufficient to make the lattices stable. In addition, he 
added ion-ion interaction correction terms and valence-electron ion-core 
exchange terms. In this way, he has obtained energies that approximate 
the observed ones closely. The success of this procedure in the case of the 
alkali metals undoubtedly lies in the fact that the valence electrons are 
very nearly free so that the results obtained from the Fermi-Thomas 
method are nearly the same as those obtained from Hartree’s method. 

B. IONIC CRYSTALS 

86. Sodium Chloride. — The most significant, purely quantum 
mechanical computations of the cohesive energies of ionic crystals are 
those which have been carried out on sodium chloride and on lithium 
hydride by Landshoff® and Hylleraas,^ respectively. The first of these 
will be discussed in the present section. Landshoff based his work on a 

^ J. C. Slater and H. Krutter, Phys. Rew., 47, 559 (1935). 

*P. Gombas, Z. Phyaik, 96, 687 (1936); 99, 729 (1936); 100, 599 (1936); 104, 
502 (1937); 108, 509 (1938). 

*R. lANDSHorp, Z. Physik, 102, 201 (1936); Phys. Rev., 62, 246 (1937). The 
writer is indebted to Landshoff for the values given in Table LXV. 

* E. A. HYI.LBRAA8, Z. PhyHk, 68, 771 (1930). 
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Heitler-London approximation in which he used the solutions of Fock’s 
equations for Na+ and Cl“ that were determined by Fock and Petrashen 
and by Hartree and Hartree, respectively. For simplicity, he did not 
attempt to compute the absolute energy of the lattice. Instead, he 
determined the energy of the crystal relative to the theoretical energy 
of the free ions as obtained from the one-electron functions. The 
advantage of this procedure lies in the fact that the internal energies of 
the ions do not appear in the final expression for the cohesive energy 
and do not need to be evaluated. Since the absolute accuracy of the 
solutions of Fock^s equations for the ions has not been determined, 
Landshoff’s results cannot furnish us with an estimate of the absolute 
accuracy of the Heitler-London approximation when applied to the solid. 
Cohesive energies computed by Landshoff’s method might turn out to be 
larger than the observed value, as we have seen in Sec. 77. 

It should be recalled that the Heitler-London and Bloch schemes are 
identical in cases such as the present one in which the Heitler-London 
scheme contains only closed shells. Thus, the Bloch scheme should lead 
to results of comparable accuracy. 

^ The one-electron functions associated with neighboring ions are not 
orthogonal for the observed lattice spacing, for they overlap appreciably. 
Since it is convenient to use an orthogonal set of one-electron functions, 
Landshoff orthogonalized the free-ion functions in the following approxi- 
mate manner: Let designate the free-ion wave functions that are cen- 
tered about different nuclei. Landshoff showed that the following linear 
combinations of the 

Xm ~ ^m(1 “1" "" 

where 

( 2 ) 

satisfy the conditions 

/W** = 1 + 0(5*), . (3) 

in Ivhich 0(5*) designates terms that contain the “overlap” integrals 
to the third and higher powers. Thus, the x ar® orthogonal to the 
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approximation in which — and higher order terms are negligible. 

X 

Landshoff proceeded on the assumption that these terms are negligible 
and treated the (p as though they were orthogonal. It is not possible to 
tell from his results to what extent this assumption actually is justifiable. 

Under these conditions, the mean total energy of the Hamiltonian 
operator, 


X i,a ij tt,P 


'Ml, 

Tafi 


(4) 


is 


^'o,.J Ix>(ri)l1x.(ri)| 


dr 12 




XM*(ri)x>*(ri)X).(rt)x>(ri) 

rii 


■<'■■+12— 




Tap 


(5) 


The factor 2 enters in the first two terms because of spin. 

If the X are expressed in terms of the ^ by means of Eq. (1), Eq. (5) 
becomes 


E = 22(m|A1m) + 2 - O'I'IsIi'm)] + +. 

M /*.»’ M 

P ft, II V 


where 


(.* 1 ^.)]} + 2 '^’ <« 

iim = 

J 


( 7 ) 


All second-order terms of the type 

1>,X 

have been discarded in deriving Eq. (6). 
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Expression (6) may be simplified considerably if the fact that the ^ 
are solutions of Fock^s equations is used, for then the integrals involving 
A may be expressed in terms of the energy parameters of Fock’s equations 
and coulomb and exchange integrals. Many of these terms cancel when 
the resulting equation is subtracted from the expression for the energy 
of the system of free ions. The final equation for the cohesive energy is 


Ec = 2[/ + 2 2(mi'Io|mi') + 

H V 

S'^]+2{2W,)+ 

a,fi H V 


( 8 ) 




The first, or coulomb, term is the electrostatic energy of a lattice of ions 
of which the electronic charge distribution is given by the functions 
This differs from the value — 1.748iVeV^o, corresponding to the 
Madelung energy (c/. Chap. II), because neighboring ions overlap. 
Landshoff found that only the overlapping of neighboring Na+ and Cl" 
ions is important. There are two terms in the correction to the Madelung 
value, namely, a positive term Ji, which arises from the repulsion between 
the electrons, and a negative one — J 2 , which arises from the attraction 
between the electrons and the nuclei. Although h and 1 2 turn out to 
bq of the order of magnitude of several electron volts per ion pair at the 
observed value of Tq, the anion-cation distance, Landshoff found that 
they nearly cancel one another so that the total coulomb correction 
is small. 

The exchange terms were evaluated in a straightforward manner. 
Only the exchange terms between nearest neighbors are important, but 
for these ions both the conventional exchange terms 

and the term, which we shall call 5, that includes the factors are 
very large. For example, C is —0.348 ev per ion pair, and B is 0.645 ev 
for To =** 5ah. The two terms compensate for one another, however, 
and their sum is much smaller. 

The coulomb and exchange terms appear in Table’‘LXV along with the 
M^elung energy. The cohesive energy has a maximum of 179.3 
kg cal/mol at r = 5.34aA which should be compared with the observed 
value of 183 ± 10 kg cal/mol at rg. = 6.4aA, 



389 


Sec. 851 THE COHESIVE ENEHGY 


Table LXV.— Contributions to the Cohesive Energy op Sodium Chloride 
(ro is the nearest-neighbor distance. In kg cal/mol) 


To/ah 

Madelung 

energy 

Coulomb 

correction 

Exchange 

interaction 

Cohesive 

energy 

Iv, d.io. 

Final 

cohesive 

energy 

5.0 

-217.7 

0.3 

41.1 

176.3 

-4.2 

180.5 

5.1 

-213.5 

0.1 

35.5 

177.9 

^3.7 

181.6 

5.2 

-209.4 

-0.1 

30.6 

178.9 

-3.3 

182.2 

5.3 

-205.4 

-0.2 

26 4 

179.2 

-3.0 

182.2 

5.4 

-201.6 

-0.3 

22.8 

179.1 

-2.7 

181.8 

6.0 

-181.5 

-0.3 

9.5 

172.3 

-1.5 

173.8 



Final values 


Calculated ^ 

Observed 

ro/ah 

5.25 1 

5.4 

Ec 

183 

183 


It is difficult to estimate the absolute accuracy of this one-elec ;ron 
approximation; for on the one hand the absolute accuracy of Fock's 
approximation for the free ions is not known, and on the other Landshoff 
does not give a numerical estimate of the magnitude of the neglected 
terms in Ec. If Landshoff’s approximations are vahd, the agreement 
between his results and experiment indicates that the Heitler-London 
method that is based on solutions of Fock’s equations for the free ions 
is fairly good. As the one-electron functions become more accurate, 
the center of gravity of the electronic charge on an ion approaches the 
nucleus, and the wave functions of different ions overlap less. This in 
turn decreases the repulsive terms and increases the computed value of 
Ec. Since Landshoff’s result leaves little room for improvement, the 
one-electron functions are probably very good. 

In higher approximations, both van der Waals and polarization terms 
should be added to the preceding results. Landshoff has evaluated the 
van der Waals term by means of the expressions developed in Chap. II 
and has obtained the following equation: 


Ev.d.w ~ 


17.6 e\ 
(fo/aO® an 


This adds about 3 kg cal to the result of Table LXV and decreases ro 
to 5.25aft. 
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86. Lithium Hydride. — Hylleraas^ has treated lithium hydride in 
essentially the same way that Landshoff has treated sodium chloride. 
He employed one-electron wave functions of hydrogenic type with 
nuclear screening in order that the entire computation might be per- 
formed analytically. The principal objection to this procedure is that 
his approximate hydrogenic wave functions do not lead to very good 
binding energies for the free H” and Li+ states. The one-electron wave 
functions are 


i' = 



( 1 ) 


where Z is 1 for hydrogen and 3 for lithium. The ionic energies derived 
from these functions are 



Observed, ev 

Calculated, ev 

H’ 

- 0.718 

0.745 

Li+ 

75.28 

73.72 


In other words, H" is not stable in the approximation in which the func- 
tions (1) are employed. This fault is reflected in the fact that the 
electronic distribution of H"“ which is obtained from the hydrogenic 
functions is not very accurate. This error would not be very serious if it 
were not for the fact that Hylleraas found the interaction to be 


Table LXVI. — Contrdbxttions to the Cohesive Energy of Lithium Hydride 

(In kg cal/mol) 


ro/ajk 

Madelung 

energy 

H-Li interaction 

H-H, 

coulomb 

plus 

exchange 

Total 

cohesive 

energy 

Coulomb 

Exchange 

3.84 



67.4 


215.9 

4.16 





218.5 

.4.56 





211.6 



Final values 


Calculated 

Observed 

r*/o* 

4.08 

8.84 

E, 

218 

218.5 


^ E. A. Htllbraas, Z. PhyHky 68, 771 (1930). 
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large and to favor binding. The contribution from this interaction term 
probably would be much smaller if more accurate wave functions were 

used. 

We shall not dwell on the, details of Hylleraas^ computations since 
they involve exactly the same approximations as those of the preceding 
case. Although his results were given in analytical form we shall list 
numerical values. Table LXVI contains the values of the quantities 
which were discussed in the last section. The H-Li and H-H interaction 
terms are listed separately. 

The principal contribution to the H-H interaction is the coulomb 
correction, for the exchange term is practically negligible. As we men- 
tioned above, this correction undoubtedly would be less if more accurate 
wave functions had been used. 

87. The Elastic Constants of Ionic Crystals.— The methods discussed 
in Sec. 82 evidently could be applied to compute the elastic constants of 
sodium chloride and lithium hydride. Actually, only the compressibility 
of sodium chloride has been evaluated. It is given in Table LXVII. 

Table LXVII. — The Reciprocal op the Compressibility op Sodium Chloride 
(apter Landshopp) 

(In units of 10^* dynes/cm*) 



Calculated 

Observed 

w 

4.35 

4.16 


C. MOLECULAR CRYSTALS 

88. Computations of Cohesive Energy, — The principal source of 
intermolecular cohesion in nonpolar molecular crystals and in many 
polar molecular crystals is the van der Waals force. The quantum 
mechanical methods of computing this force were described in Chap. VII. 
We saw there that the first approximation term in the expression for the 
van der Waals energy of two molecules varies as A/r®, where r is the 
interatomic distance, and that the next term varies as B/r^, This inter- 
action term is not the only one, however, for just as in ionic crystals 
{cf. Chap. II) there are other sources of interaction energy. Those which 
are most important in the simple cases to be considered here are the 
following: (a) The electrostatic interaction term which arises from the 
“static” charge distributions on the molecules. Although the molecules 
considered here are neutral, they are not spherically symmetrical and, for 
this reason, have an electrostatic interaction. (6) The repulsive term, 

f 

which in the Born-Mayer theory varies as be ^ where h and p are con- 
stants. The forc^ arising from this term varies more rapidly with dis- 
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tance than the van der Waals force, so that the van der Waals energy is 
larger than the repulsive energy at the observed intermolecular distance. 

There is a continuous gradation between those molecules which rigidly 
retain the electronic structure of the free molecule in entering the solid 
and those which become as highly deformed as the constituents of valence 
crystals. For this reason, there is no sharp dividing line between 
valence and molecular types, as we have seen in Sec. 8. Since the cohe- 
sion of valence compounds is characterized by exchange energies that 
favor cohesion in the Heitler-London approximation, it follows that the 
repulsive term changes its sign to favor binding in the course of the transi- 
tion from ideal molecular crystals to valence types. Only the more 
ideal molecular types, which are characterized by very low heats of 
sublimation, have been considered in any detail up to the present time. 

0 . London’s Calculations. — ^London^ first suggested that the electro- 
static and repulsive energy terms are very small in comparison with 
van der Waals terms, and he computed the cohesive energies simply by 
evaluating the van der Waals term for the observed interatomic distance. 
As we shall see from the more accurate work described in parts h and c, 
this hypothesis sometimes is valid within the comparatively large error 
of computations of the van der Waals energy but is often very inaccurate. 
In addition, London treated diatomic and triatomic molecules as though 
they were spherically symmetrical, in order that he might use the equa- 
tions that were derived in Sec. 58. We shall see in part c that this 
probably is only a fair approximation. 

According to Eq. (19), Sec. 58, the van der Waals interaction energy 
€„ of two molecules is, in first approximation. 



where 

A = ihp^^ (2) 

in which a is the polarizability and vo is a mean excitation frequency. 
The sum of terms of type (1) for a face-centered cubic lattice containing 
N molecules is 


E = (3) 

where d is the cube-edge distance. In evaluating A, London assumed 
that vq should be closely equal to the principal oscillator frequencies that 
appear in. empirical equations for the refractive index of the gas of each 
kind of molecule (c/. ^c. 148, Chap. XVII). He used these frequencies 

1 F. London, Z. phynk. Chm.y IIB, 222 (1930). 



Sec. 88] 


THE COHESIVE ENERGY 


,393 


in the cases in which they have been measured and spectroscopically 
determined series-limit frequencies in the other cases. In addition, he 
employed measured polarizabilities. 

Computed values of E are given in Table LXVIII for a number of 
molecular crystals. Not all these have face-centered cubic crystals, but 
London assumed that the error made in assuming they have is small. 


Table LXVIII. — The van dbr Waals Energies op a Number of Molecular 
Crystals as Determined by London’s Approximate Equation 


Molecule 

Ijattice 

Calculated E, kg cal/mol 

Measured E 

Vo from refraction 

Vo from spect. 

Ne 

f.c.c. 

0.47 

0.40 

0.52 

A 

f.c.c. 

2.08 

1.83 

1.77 

N2 

h.c.p. 

1.64 

1.61 

1.50 

O 2 

h.c.p. 

1.69 

1.48 

1.74 

CO 



1.86 


CH 4 

f.c.c. 

2.42 

2.47 

2.40 

NO 


2.89 

2.04 


HCl 

f.c.c. 


4.04 

4.34 

HBr 

f.c.c. 


4.63 

4.79 

HI 



6.50 1 


CL 

Fig. 78, Chap. I 


7.18 

6.0 


h. More Accurate Calculations for the Rare Gases . — It was mentioned 
in Sec. 58 that the repulsive-energy terms have been computed in the 
case of helium and neon. Using Mayer and Bleick’s equation for the 
neon repulsive energy and assuming that this term is valid only for nearest 
neighbors, Deitz^ found that the total repulsive energy is 0.35 kg cal/mol 
which, in absolute magnitude, is almost as large as London^s value of the 
van der Waals energy, namely, 0.47 kg cal. This suggests that London’s 
value of the van der Waals term is about half as large as the true value 
Hnd that most of the agreement in Table LXVIII is fortuitous. The 
discrepancy presumably arises from the fact that Margenau’s higher order 
term is neglected, for this may be as much as half as large as London’s 
term. 

c. Carbon Dioxide . — Sponer and Bruch-Willstater^ have computed 
the cohesive energy of solid carbon dioxide, taking into account all three 
of the terms that were mentioned in the introductory paragraphs. It 
i^ay be recalled from the discussion of Sec. 7 that this solid, which is a 
typical molecular crystal, consists of a face-centered cubic arrangement 

^ V. Dbitz, Jour. Franklin Inst., 219 , 469 (1936). 

® H. Sponer and M. Bruch-WillstXtbr, Jour. Chm. Phys., 6 , 746 (1937). 
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of COj molecules that is similar to the lattice of FeS 2 (Fig. 64, Chap. I). 
The cohesive energy is 8.24 kg cal/mol. 

In first approximation, the molecule was treated as a spherically 
symmetric unit. The van der Waals energy that was obtained for the 
observed lattice distance by use of the London-Margehau equations of 
Sec. 58 and the observed polarizability and ionization energies is 6.0 kg 
cal/mol of which 3.6 arises from London’s term and 2.4 from Margenau’s. 
In the next approximation, the molecule was treated as though it were 
composed of two centers, which in practice are regarded as the effective 
centers of charge of the two oxygen ions. Since the electronic dis- 
tributions on these ions are presumably distorted from spherical form, 
it was assumed that the positions of the centers lie between the carbon and 
oxygen ions. Using several reasonable values of these positions, Sponer 
and Bruch-Willstater obtained values of the van der Waals energy 
ranging between 9.6 and 7.6 kg cal/mol. 

The electrostatic energy was computed on the assumption that two 
excess electrons of the oxygen ions are localized at the centers mentioned 
in the preceding paragraph and that the carbon ion, which is midway 
between the centers, has a positive charge of 4e. In this way, it was 
found that the electrostatic energy varies between -0.1 and -0.5 kg 
cal/mol. 

The constants in the repulsive term were determined from measured 
values of the compressibility and expansion coefficient by the method 
described in Sec. 9, Chap. II. The resulting value of the repulsive 
energy is about —1.1 kg cal. A summary of the computed quantities is 
given in Table LXIX. 


Table LXIX 

Contribution to Cohesive Energy, 
kg cal/mol 

Van der Waals (one center) 6.0 

Van der Waals (two centers) Between 9 . 6 and 7 . 6 

Electrostatic energy Between -0.1 and -0.6 

Repulsive term -1.1 

Total result (two center) (^7 



CHAPTER XI 

THE WORK FUNCTION AND THE SURFACE BARRIER 

89. The Principles Involved in Computing the Work Function.— 

There is a close correlation between the work function of a clean metal 
surface and the volume properties of the metal. In general, the work 
function is high^ if the cohesive energy is high, and vice versa. On the 
other hand, the work function may be appreciably affected if the surface 
is altered by oxidation or by the deposition 
of a fraction of an atomic layer of another 
metal. These facts indicate that the work 
function is determined both by the binding 
properties and by the surface structure. The 
correct relationship between these factors was 
first pointed out by Wigner and Bardeen. ^ 

We shall begin by discussing the principles 
involved in their work and then shall present 
detailed computations. 

Let us consider a semiinfinite crystal that 
is bounded by a plane, as shown in Fig. 1. 

The distribution of ions in regions of the main 
body of the crystal far from the surface is 
not influenced by the presence of the surface 
and may be computed under the assumption 
that the lattice is perfectly periodic. On the 
other hand, the distribution in the cells near 
the surface should be different from the 
distribution in internal cells because the po- 
tential changes rapidly near the boundary. 

The type of difference depends upon the 
kind of crystal, the orientation of the surface, 
s-nd the kind of adsorbed atoms or ions; for this reason, it must 
be investigated separately in each case. Fortunately, this surface- 
sensitive region does not affect the bulk properties of the solid in any 

^ This correlation was first pointed out by A. Sommerfeld, Naturwiasemchaften, 

825 (1927); 16, 374 (1928). See also J. Frenkel, Z. Phyaik, 49, 31 (1928). 

* E. WiGNEE and J. Baedbbn, Phya, Rev,, 48 , 84 (1935); J. Bardeen, Phya, Rev., 
48,653 (1936). ^ 


Me+cil 



Flo. 1. — A semiinfinite crys- 
tal. The distribution of ions 
in internal regions is the same 
as that determined by X rays. 
The surface distribution, how- 
ever, may be different. 
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practical way, for its volume is of the order of 1/A^ times the volume of 
the crystal, if there are cells in the lattice, and N is of the order of 
10^ for a single crystal of ordinary size. 



Fig. 2. — Schematic diagram showing cases in which the electronic distribution may 
lead to negative and positive dipole layers. In case a the electronic distribution extends 
beyond the surface a good deal; in case h the extension is small. 


The only effect of the surface cells in which we need be interested at 
present is the way in which they influence the dipole moment of the 
( 100 ) surface. If the crystal is a monatomic cubic 
metal, such as sodium, the dipole moment of 
interior cells is zero. The dipole moment of 
cells near the surface usually is not zero, 
however, for the potential field in this region 
is not cubically symmetrical. Hence, these 
cells effectively give the surface a dipole 
moment (c/. Fig. 2). In polar crystals, such 
as sodium chloride, in which the unit cell may 
be chosen in such a way that it has a dipole 
moment, the surface moment depends both 
upon the way in which the surface cuts 
through the lattice and upon the distortion 
of the surface cells (c/. Fig. 3). In any case, 
we shall designate the component of the dipole 
moment per unit area in the direction normal 
to the surface by Pn. The important prop- 
erty of this moment for our purposes is the 
fact that it raises the coulomb potential inside 



Fig. 


- +Niio) 


h., 

interaection 


3.— The 
of different surface planes with 
a (010) plane. If the ions are 
not displaced relative to the 
positions in an ideal lattice, 
the (100) surface has zero dipole 
moment because there are al- 
ternate positive and negative 
charges. In the (110) surface 
the surface charges shown are 
positive, however, those surface 
charges in (010) planes above 
and below the one illustrated 


"* the lattice by a term -4irP„. 

On tl^ other hand, the charges Let US consider the influence of the surface 
in a (111) miriace an either aU function from the standpoint of 

positive or all negative; hence, ^ to rM. 

there is a dipole layer in this Koopmans theorem {cf. bec. DY, Onap. VliA;- 

This theorem states that the energy required 
to remove an electron in the state it from the crystal is equal to the 
negative of the parameter €(k) in Fock^s equation, 
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-^AMri) + [fCiO + = «(k)^k(ri). (1) 

Here, 7(ri) is the total ion-core potential, pit^) is the valence-electron 
distribution, and A is the exchange operator. The quantity 



is the Hartree potential of the crystal, which, at points inside the lattice, 
differs from the potential for a crystal in which the surface dipole is zero 
by the term eiirPn. A(ri) arises from the exchange correlation hole, 
which is confined to the vicinity of the electron, and is not affected by the 
surface as long as the electron is inside the crystal, has the form 
^j^g 2 irtk.r inside the lattice if we employ the Bloch scheme ; and although 
it is different in the cells near the surface, the total volume of these cells 
is so small that they may be neglected in computing integrals involving 
^ that extend over the entire lattice. 

Multiplying (1) by and integrating, we find 





J* ^k*A^k<iTi + 4irePi 

Here, 

V'itO + r 

J Tn 


( 2 ) 


is the Hartree potential for a lattice having no surface dipole. Thus, 
except for the term 47reP„, the work function — €(k) is determined by 
volume integrals. The introduction of correlation effects does not alter 
this conclusion, for correlation terms, like exchange terms, arise from a 
hole in the vicinity of the electron. 

When an electron is removed from a metal, the remaining electrons 
concentrate in the interior of the solid in order to keep this region electro- 
statically neutral; At first sight, it appears as though this effect might 
invalidate the previous conclusions. This is not so, however, for the 
energy change accompanying the concentration process is equal to the 
difference between the electrostatic energy of a volume and a surface 
distribution of 1 electronic unit. This difference, which is of the order 
where L is the diameter of the crystal, is about 10“® ev for ordinary 
specimens. 

90. The Internal Contribution to the Work Function. — ^Wigner and 
Bardeen have evaluated the volume part of the expression (2) for the 
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uppermost electrons in the filled levels of the metals discussed in Chap. X. 
It may be assumed that the metals are uncharged without introducing 
an error; for, in the first place, additional charge would accumulate at the 
surface, leaving the interior of the metal neutral, and, in the second place, 
this surface charge is never high enough in actual cases to alter the surface 
dipole layer appreciably. An ordinary specimen of metal has about 
surface cells which contain about 10* esu of electronic charge. If one 
per cent of this charge were removed, the field near the metal would be 
raised to about one million volts, which is as high as practical values 
ordinarily go; however, the dipole layer would not be altered by more 
than a few per cent. 

According to the sphere approximation, which is reliable in the alkali 
metals (c/. Chap. X), the Hartree potential within any cell may be 
determined by the charge inside that cell, for the electronic and ionic 
charges in other cells cancel one another. Thus, the first two terms in 
Eq. (2) of the preceding section, namely, 

~f + J |^p[r(rO + e* J 

are equal to 

where the integrals extend over a single cell, V /v is the ratio of the volume 
of the crystal to that of a cell, Vc is the ion-core field inside the cell, and 
p« is the electronic distribution in the cell. The first term in this equation 
is equal to 

where €« is the energy parameter in the equation 

+ vMhii) = ‘o^(r) 

Sec. 78, Chap. X) and {h^/2m*)k^ is the additional energy of h- 
If we replace the polyhedral cell by a sphere and assume that both eg, 
and /v are constant and equal to e/v, the second integral is simply 
twice the self-energy of a spherical charge distribution, namely, 1.2eV^»» 
where is the radius of the sphere. 

The exchange integral in Eq. (2) of the preceding section was evalu- 
ated in Sec. 75, Chap. IX, for plane waves and is equal to 
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3^9 



».2 + 



h + k 
h — k 


An explicit equation for the correlation energy of any given electron 
has not been derived; however, the correlation energy of the electrons 
at the top of the band is (c/. Sec. 76, Chap. IX) 


where 


g(T.) - Wir,)r, 


9(r,) = 


, 0.288 
* r. + 5.1o»' 


If we add these results, we find that the energy required to remove 
an uppermost electron is given by the equation 


-«» = «o + + 1.2^ - 0.612^ + ff(r.) - r.^ + 4TeP» (3) 

where is the surface dipole term. 

Now, {h^/2m*)kl is equal to five-thirds of the mean Fermi energy ty 
of the crystal and may be replaced by this quantity. If we then replace; 
eo by the value obtained from the expression for the cohesive energy per 
atom €c, namely. 


^ Z €o 


r.) 


, , 0.06* 0.458e* i / ^ i i t/'/n /a\ 

+ «/■ + — — +?(r.) +^(^> W 

where Z is the number of valence electrons per atom and I{Z) is the 
ionization potential of the free atom, we find 


- 1- + w ] + [ -h - 


(5) 


Wigner and Bardeen derived this equation by another method, 
namely, by computing the energy of the crystal as a function of the 
number of electrons and ions, Ne and AT,-, respectively. The work func- 
tion €«, is then the derivative of this energy with respect to Nt. The 
advantage of this procedure is that the work required to remove an ion 
or a neutral atom may be computed from the same expression.^ 

All the quantities in (6) except Pn have been computed for lithium, 
sodium, and potassium in Chap. X, so that it is possible to determine 
+ 4rePn for these metals. The values are given in Table LXX. 

^ The e^preseion for the energy required to remove an ion contains the surface 
dipole with opposite sign. Hence, the work required to remove a neutral atom does 
^ot depend on the dipole moment. 
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Table LXX 


1 

i 

**•» 

+ 47rePn, ov 

PJxperimental value 

Li i 

3.28 

2.19 

2.28 

Na 

4.00 

2.15 

2.25 

K i 

1 

4.97 

1.87 

2.24 


Empty 

band 


Zero 

potentiate 
j ' * 


The close agreement between the observed values of and the computed 
values of + 47reP„ for lithium and sodium suggests that the surface 
dipole moment is very small for clean metal surfaces. This conclusion 
is borne out by explicit computations of Pn that Bardeen has made for 
sodium.^ 

On the basis of the work discussed in Sec. 81 and Eq. (5), Herring and 
Hill have found the work function of beryllium to be negative by about 

1.7 ev, if it is assumed that the dipole 
layer is zero. This result is in dis- 
agreement with the best observed 
value, which is about 4 ev. The 
discrepancy suggests either that the 
width of the occupied region of levels 
is much less than these investigators 
have found, or that beryllium usually 
has a tightly bound surface layer of 
electronegative atoms. 

91. The Work Function in Non- 
metallic Crystals. — All the funda- 
mental principles used in the previous 
section in discussing the work func- 
tion of metals can also be applied to 
nonmetals. In general, the energy 
required to remove an electron from 
the solid or to put one in depends both upon the volume characteristics 
of the aubstance and upon the surface dipole layer. As an example, let 
us consider the energy required to put an electron into a neutral sodium 
chloride crystal. This energy is less than the energy required to remove 
an electron from the uppermost levels of the filled band by an amount 
equal to the gap between the filled and unfilled bands (c/. Fig, 4). 

We shall consider a somewhat idealized case in which the surface 
is a (100) plane and in which the ions near the surface retain the same 
relative positions as those in the interior. Under these conditions, the 
orifinary lattice potential along the dotted line in Fig. 6 is zero because 




Fig. 4. — Schematic energy-level dia- 
gram of an insulator. The zero of 
potential is assumed to be slightly above 
the bottom of the empty band. The 
work function <p\ for inserting an electron 
is smaller than that for removing an 
electron from the filled band (p by the 
energy difference of the filled and empty 
band. 


^ Bardeen, op. ciL 
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points on this line are equidistant from positive and negative ions. This 
statement is rigorously true inside the crystal only if we assume that the 
ions act as point charges. We shall see in Chap. XIII that the incoming 
electron is distributed principally about the sodium ions, very much as 
in metallic sodium. For this reason, we may assume that the energ 3 ' 
of the electron is equal to the energy of a sodium ion in the Madelung 
field at the position of a sodium ion plus the additional energy by which 
this level is lowered by the development of band structure. The Made- 
lung potential at a sodium ion is 1.74e7ro, and the ionization potential 
of a sodium atom is — O.IQcVua. Since the sodium-sodium distance in 
the salt is about the same as in the metal, we shall assume that the 
depression due to band formation is also 
the same. According to Fig. 26, Chap. X, 
this is O.lleVufc. Hence, the work func- 
tion is‘^ 

p2 p2 

<Pi S 1.74 0.19- - 0.11- 

^0 0/h 

= 0.03- ^ 0.8 ev. 

This actually is the sum of the internal 
and surface contributions; however, there 
is no surface dipole layer in the present 
case because the surface is a (100) plane 
that contains equal numbers of positive 
and negative charges. If we were to deal 
with another plane, such as a (111) plane, 
or were to alter the interionic distances near the surface, we could com- 
pute the surface dipole term by computing the Madelung potential at a 
sodium ion. The difference between this value and 1.74eVro would then 
be --4xeP„. 

It is doubtful whether the energy gained by an electron on entering 
an insulator is always as small as the value computed above for a typical 
alkali halide. The photoelectric work function of insulators, such as 
cuprous oxide, that absorb in the visible is^ of the order of 5 ev, a fact 
indicating that the width of the forbidden region is about 2 ev and the 
work function ^i, discussed above, about 3 ev. 

^ A similar value has been obtained by N. F. Mott, Trans. Faraday Soc.f 84 , 500 
(1938) using slightly different reasoning. 

* for example, A. L. Hughes and L. A. DuBridgb, Photoelectric Phenomena 
(McGraw-Hill Book Company, Inc., New York, 1932); R. Flbischmann, Ann.Pftysife, 
73 (1930); R. J. Cashman (paper 179, program Washington Meeting, American 
f^nysical Society, 1940). 


- + - + - 

+ - + - + 

- + - + - 

+ - + - + 

•“ + — + ■- 

+ - + - f 

- + - + - 

+ - + - f 

Fig. 5. — The potential along 
the dotted line is zero because 
points on this line are equidistant 
from positive and negative charges. 
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92. niermioiiic Emission and the Temperature Dependence of the 
Work Function*. — In Sec. 30, Chap. IV, we derived the Richardson- 
Dushman equation for the thermionic electron emission from unit area 
of a metal 


/ = A(1 - (1) 

Here, W is the work function, which was assumed to be a constant for 
the entire surface, A is a universal constant, 120 amp/cm^-deg^, and r 
is the electronic reflection coefficient. In this section, we shall reexamine 
the relations that enter into Eq. (1) in the light of the previous work of 
this chapter. 

Let us suppose that the metal is at temperature equilibrium with an 
external electron atmosphere. If we may assume that the electron 
cloud behaves as a perfect gas, which is a reasonable assumption as 
long as the density is small, the number of electrons that pass from the 
outside to the inside per unit area in unit time is 


P(1 ~ r) 
(27rmkT)i' 


( 2 ) 


where p is the external pressure, m is the electron mass, and k is Boltz- 
mann’s constant. This should be equal to the number that evaporates 
from a unit area of the surface since the system is at equilibrium. Hence, 
the thermionic current is 


(27rwjb!r)*‘ 


(3) 


The equilibrium pressure p(!r,7), which is a function of the tempera- 
ture T and volume V of the crystal, may be related to the heat AH 
required to sublime 1 mol of electrons from the metal at constant pressure 
by the Clausius-Clapeyron equation 



(4) 


where B is the gas constant. If the specific heat of the electrons inside 
the metal is ne^ected. 


AH -- NAWiV.T) + iRT (5) 

wtote W(Y,T) is the work function of the metal when the volume is 
V and the temperature is 7, and 5R/2 is the molar heat at constant 
pressure of the ^ectron gas. The int^al of (4) is 

Aff , AS 


( 6 ) 
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whero 

is the entropy change that accompanies evaporation of a mol of electrons. 
We may substitute AH from Eq. (5). According to the third law of 
thermodynamics/ the constant term in AS should be chosen in such a 
way that the entropy change associated with W{VfT) is 



dW(V,T) 

dT 


1 ^ 

\vT 


and the entropy change of the gas is 


where 


fiaiogf-f i+i) 

• 1 2(2irm)» , 

j - log 


is the chemical constant. Thus, (6) may be written 


logp = 


W{V,T) 

kT 


1 n dw{v,T) 
^ kjo L dT 


dT ,5, „ , . 


Substituting this in (3), we obtain 


(7) 


WiV,T) lfT/dWiV,T)\ dT 

I^A(l-r)re dT JiT (g) 

where A is the coefficient that occurs in Eq. (1). 

It should be noted that Eq. (8) differs from Eq. (1) by the factor 

^liQKdTjrT ( 9 ) 

which is unity for all temperatures only if {dW /dT)v = 0. The appear- 
ance of this term indicates that the method used to derive Eq. (1) is 
faulty whenever the work function is temperature-dependent, Since 
the correction term (9) arises from the entropy of electrons in the solid, 
we see that the simple model used to derive (1) is in error because we 
neglected interactions between the electrons and the solid that cannot be 
described adequately by a simple potential barrier. Equation (8) 
could be derived on the basis of statistical mechanics, but it would be 
necessary to consider the entire solid in doing so. 

Before investigating the importance of the temperature dependence 
we shall introduce convenient definitions of the work function and 

^ See P, 8. Epstbin, T^x&ooh af Themodynamiea (John Wiley & Sons, Inc., New 
York, 1087). 



404 


THE MODERN THEORY OF SOLIDS 


[Ciup. 


of the thermionic coefficient that were developed by Becker and BrattainJ 
In ordinary thermionic experiments, the emitted current I is measured 
over a certain temperature range, and the quantity log (I/T^) is then 
plotted as a function oi l/T. The experimental work function and 
thermionic coefficient, F*(f) and A*(T'), are defined, respectively, 
as the slope of this curve and intercept of the tangent on the log {I/T^) 
axis (c/. Fig. 6) ; that is, 


W* = kT^ 


d log (7/n 
dT 


, ,, , Z , Jd\og{i/ry 

log A* = log ^2 + ^ ^ 


I TF* 
= log ^ 


( 10 ) 


These derivatives are taken at constant pressure because the specimen 
is kept in a vacuum during the experiments. 



Fig. 6. — Diagrammatic representation of the definitionjs of A* and TV*. 

If Eq. (8) is substituted in these equations and if the relation 

“ (^)r 

is used, where a = {dV/dT)/V is the coefficient 'of volume expansion, 
it is found that 

‘ J, A. Bbc^b and W. H, Brattain, Phys, Rev., 40, 694 (1934). 
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w* 


^ H'imi 

= W(V,T) + aTw( 




A* 


_ 1 ^ 4- ^/ a ] 

~ fcjo [drJvT ■*■ k [av/r. 


+ 

w(r,T) 


+ 


mm- 


(13) 


Wigner^ has attempted to estimate some of the terms in (13), using 
the expression for the work function of sodium developed in Sec. 90. 
His treatment is not rigorous, but it shows that the terms on the right- 
hand side of (13) are not negligible even for simple metals and that the 

value of log -jjz r is of the order unity, that is, lies between +5 

and -5. W(y,T) may be related to the work function F(F,0) com- 
puted in the previous sections in the following way: W{V,T) is defined 
as the energy required to remove an electron from the metal at tempera- 
ture T, The total energy of the crystal when no electrons have been 
removed is 


E 


- Kt) 


+ E. 


where Ed is the vibrational energy of the lattice, which we shall express in 
terms of Debye’s characteristic temperature 0 d, and Ee is the electronic 
energy, which is not temperature-dependent if the small electronic 
specific heat is neglected. If n electrons are removed at temperature T, 
the new energy E' is 

E' = Ed + Ee + nW{V,T). (14) 


Suppose that n electrons are removed at absolute zero of temperature 
instead and that the metal is then raised to temperature T. The resulting 
energy, which is again E', is 

^ 9 :, + Ag n^ ^ ^ ( 16 ) 

where A0n is the change in the characteristic temperature that results from 
the removal of n electrons. Equating (14) and (16), we obtain 


W(y,T) = i + w(7,0). (16) 

' E. WiONBR, Phyt. Bo)., 49, 696 (1986). See also K. F. Hbezfbld, Phyt. Btv., SS, 
248 (1930). 
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Wigner finds that the contribution to (13) from the last term^ in £q. (lo) 
is about —3.6 for sodium. It turns out that this result is balanced 
somewhat by the contribution from the first term in (16). There is, 
however, no reason for expecting the two terms to cancel. 

Direct measurements of the temperature coeflScient of W{VfT) in 
Eq. (5) have been carried out by Kruger and Stabenow* for molybdenum, 
tungsten, and tantalum. These workers measured the heat lost by a 
wire during thermionic emission. The temperature variation is within 
the experimental error in molybdenum and has the value 0.6 • 10“^ ev/deg 
per electron in both tungsten and tantalum. If the integral in the expres- 
sion (9) is evaluated with the use of this coefficient and with the assump- 
tions that (dW/dT) approaches zero near absolute zero, so that the 
contribution from the lower limit of integration may be neglected, and 
the temperature coefficients at constant volume and constant pressure 


[a* 1 

are practically the same, it is found that log ^ J ^ — 6.1. 

Hence, A* would be about 0.66 amp/deg-cm* if r were zero. Unfortu- 
nately, these workers did not measure A* on the specimens for which 
this work was carried out. The values of A * measured by other workers 
are about one hundred times larger. 


‘ Since the last term is independent of temperature, it is the work function dis- 
cussed in the preceding sections of this chapter. 

* F. KkCgbr and G. Stabbnow, Ann. Physik, 22, 713 (1936). 
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93. IntroductioiL — Both the Bloch and the Heitler-London approxi- 
mations have been used to treat the excited states of solids. Although 
these methods have not been rigorously tested in particular cases, qualita- 
tive and semiquantitative arguments may be used to show that one 
approximation is more suitable than another in a given case. For 
example, we may expect that the Bloch approximation is more suitable^ 
to use in a discussion of the excited states of metals because it alone 
leads^ to the low-lying continuous, conducting levels that are character- 
istic of these solids (c/. Sec. 66). Similarly, we shall find that the Heitler- 
London approximation is more applicable to the lower levels of molecular 
and ionic crystals. 

In this chapter, we shall discuss the general principles upon which 
computations of excited states are now based and shall also present some 
simple results. This discussion begins with a survey of the uses of the 
Bloch method and is followed by a similar survey of the Heitler-London 
scheme. Problems in which intermediate approximations are applicable 
will be discussed in later sections. 

94. Excited States in the Band Scheme. — The band scheme is based 
upon a one-electron approximation in which the ^ have the form 

( 1 ) 

and satisfy Fock’s equations 

+ (F + = 6(k)^ (2) 

where V is the coulomb or Hartree potential and A is the exchange oper- 
ator. The entire wave function of the solid may be constructed from 
determinants of wave functions of type (1). V and A are not appreciably 
altered if one of the in the set is replaced by another, since the ^ 

^Direct evidence for the qualitative correctness of the Bloch approximation, is 
also obtained from a study of the soft X-ray emission spectra of metals (e^. Sec. 104). 

* It should be pointed out that the Heitler-London scheme would also include 
the Bioch states if we considered atomic wave functions of the type associated with 
continuous spectra as well as the localized wave functions of the type associated with 
the discrete atomic levels.. We shall explicitly avoid including the first type of 
wave funoUon» however, 
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extend over the entire lattice and have small amplitude in any 'given coll 
Hence, Y and A may be chosen the same for both normal and excited 
states. It follows from Koopmans^ theorem that e(k) — €(k') is the 
energy required to excite the crystal from a given state to the one in 
which is replaced by Thus, the possible excited levels may be 
obtained from the one-electron energy diagrams of the zone scheme. The 
highest occupied zone is not completely filled in a metal, whence th(^ 
lowest states of the solid as a whole have a quasi-continuous system of 
energy levels. Since the conduction properties of metals require this 
type of continuum, the band approximation is naturally .suited for a 
semiquantitative description of these solids. As we have seen in Chap. 
X, the process of improving the zone approximation for a metal does not 
simply effect a compromise between the Bloch and Heitler-London 
approximations but consists in treating correlations more accurately. 
This does not mean that some atomic properties are not retained in 
passing from the free atoms to the solid, for the functions xk in Eq. (1) 
preserve many of the features of atomic wave functions. 

The band scheme can be applied to insulators as well as to metals. 
In these cases, the highest occupied zone is completely filled in the normal 
state, so that the first excited level is a finite distance above the lowest 
level. We have seen in Sec. 64 that the lowest state of an ionic or molecu- 
lar crystal is described with equal accuracy by either the Bloch or the 
Heitler-London scheme. We shall see in the next section, however, that 
the Heitler-London scheme leads to excited levels that are not contained 
in the Bloch approximation. For this reason, the zone scheme is not 
always adequate for a qualitative description of insulators. 

96. Excited States in the Heitler-London Scheme. — Let us apply the 
Heitler-London scheme to sodium chloride, which is a typical insulator. 
We shall attempt to follow the behavior of the lowest atomic and ionic 
energy levels as the ions are brought together to form the normal lattice 
and are kept in crystalline arrangement during the process. The excited 
ionic levels will be neglected for the moment since they cannot be treated 
properly without including a discussion of continuous spectra. 

At infinite separation, the ionic and atomic levels of sodium and 
chlorine are as illustrated in the right-hand side of Fig. 1 in which the 
halqgen^on level is given relative to that of the neutral atom and 
the level of neutral sodium is given relative to that of Na+. Thus, the 
normaLstate of Cl is at —3.8 ev, and the lowest level of neutral sodium 
is at —5.2 ev. Other levels are neglected for the present. The minimum 
energy required to transfer an electron from a halogen ion to an alkali 
ion is —1.4 ev at infinite separation. Since this value is negative, the 
infinitely separated system is more stable as a set of neutral atoms than 
as a set of ions. This situation is gradually altered as the ions approach 
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one another. If fo is the distance between nearest neighboring ions 
in the lattice, the electrostatic potential at the negative ions is 1.748eVro 
and that at the positive ions is the negative of this. Thus, the halogen- 
ion levels and alkali-ion levels are respectively raised and lowered in 
accordance with the equations 


6(C1-) = -3.8 - 
e(Na+) = -5.2 + 


47.3 

{ro/ahy 

J7^ 

{ro/ak) 


( 1 ) 


in which the unit of energy is the electron volt. These equations are 
valid only as long as the ions do not overlap appreciably. When they 



ionic model. At large separations the state of neutral atoms is most stable because the 
ionization potential of metal atoms usually is larger than the electron afl&nity of the halogen 
atom. This situation is reversed as ihe atoms are brought together, because the Madelung 
energy favors the ionic state. Corresponding to each level of the metal atom there are 
an infinite number of levels of the entire solid, each of which is related to a particular value 
ofRs in Eq. (3). 

do overlap, additional energy terms should be added to (1) in order to 
include the effects of exchange and correlation interactions. Since these 
terms are only about 10 per cent of the electrostatic terms, we shall 
neglect them temporarily. The energy Ac required to transfer an electron 
from a halogen ion to a distant alkali metal ion then is the difference 
between the two terms in (1), namely, 


Ac = 


-1.4 + 


94.6 

(ro/ah) 


(ev). 


(2) 


This is 16.5 ev for the normal interionic distance of 5.290^ in sodium 
chloride. There are, however, an infinite number of levels lying below 
this one, for an energy e^/R less than (2) is required to transfer the excited 
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electron from a halogen ion to an alkali ion that is at a finite distance R. 
That this statement is true may be seen from the fact that the Madelung 
potential at a given alkali ion is decreased by e'^/R if an electron is removed 
from a chlorine atom at distance R. Thus, the normal and excited levels 



Fig. 2. — The ultraviolet absorption bands of the alkali halide crystals. The dotted 
portions of the curves represent measurements by Hilsch and Pohl. [After Schneider and 
0*Rrvan,Fhve, Rev., 51, 293 (1937).] 


are disposed as in Fig. 1, in which the excited levels are separated from 
the ground state by an amount 





-1.4 + 


94.6 27.08 , , 

(roM) {RJan) 


(3) 


At the observed lattice distance, the first excited level, which is 11.3 ev 
above the ground state, corresponds to jR, = 5.290^, the distance between 
nearest neighboring ions, whereas the next level, which is 12.9 ev above 
tibe jground state, corresponds to = \/2ro. Hilsch and PohU first 
pointed out that the difference in the quantum energies of the first two 


^ E, Hnaca and E, W« Fosht 69, 812 <1980), 
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ultraviolet absorption bands of sodium chloride is very nearly equal to 
the difference between these computed excited levels. The first band 
has its peak at 1580 k {cf. Fig. 2), and the second has its peak at 1280 A; 
these values correspond to energies of 7.8 and 9.6 ev, respectively. The 
difference between these energies is 1.8 ev, which agrees closely with the 
difference of 1.6 ev for the calculated absorption energies, von HippeP 
has attempted to refine this simple calculation of the first excited levels 
by including corrections for the perturbation of the neutral alkali and 
halogen atoms. His computed values and the observed values are 
compared in Table LXXI. 

Table LXXI. — Comparison op Computed and Observed Energy Dippbrencbs 

BETWEEN THE GROUND StATE AND THE FiRST EXCITATION StATE OP THE AlKALI 

Halides (aptbr von Hippel) 



Observed, ev 

Calculated, ev 

NaCl 

7.8 

8.3 

KCl 

7.6 

8.0 

RbCl 

7.4 

7.7 

LiBr 

6.7 

8.1 

NaBr 

6.5 

7.4 

KBr 

6.6 

7.3 

RbBr 

6.4 

7.1 


The excited discrete levels, shown in Fig. 1, actually are highly 
degenerate, for the excited electron may be removed from any one of the 
N halogen ions of the crystal and may be carried to any one of its g, 
neighboring alkali metal ions that are at distance R, without altering 

Ae*. Thus, the levels are NgaAold degenerate. Since is equal to N, 

a 

the total number of alkali metal ions, we see that the total number of 
excited levels in the system is JV*. 

In the simple model used above, the first excited level is sixfold 
degenerate, if spin is neglected, for each chlorine ion has six equidistant 
neighboring alkali ions. This degeneracy is partly accidental, for the six 
functions do not have the proper symmetry to have the same energy 
in a cubic crystal. Thus, the degenerate levels would split if interatomic 
interactions were taken into account. In first approximation, the new 
functions should be linear combinations of the six functions that are 
localized on the separate alkali ions. The electronic distribution of the 
new functions should be spread over all six neighboring ions. The lowest 
state evidently is the symmetrical function that is formed by adding all 
^ A. voir Hippbl, Physikf 101, 680 (1936) 
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six ^t, and is analogous to an atomic s function. !!ibove this, there are 
a triply degenerate set that is analogous to the three atomic p functions 

and a doubly degenerate level that 
has no atomic analogue. Two of 
the four possibilities for a two-di- 
mensional case are shown in Fig. 3. 

Let us now consider the con- 
tinuum of levels corresponding to 
ionization of the halogen ion. The 
continuum remains essentially un- 
changed as long as the ions are far 
apart; however, the free electrons 
begin to be perturbed appreciably 
when the ions occupy a considerable 
fraction of the volume of the crystal. Since the new levels should b(^ 



(a) 

Fia. 3. — Schematic diagram of the wave 
functions of excited electrons in ionic 
crystals. Function a is the analogue of an 
atomic a function and distributes the 
electronic charge equally about all of the 
neighboring positive ions. Function b 
is the analogue of a p function and has 
opposite signs in the two “wings.” 


computed by determining the wave 
functions of the free electrons in the 
field of the entire crystal, they are 
obviously the same as the excited 
levels that are computed on the 
basis of the Bloch approximation. 
We know, however, that the Bloch 
bands contract into the levels of 
the excited states at infinite separa- 
tion. Hence, we may conclude that 
the levels of the continuum tend to 
cross and combine with the excited 
discrete levels of the Heitler-London 
scheme, broadening these lines into 
bands. The extent to which this 
broadening actually takes place de- 
pends upon the interatomic dis- 
tance. Only the series limit is 
affected in a case in which the lattice 
is highly extended, whereas in the 
opposite extreme of a highly com- 
pressed lattice the continuum over- 
laps even the lowest level, making 
the solid a metal. In the interme- 
diate case the lowest level is dis- 
crete, as shown schematically in Fig. 
4. One important case is that cor- 
responding to the point A of Fig. 4 in 



Fig. 4. — Schematic diagram showing 
the behavior of the levels of an ionic crystal 
as the atoms are brought together (see 
also Fig. 1). At large distances the 
neutral system is stable, whereas at 
intermediate distances the ionic system is 
stable. The bands corresponding to the 
ionization continuum broaden and spread 
and may actually overlap all of the discrete 
levels. The broadening of the excited 
nonconducting levels at A corresponds to 
the formation of excitation bands, which 
is discussed in the next section. The 
energy units are electron volts for NaCl. 

which the continuum has overlapped 
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all the excited levels except the lower ones. In this case, the first excited 
levels should be determined approximately by means of the Heitler- 
London scheme, as von Hippel has done, whereas the higher states should 
be determined by the Bloch approximation. Experimental evidence, 
which will be presented' in the next chapter, indicates that this corre- 
sponds closely to the state of affairs in the simpler ionic crystals. It 
should be noted that we have removed some of the degeneracy of the 
lowest excited levels in Fig. 4 before they merge with the continuum. 
The origin of this effect is discussed in the next section. 

Frenkel,^ who was one of the first to discuss correctly the possible 
relationships between normal and excited states in insulators, has called 
the lower excited levels of Fig. 4 that have not mingled with the con- 
tinuum at A “excitation levels,” since they are analogous to the excited 
states of atoms. Similarly, he has called the higher levels that should 
be treated by the band approximation “ionization levels,” since they 
are analogous to the ionized states of atoms. The ionization states 
have already been discussed in Chap. VIII. We know from this pres- 
entation that the crystal should become photoconducting when excited 
to these levels since the excited electron is then free to roam throughout 
the lattice. On the other hand, the excited electron remains fixed relative 
to the atom from which it came in the excitation states. Hence, we 
should not expect photoconductivity to accompany optical excitation 
to these states. Photoconductivity actually does not seem to occur 
as a result of absorption in the first fundamental absorption bands of the 
alkali halides, a fact which indicates that the first excited levels in these 
solids correspond to excitation states. ^ 

It should be mentioned in passing that Valasek® has presented good 
experimental evidence that the excited X-ray levels in salts such as 
sodium chloride and potassium chloride should be described by the 
atomic scheme, or by the exciton scheme which is discussed in the next 
section, rather than by the band scheme. 

' J. Frenkel, Phys. Rev., 37, 17 (1931); 37, 1276 (1931). 

® The cases of the alkaline earth oxides and sulfides, such as zinc oxide and zinc 
sulfide, are still uncertain, for the structure of the absorption bands of these solids 
has not been thoroughly investigated. A recent experimental investigation of this 
problem for the alkali halides has been carried out by L. P. Smith and J. N. Ferguson 
(see paper 177, program of Washington Meeting, American Physical Society, 1940). 
These observers find photoconductivity in the long wave length tail of the fundamental 
bands, but not in the interior. According to the exciton viewpoint (see next section) 
this conductivity arises either from direct ionization of impurity atoms or lattice-defect 
atoms (Chap. XIII), or from secondary ionization of these atoms by excitons. In 
view of results of this kind, however, it must be admitted that there is no conclusive 
experimental evidence that photoconductivity would not occur at least in the taU of 
the fundamental band of a pure perfect crystal. 

* L Valabbk, Phys. Rev., 47, 896 (1935); 68, 274 (1938). 
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Lei us consider another example of a system to which the Heitler- 
London method may be applied, namely, that of an insulating crystal 
which contains a neutral impurity atom. As we shall see in the next 
chapter, this system corresponds to a semi-conductor, such as ZnO, 
in which there are interstitial zinc atoms. At present, we shall be 
interested in the case in which the ionization potential of the neutral 
atom is less than the energy of the first absorption band of the pure 
crystal and the interstitial atom occupies a position of zero potential 
at which it is symmetrically surrounded by positive and negative ions. 
These conditions are approximately fulfilled in zinc oxide. We may 

expect, by analogy with the case of 
sodium chloride, that the energy re- 
quired to transfer an electron from 
a negative to a positive ion is nega- 
tive at infinite separation, for the 
electron affinities of negative ions are 
usually smaller than the ionization 
potential of metal atoms. This situa- 
tion is altered as the atoms are 
brought together, for the positive 
ions are surrounded principally by 
negative ones, and vice versa. At 
infinite separation, the ionization con- 
tinuum of an interstitial atom lies at 
the same position as that of the nega- 
tive ions and must blend into the 
Bloch bands of the entire solid as the 
atoms are brought together, because 
these are the levels of a free electron 
in the lattice. The normal state of 
an interstitial atom behaves in the 
manner shown symbolically in Fig. 5 
In this case, the level remains discrete until it merges with the spreading 
ionization continuum. 

96. Excitation Waves.— As we have seen in the preceding section, 
there is reason to believe that there are nonconducting excited levels 
beneath the conducting states described by the Bloch approximation 
in insulators such as sodium chloride. We shall attempt to describe 
these excitation states more fully in the present section, using a simple 
model ihAt was considered first by Frenkel^ and by Peierls^ and more 
recently by Slater and Shockley,* ^ 

^ FHaNXX!^ op, eit,; Phyod, Z, SovEjf 9, 158 (1936). 

» R. PmsOA, Afm, Fhyiik, 18, 905 (1932). 

* J. 0, Slahib and W. Sbocxlbt. Phyo, 89, 705 (1986). 


Fio. 5. — Behavior of the levels of 
an interstitisd atom in an ionic crystal. 
The dotted lines correspond to the 
energy-level curves of the bulk material. 
In this case, ^e excitation and ionisation 
energies of the bulk material are larger 
than those of the interstitial atom at the 
equilibrium position, which corresponds 
to the minimum of the lower curve. At 
small interatomic distances, the lowest 
level of the impurity atom may merge 
with the ionisation continuum. This 
probably does not happen in actual cases. 
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Let us consider a system of identical atoms that possess only one 
electron and are ordered in a simple crystalline array. For simplicity, 
we shall neglect electron spin and shall assume that both the lowest and 
first excited levels are nondegenerate. It will be evident that the impor- 
tant conclusions which may be drawn for this simple system are valid for 
a similar system of atoms of any type in another lattice. 

Let us assume that the atoms are located at the positions 

r(n) = niti + 712^2 + (1) 

where the t are the primitive translations of the lattice and the n range 
over all integer values. We shall let and be the normal and excited 
wave functions of the electron at r(n), and we shall assume^ that we are 
dealing with a case in which the wave functions on different atoms 
overlap so little that the rp are practically the same as atomic functions. 
\pn and \pn then are orthogonal to one another and to the wave functions 
of electrons on other atoms. A wave function for the lowest state of the 
entire system may be constructed by taking a determinant of the form 




^0 = 








( 2 ) 




where N is the total number of electrons and of atoms. The mean energy 
of this wave function is 


Eo = (3) 

where H is the Hamiltonian of the entire system. This integral may be 
expanded in terms of the eigenvalues of the yp and the exchange and 
coulomb integrals between atoms. 

Let us consider next wave functions for the case in which one atom is 
excited. The system of wave functions obtained by replacing ypn 
in (1) by yp!^ are not the best excited wave functions, for the integrals 

Emn = (4) 

do not vanish, ft is easy to show in fact that, under the orthogonality 
conditions on the ypn and yp^ that were assumed above, (4) is equal to 

J rii J ri2 

^ It should be emphasized that the following approximation is aocumte only when 
the atoms are not too close together. There may ^ no nonconducting excited states 
if the atoms are pushed together sufficiently {cf. Secs. 66 and 96). 
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when m 7 ^ n. When m = Uf (4) may be expanded in terms of the energy 
levels of the normal and excited atoms and the exchange and coulomb 
integrals between normal and excited atoms. We shall designate the 
difference between Enn and Eq^ which is the order of magnitude of the 
resonance energy of an isolated atom, by 

€ = Enn ~~ Eq. ( 6 ) 

We shall attempt to diagonalize the iV-dimensional matrix formed by the 
Emn- This process is equivalent to finding those linear combinations 
of the which have the form 

r = (7) 

ft 

in which the a satisfy the equations 


= E'an. ( 8 ) 

m 

It follows from the symmetry of the crystal that Emn depends only upon 
the difference between the integer sets m and n. This fact suggests 
that we should reduce the N equations (8) to the same form by making 
the substitution 


am = (9) 

where k is a vector in the reciprocal lattice of the crystal. Equation (8) 
then becomes 

E\ = (10) 

I 

where En,n+i = Em+r,m+r+i, if I and r are arbitrary integer sets. The 

prime in this summation indicates that the term for Z = 0, which appears 
outside the sum, is to be excluded. The normalized wave function 
associated with the wave number k may be found by substituting Eq. (9) 
in (7) and is 

=• (11) 

n 

The independent values of k range over a single zone if there is one atom 
per unit cell and t^ excited state is nondegenerate, whereas they range 
over ag zones if there are a atoms per unit cell and the degeneracy of the 
excited level is g. 

In view of the assumption that overlapping is small, it is reasonable to 
assume that Enm is zero for all except nearest neighbors. If J is the 
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value of Emn in this case, (9) may be written 

E\ = Enn + (12) 

T 

where 'z is to be summed over nearest neighbors. Equation (12) is 
simply 

j57'k = Enn + /(cos 2Tki,a + cos 2Trkya + cos 2Tkza) (13) 

in the case of a simple cubic lattice having lattice constant a. This 
equation, which is similar to the equations derived in Sec. 65 for the 
case of narrow conduction bands, shows that the excited levels form a 
band the width of which is of the order of magnitude 7. Equations (10) 
and (11) are valid only as long as I is appreciably smaller than e. Other- 
wise, more atomic states must be considered in diagonalizing the Hamil- 
tonian matrix. 

The excited atom is not localized in the states described by (11); 
instead it is distributed throughout the crystal. By constructing wave 
packets, it is easy to show that the excitation moves with the group 
velocity 

V = ^ gradk Ek (14) 

in the energy state Ek (c/. Sec. 68). 

The current associated with a given wave function ^k is the mean 
value integral 

Ik = ^ J ('J'k gradi ’*'k* - gradi (15) 

which may be reduced to 

fe2’r»k-[r(m)-r(n)l _ g2irtk.[r(n) -r(m)]] f gradi (16) 

2mi^ J 

mn 

If and are expanded by substituting their determinantal form, it is 
found that gradi ^„dr' vanishes for m n, for one or more vanishing 
integrals of the type 

iMndr, ifMr 

appear in each term.^ Hence, (15) is zero and the excitation waves carry 
no current. We may, if we choose, regard the excitation wave as though 

^ If the overlap integrals for immediate neighbors do not vanish, the current will 
not be strictly zero, but will be very small, corresponding to motion of an electron 
an atomic distance. 
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it were an uncharged particle, created by exciting the crystal, that may 
move about the lattice. This convenient concept was first introduced 
by Frenkel, who called the imaginary particle an “exciton.” 

The selection rules for optical transitions from the ground state to 
the excitation state are determined by the integral 

/ •••,«») (17) 

t 

where i is summed over all N electrons and n is the wave-number vector 
for the light quantum.^ Substituting from Equation (11), we find that 
(17) becomes 

y/N gr&d • • • , z„) (18) 

n 

where' r is the coordinate vector of any one of the electrons. If the 
determinantal form of the ^ is used, the integral in this equation is 
reduced to 


j^j4>ngrade-’^*’'%dT{x,y,z), (19) 

which determines the selection rules for optical transitions in isolated 
atoms. Ordinarily, n is so small that does not vary appreciably 

over a single atom and may be replaced by Thus, (17) 

becomes 

e8ri(t-,)t(n).^ J* grad ^/'Jt = grad (20) 

It may be concluded that the transition probability is zero unless the 
condition 

k = n (21) 

is fulfilled and unless the excited state is one to which transitions from 
are allowed. Since n is very small, (21) is equivalent to the condition 
ths^ k 0. 

If we cpnsider, instead of the system described above, one such as 
sodiiim chloride, in which the chlorine ion has excited states when in the 
crystal, the practical problem of constructing the excited states is com- 
plicated by the fact that the constituent ions contain more than one 
eleet^n. This should not affect the qualitative results of the preceding 
diSOilpston, such as that the width of the excitation band increases with 

^ Hie optical properties assodated with excitation bands are discussed in Chap- 

xm 
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increasing interionic interaction and that the excitation wave carries no 

current. 

The lowest states of the electronegative ions in simple ionic crystals 
are 5-like, since these ions have closed-shell configurations, whereas the 
first excited states have P-like symmetry, as we have seen in the last 
section. Since optical transitions between these types of level are 
allowed, the condition (21) determines the selection rules. 

Wannier^ has proposed a very simple semiquantitative method of 
looking at the excitation bands in insulators. If we remove an electron 
from the highest filled band of an insulator, we produce a positive charge 
that should be able to move about freely in an undistorted lattice. In 
the Bloch picture, the excited electron is independent of the positive 
hole and is also able to move about freely. Actually, the hole and the 
(lectron should attract one another with a force that is coulomb-like at 
large distances. Wannier has shown that the excitation bands are 
analogous to the discrete levels of a hydrogen atom in the sense that in 
these states the electron and hole revolve about one another in closed 
orbits. The different levels in a given band correspond to the different 
translational levels of an excited hydrogen atom. On the basis of this 
picture, Wannier has derived a set of simple approximate equations 
from which the wave functions and energy levels of the exciton may be 
determined. 


' G. H. Wannier, Phys. Rev., 62, 191 (1937). 



CHAPTER XIII 

THE ELECTRONIC STRUCTURE OF THE FIVE SOLID TYPES 

97. Introduction, — The present chapter, in which we shall present a 
survey of the electronic constitution of the normal and excited states 
of the five solid types, is the central chapter of the book since all the 
preceding chapters are preparatory for it. A large part of this discussion 
is necessarily qualitative and probably will remain so until computational 
technique has been developed much further. Thus, we shall use the one- 

electron approximations freely in cases 
in which they do not lead to quali- 
tatively incorrect results. In other 
cases, we shall employ the method 
of description in which the energy 
levels of the entire solid are used. 


A. METALS 

98. General Remarks. — Althoqgh 
the correlation terms that were dis- 
cussed in Chaps. IX and X probably 
are important in a quantitative deter- 
mination of any property of a metal, 
it is unlikely that they often affect 
the qualitative properties. The pos- 
sible exceptions occur in connection 
with those low-temperature effects, 
such as superconductivity, which are 
not well understood at present. For 
this reason, we shall discuss the valence 
electrons of simple metals on the basis 
of the band approximation. Many of 
. the qualitative properties of d-shell electrons can also be treated 
adequately in this way. The method is not entirely satisfactory, 
however, for many other properties of d-shell electrons can be 
explained better ‘with the Heitler-London approximation. This fact 
dhowis that neither of the one-electron schemes is very good in this case 
and that the d shells should be treated as a whole. This more 
accurate procedure has been used only in a few cases, such as in the 
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Fig. 1. — The €(k) curve for the 
(110) direction of sodium (full line). 
The dotted line is the free-electron 
parabola. The energy scale is in 
Rydberg units. {After Slater.) 
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spin-wave theory of ferromagnetism which is developed in Chap. XVI. 
It is usually assumed at present that the accurate solution would yield 
the same result as the one-electron schemes in those cases in which 
the latter appear to give a satisfactory description of affairs. 

99. Simple Metals, a. The Alkali Metals.^We discussed most of 
the known facts concerning the electronic levels of the alkali metals in 
Chap. X. A few additional results follow. 

The zone structure of sodium^ has been investigated by several 
workers. All the results show that the gaps are very narrow and that the 
effective electron mass is close to unity. In view of Shockley’s investi- 
gation of the empty lattice by the cellular method (c/. Sec. 73), we may 



Fig. 2, — The dependence of the energy bands of sodium on interatomic distance d. 
It should be observed that the s- and p-level bands overlap strongly at the observed value 
of d. This behavior is characteristic of the simpler metals. The energy scale is in Rydberg 
units. {After Slater.) 

say that the electrons in sodium are free, within the accuracy of this 
method. The zone structure determined by Slater is shown in Fig. 1, 
and the dependence of energy levels on interatomic distance is shown in 
Fig. 2. It should be noted that the s- and p-level bands overlap a great 
deal at the actual interatomic spacing. This overlapping of s and p 
levels is characteristic of all metals. 

Bardeen^ has pointed out that exchange terms have a very important 
effect on the density of electronic levels near the top of the filled region 
when the electrons are nearly free. In this case, the exchange energy is 


A 7.9 


e„ = -0.306\ 2 + 


fc/fco 


feoiog |fe°± il)g! 


j/co ^1/ 


( 1 ) 


^E. WiQNBR and F. Seitz, Phys. Rev.f 43, 804 (1933); 46, 509 (1934). J. C. 
Slater, Phys. Rev., 46, 794 (1934); Rev. Modem Phys., 6, 209 (1934). 

* J. Bardeen, Phys. Rev., 60, 1098 (1936). 
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80 that the total dependence of electronic, energy on Jfe is 

e(k) « 6o + (2) 

The number of levels having values of k in the range from k to k + dk is 
dn - Srkmk = »rkWj^df. (3) 


We may see from Fig. 5 of Chap. IX, that d^^Jdk is infinite when k is 
equal to ko. Thus, the density of levels is much smaller at A; = jfco 
than it would be if € were simply a parabolic function of k. Since the 
electronic specific heat should be proportional to the density of levels 
in this region, it follows that the electronic specific heat of a free-electron 
gas, in which the exchange interaction is included, should be less than 
the value 


which was derived in Sec. 27. In fact, Bardeen has shown that the spe- 
cific heat should vary as — (log T)/T at low temperatures when €(k) has 
the form of Eq. (2). The low-temperature specific heat of the alkali 
metals has not been measured accurately enough to check this behavior. 
It is possible that correlation terms have an effect which may compensate 
for the effect of exchange.^ 

This infinity in the slope of the exchange energy is accompanied by 
a singularity in curvature. In fact, the mean value of the second deriva- 
tive of (1) becomes infinite as log |A;o — A;| when k^ko, & fact implying 
that the electronic mass of the uppermost electrons in the Fermi band 
approaches jsero at the absolute zero of temperature. This singularity is 
usually ignored in computations of such effects as conductivity and 
diamagnetism (see Chaps. XV and XVI) because of the undetermined 
influence of correlations. This procedure seems to be justified at room 
temperature by the fact that results obtained are usually in good agree- 
|neht with experiment. 

The zone structure of lithium* was investigated by Millman, using 
the cellular approximation. His results show that the effective electron 
mass is greater than unity, in this case, as we already have seen in Sec. 78. 
In all other rCspects, the zone scheme is like that of sodium. 

The matrix elements that determine the transition probabilities for 
optical absorption are zero for perfectly free electrons and are undoubt- 


* This poasibiHty was pointed out by E. Wigner, Trans. Faraday Soc,, Si, 678 
(1938). ^ 

* J. MinuiAN, Pkys, Rw., 47, 286 (1935). 
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ediy small for the nearly free electrons in the alkali metals. Were this 
not so, the alkali metals would probably be colored, since the first allowed 

transition of the type k k + K 

should occur at 1.5 ev in sodium 

and at about 2 ev in lithium, ac- ^ ^ 

cording to the zone diagrams for ^ 

these metals. 

6. The Noble Metals Copper, t qj - 
Silver, avd Gold. — The monovalent t X 

noble metals differ from the alkali 
metals in that they have newly 
completed d shells in the atomic 

configurations. These d levels lie Q7 - / / * ^ " ^ '» 

so close to the s levels that con- > 

figurations such as and q 2 q 4 Qg ^ — 

in the free atoms are about ^ ^ 

- 1 . rxTL J.T- X Fig. 3. — The €(k) curves for the (110) 

l-j ev apart. When the atoms are direction of copper. The five branches I 

brought together, the S and d V meet at fc = O, giving a five-fold degen- 
, ■ , T, • . 1 . 1 , erate point. Curve V corresponds to the 

levels split into overlapping bands. band in simple metals and is nearly the 

Naturally, the d-electron band is “ the free-electron curve. Actually 

, r J .1 r j 1 all levels are mixtures of s, p, and d states, 

narrower than the s-’p band because Curves i to IV and the lowest curve cor- 

the d electrons are partly screened respond to the d band. The energy scale 
by the others. i. in Rydberg units. (After KnUter.) 

The first investigation of the d band was made by Knitter, ^ who 
applied the cellular method to copper. When computing the s~p bands, 

he assumed that the field within 
each cell is that of the free Cu+ 
ion; when computing the d band, 
he used a field obtained from the 
h 3d®4s configuration of Hartree^s 
^ atomic wave functions for copper. 
In view of the discussion of Chap. 
X, we may say that these simpli- 
fications are reasonable for semi- 
quantitative work. Figures 3 and 

Pio. 4. — Dependence of energy bands of 4 show the dependence of the 
copper on interatomic distance d. It should 

be ob.«ved that the p, «.d d band, overlap interatomic distance, 

appreciably at the actual interatomic dis- and the reduced-zone Structure in 

S' WsrKX.r*** " “ the (110) direction at the observed 

lattice distance,. The second fig- 
ure shows that the limit of the filled region is far above the uppermost 




Fig. 3. — The €(k) curves for the (110) 
direction of copper. The five branches I 
to V meet at fc = 0, giving a five-fold degen- 
erate point. Curve V corresponds to the 
s-p band in simple metals and is nearly the 
same as the free-electron curve. Actually 
all levels are mixtures of 8, p, and d states. 
Curves I to IV and the lowest curve cor- 
respond to the d band. The energy scale 
is in Rydberg units. (A/ier Krutter.) 




Pig. 4. — Dependence of energy bands of 
copper on interatomic distance d. It should 
be obs^*ved that the 8, p, and d bands overlap 
appreciably at the actual interatomic dis- 
tance. The energy scale is in Rydberg 
units. (A/ier KrutUr,) 


^ H. M. Kbwtbb, Phy8. Rw., 48 , S64 (1936). 
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level of the d band, so that this band is completely filled. It is doubtful 
whether the d band actually is as wide as Krutter’s work indicates. 
Hartree neglected exchange and correlation terms in deriving the field 
used in computing these wave functions for copper, so that they extend 
farther from the nucleus and overlap more than they should. The five 
d-band €(k) curves meet at /: = 0 in Knitter's results. His approximate 
method of applying the cellular scheme is responsible for this degeneracy, 
for in a more accurate solution the level would split into a twofold and a 
threefold degenerate level. ^ 

The reddish color of copper is attributed 
to an optically induced electronic transition 
from the d band to the s-p band. According 
to Krutter's results, the minimum difference 
between levels for which a transition is 
allowed is of the order of 3 ev in the (100) 
direction, which implies strong absorption in 
the blue region of the visible spectrum. 
Since silver is not so strongly colored as cop- 
per, we may conclude that the difference be- 
tween the d and s bands is larger for this 
metal. The difference presumably decreases 
again in gold since it is colored. 

Tibbs^ has carried through similar com- 
putations for both copper and silver, includ- 
ing the conduction electrons in more detail. 

c. Calcium . — The only extensive calcula- 
tion on the zone structure of the alkaline 
earth metals, aside from that for beryllium, 
which was discussed in Sec. 81, is the work 
of Manning and Krutter® for calcium. This 
metal has a face-centered cubic lattice, and the methods and approxi- 
mations used in obtaining the energy contours were similar to those used 
by Knitter for copper. 

’v The alkaline earth metals should be insulators for large interatomic 
spacing since the atoms have closed-shell configurations in the normal 
states. The conductivity arises from overlapping of the s, p, and d 
bands at the observed interatomic distance. Manning and Knitter 

1 This fact may be derived from a group-theoretical treatment of crystalline wave 
functions. A cubic crystal cannot have wave functions for k =0 that are higher than 
threefold degenerate. Thus, the fivefold degenerate atomic d function splits into 
a twirfold and a threefold degenerate level, 

* S. R. TiBBis, Proc. Camb. Phil Soc.^ 84, 89 (1938). 

* M! J*. Manning and H. M. Keuttbb, Phya. Rev.f 81, 761 (1937). 



Fig. 6. — The density of en- 
ergy levels in calcium. The 
contributions from the first and 
second zones are indicated! sep- 
arately. The energy scale is in 
Rydberg units. (After Mann- 
ing and KruUer.) 
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found that this overlapping occurs not in the three principal crystallo- 
graphic directions, but instead in the (021) direction. Figure 5 shows 
the density of levels as a function of energy for the first band and part 
of the second. According to this result, the amount of overlapping 
actually is very small, a fact which suggests that calcium, like beryllium, 
is very nearly an insulator. 

100. Metals with Irregular Structures. — Mott and Jones^ have made 
a detailed investigation of the zone structure of metals such as mercury, 
white tin, and bismuth that have unusual valencelike structures. In all 
these metals, it is found that the edge of the filled system of energy levels 
is very close to a prominent zone boundary, that is, to a boundary that 
corresponds to a strong X-ray reflecting plane, 
probably are large at a boundary of this type 
(c/. Sec. 62), there is only a small amount of 
overlapping of the filled and unfilled zones in 
these metals. Calcium, which was discussed in 
part c of the preceding section, is a simple case 
of this type. Figure 6 shows the prominent 
zone boundary for the bismuth lattice which 
contains five electrons per atom. 

This observation that irregular metals pos- 
sess nearly filled bands gives a very satisfactory 
phenomenological explanation of the fact that 
their properties lie between those of ideal metals 
and of valence types. The gaps in an ideal 
valence crystal are wide enough to keep the 
occupied and the unoccupied zones apart, for 
these solids are insulators. On the other hand, 
the gaps are very narrow in ideal metals. Since the gaps in irregular 
metals are intermediate between those of these two cases, we may expect 
that other properties should be intermediate. 

The question of why the irregular metals choose those structures 
which have nearly filled bands rather than others in which the properties 
are more metallic can be answered accurately only by computing the 
lattice energy for a nonmetallic and a typically metallic structure, as 
has been done in the case of hydrogen (c/. Sec. 79). Since such computa- 
tions have not yet been carried out, we must be satisfied for the present 
with the chemist’s type of answer, namely, that the constituent atoms 
of irregular metals bear a resemblence to hydrogen in that they prefer to 
form a structure in which the atoms are coordinated, as in valence 
crystals. 

^ N. F. Mott and H. Jones, Theory of the Properties of Metals and AlloySf pp. 162 ff. 


Since the energy gaps 


B 



Fig. 6. — The prominent 
zone boundary for bismuth. 
This contains lOn states 
so that it is nearly filled. 
The overlapping of the 
levels of this zone and the 
next is believed to occur 
at points A. (After Jones.) 
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iOl. Traasitiaii Metals. — Mott^ and Slater^ have used a zone model * 
as the basis for qualitative discussions of the transition metals as a class. 
Two types of band are employed in this model, namely, a wide low-density 
valence-electron band, which arises from the 8 and p atomic states, and 
a narrow high-density d-electron band (c/. Fig. 7). This scheme of 
levels occurs in copper, as we have seen in Sec. 99. The essential differ- 
ence between copper and the transition metals is that the d band is not 
completely filled in the latter. 

An important property of the ferromagnetic transition metals that 
Is readily explained by the zone theory is that their gyromagnetic ratio 
is nearly equal to 2. A mechanical moment may be induced in a ferro- 
magnetic substance by magnetizing it, and the ratio of the magnetic 
moment, expressed in units of the Bohr magneton, to the angular momen- 
tum, expressed in units of /i, is 
called the gyromagnetic ratio.* If 
the magnetic moment arises purely 
from orbital motion, the ratio 
should be unity (c/. Chap. V) ; if it 
arises from electronic spin, the ratio 
should be 2; and if it arises from a 
combination of spin and orbital mo- 
tion, it should lie between zero and 
2. The fact that the value usually 
is nearly 2 (for example, the value 
for iron is 1.93) indicates that most 
of the orbital angular momentum 
that the d electrons possess in the 
free atom is ^S^uenched” in passing from the gas to the solid and that 
principally the spin magnetic moment remains. The orbital angular 
momentum is negligible in the band scheme,* since the zones are sym- 
metrically filled in such a way that the electrons may be paired in groups 
which move in opposite directions with equal velocities. Accurate meas- 
urements such as the one cited above for iron show that the orbital 
magnetic moment is not entirely quenched, a fact indicating that the 
band . approximation is not entirely accurate. 

The cellular method has been applied in detail to only one transition 
metal, namely^ tungsten, which is discussed later, in part 5. Slater, 

» N. F. M6tt, Pfoc. Phy8. Soc., 47 , 571 (1935). 

* J. C. StATBX, Phy8. Rev., 49 , 537 (1936); Jour. Applied P%a., 8, 385 (1937). 

* See £. C. Si'OifBa, Magn^im and Matter (Methuen k Company, Ltd., London, 
1934); me also S. J. BabButt, Rev. Modem Fhye., 7 , 129 (1935). ** 

* Ihia point haa he^ oari^uUy investigated by H. Brooks (paper to appear in 
Phye. Rm,)* 
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Fig. 7. — Schematic diagram of the 
relative positiona and widths of the d 
band and band (c/. Fig. 4 for copper). 
The narrow d band has room for ten 
electrons per atom, whereas the s-p band 
has room for only two. 
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however, has used the level system computed by Knitter for copper to 
discuss some of the details of the iron-group metal alloys, assuming 
that the relative positions of the d and the s-p bands do not change very 
much throughout the iron group (c/. Sec. 103). The density of levels 
in the s-p and d bands of copper is shown in Fig. 8; the vertical lines 
indicate the extent to which these levels would be filled in transition 
metals with different numbers of electrons per atom. 

a. The Irorirgroup Transition Metals . — We shall now discuss several 
properties of the iron-group transition metals on the basis of the band 
picture. 

1. Cohesion . — One of the striking properties of the cohesive energies 
of the transition metals immediately preceding copper, silver, and gold is 



Fig. 8. — The density of levels in the iron-group series. The vertical lines designate 
the limit to which the levels are filled in the elements having the number of electrons 
corresponding to the integers given. Thus the d band is completely filled in copper (11 
electrons) and is not quite filled in nickel (10 electrons). This figure is based on Knitter’s 
work on copper. The abscissa is expressed in Rydberg units. (After Slater.) 

the fact that they usually are larger than the cohesive energies of the 
monovalent metals. This fact is illustrated by the following sequences: 

Ni 85 kg cal/mol Cu 81 kg cal/mol 

Pd 110 kg cal/mol Ag 68 kg cal/mol 

Pt 127 kg cal/mol Au 92 kg cal/mol 

Mott has proposed the following qualitative interpretation of this fact. 
The electrons in the s-p band are principally responsible for the cohesion 
of all these metals, since the d shells are nearly filled. Fuchs has esti- 
mated the d-shell interaction in copper (c/. Sec. 80) and has found it to be 
of the order of 0.5 ev per atom. K it is assumed that the electronic levels 
are very nearly the same in the transition-group metals and in the simple 
metals that immediately follow them (for example, in the sequence from 
iron to copper), it should be expected that the differences in binding 
properties arise from differences in the way in which the levels are filled* 
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Let us consider iron, cobalt, nickel, and copper. In the first three cases, 
the d band is not completely filled, and the s-p band presumably is filled 
to the same height as the d band. Since the density of d levels is very 
high, this fact means that the s-p band is filled to very nearly the same 
point in each case, if it is assumed that the relative positions of the two 
bands remain fixed. On the other hand, the d band of copper is com- 
pletely filled, so that the additional electrons fill the s-p band to a point 
far above the top of the d band. Mott points out that the bottom of the 
s-p band, the top of the filled region, and the mean energy per atom in 
copper are related in the manner shown in Fig. 9, in which curve I is the 
bottom of the s-p band, curve II is the top of the filled region, curve III is 
the mean energy, and the zero of energy is referred to the state in which all 
atoms are infinitely separated. Since the electrons between curves II and 



Fig. 9. — Schematic representation of the electron energies in copper. Curve I is the 
€o(r,) curve; curve II is the top of the filled band; and curve III is the mean energy. Mott 
points out that curve III would be lowered if there were fewer electrons in the s-p band. 

Ill have more energy than the average, it might be expected that curve 
III would be lowered if the electrons in the upper part of the filled region 
were either removed or placed in lower levels. These electrons are 
essentially removed in the transition metals, according to the zone 
model. Hence, it may be expected that, in these cases, curve II and 
curve III are lower than in copper. It is only fair to say that this 
argi|ment can be used only in a quaUtative way, since a shift in the filling 
of one-electron levels has associated with it changes in exchange and 
correlation energies that cannot be included in a simple energy diagram. 

It has been suggested by other workers^ that at least part of the bind- 
ing of the transition metals is related to a lowering of the center of gravity 
of the occupied d levels in passing from the free atom to the solid. Recent 
work on tungsten, which is discussed below, indicates that this effect is 
probably tlie largest source of cohesive energy in the platinum series of 
transition metals. Whether or not it is important in the iron group 
remains to be seen. 

* P. SaiTZ and R. P, Johnson, Jour. Applied Phys.^ 8, 84, 186, 246 (1937). 
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In addition, Pauling,^ reasoning on the basis of the empirical knowl- 
edge of the properties of transition metals, has suggested that some of the 
d electron wave functions combine with the s-p functions to form a scheme 
of levels in which there is a larger number of valence electrons per atom 
than the one s-p function per atom suggested by Krutter^s band scheme 
for copper. In principle, Pauling^s suggestion is equivalent to assuming 
that there are two types of d-electron band in the transition metals, 
namely, a wide band (see Fig. 10), which is similar to the s-p band but 
contains 2.6 of the 5 d functions per atom of given spin, and a narrow band, 
which contains the remaining 2.4 d functions. The first class of function 
{A type), along with the s-p func- 
tions, is responsible for the large 
cohesive energy of the transition 
metals since its existence implies 
an increase in the number of bind- 
ing electrons in the metal, whereas 
the second class of function {B 
type) is responsible for the mag- 
netic properties in a manner that 
will be described under 2. It was 
pointed out in Sec. 99, in connec- 
tion with Krutter’s work on cop- 
per, that the five d zones should 
break into two separate systems 
containing two and three zones, 
respectively (see footnote 1, page 
424), and that Krutter’s approxi- 
mation does not give this splitting. 

It is possible that Pauling^s scheme of levels would be obtained from 
Knitter’s if the band approximation were applied with a higher degree of 
accuracy. We shall see in Sec. 104, however, that the experimentally 
determined levels do not seem to agree with Pauling’s assumptions. 

2. The filling of levels in the ferromagnetic elements , — This topic was 
previously introduced in Sec. 27, Chap. IV, in which we used the band 
theory to explain the low-temperature specific heats of transition metals. 
It was postulated there that in the ferromagnetic elements the half of the 
d band associated with one kind of electron spin is completely filled and 
that the saturation magnetic intensity, expressed in Bohr magnetons per 
atom, is equal to the number And of unoccupied levels per atom in the 
other half of the d band. The number of electrons per atom in the s-p 
band may be computed from this hypothesis. If m is the total number 



B-lype d band 
2x2.4elecfKons 


Fig. 10. — The energy bands in the iron- 
group metals according to Pauling. The 
s-p functions combine with some of the d 
functions to form two broad bands, namely, 
the left-hand band, which is designated 
as the 8-p band, but which contains a mixture 
of d functions, and the A type of d band, 
which has room for 1.6 electrons per atom 
of given spin. The B type of d-electron 
band is narrow and has room for 2.4 electrons 
per atom of given spin. 


^L. PATJLiNa, Phys. Rev.f 64 , 899 (1938). 
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of d and «-p electrons in the atom, it follows that An^, n,, and w must* 
satisfy the relation 


or 


10 — An<i + ** 


n, = m + And - 10. 


We find, using the measured saturation moments, that n„ is, respectively, 
0.2, 0.7, and 0.6 for iron, cobalt, and nickel. The first value undoubtedly 
is too small if the cohesive energy of iron is to be explained in terms of the 
energy of s-p electrons, whereas the other two are reasonable. This low 
value suggests either that half the d band is not filled in this case or that 
the d band is lower in iron than in the metals following it and the cohesive 
energy is related to this lowering. The second possibility is not entirely 
unreasonable, for, as was mentioned above, the cohesive energy of tung- 
sten (see part h of this section) seems to be related entirely to the behavior 
of the d band. The first possibility is readily explained on the basis of 
Pauling's suggestion; for in iron the B type band of Fig. 10 would be 
completely drained of the 2.4 electrons per atom having one type of spin 
and 0.2 electron per atom having the other type of spin would be removed, 
whereas in cobalt and nickel only a fraction of the electrons in half this 
band would be removed. We are not able to decide between the two 
alternatives on the basis of the present knowledge of energy levels, how- 
ever, and in subsequent discussions we shall arbitrarily assume that the 
first is correct. 

The Heitler-London scheme has been used with considerable success 
in discussing the spin-aligning forces of ferromagnetism, as will be seen in 
Chap. XVI. Since this approximation does not provide a satisfactory 
simple explanation of the low-temperature electronic heat of the transi- 
tion metals, it cannot be used in place of the band theory for all purposes- 

8- The paramagnetic transition metals . — We have already seen in 
Sec. 29 that the band theory cannot explain even semiquantitatively 
both the specific heat and the magnetic susceptibility of the paramagnetic 
trimsition metals. This failure lends additional support to the state- 
ments made above concerning the limitations of the Wd approximation 
wh^ applied to d-shell electrons. 

5. Tungskn , — ^The band structure of metallic tungsten, which has a 
hody-K^htered lattice and whose atoms possess six valence electrons and 
a . newly filled / shell outside a rare gas configuration, has been investi- 
gated by Manning and Chodorow.^ These workers assumed that the f 
shell is unaffected by solid binding and obtained wave functions and 
energy levels for the remaining six electrons pe^atom.^^ In first a 4 >proxi- 

1 M. F. Manning and M. I. Chodoeow, Phyt. Bev*t 787 (1989). 
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mation, an effective field for these electrons was obtained from a charge 
distribution derived by renormalizing the parts of the free-atom wave 
functions lying within the atomic sphere of the lattice. Valence-electron 
wave functions and €(k) contours were then computed with the use of 
this field. In second approximation, the charge density obtained from 
the results of the first approximation was used to compute a new field. 
This second approximation was very nearly self-consistent. 



Fig. 11. — n(6 curves for the five d sones and one aone of tungsten. The energy scale 
is in Rydberg units. {After Manning and Chodarow.) 

The n(€) curves for the six lowest zones are shown in Fig. 11a. The 
set labeled with roman numerals I to V correspond to the five d bands, and 
curve VI corresponds to the s-p band. The total w(€) curve for all six 
bands is given in Fig. 116. The limit of the filled regions of tungsten 
and of the neighboring element tantalum are marked by vertical lines. 
According to these results, the number of electrons in the s-p band is of 
the order of magnitude 0.1 electron per atom in both these metals. 
Manning and Chodorow estimate that the center of the filled reipon is 
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about 8 ev below the mean of the occupied levels of the free atom* 
These results imply that the large cohesive energy of tungsten, namely, 
210 kg cal/mol, arises from the fact that practically all of the six valence 
electrons may occupy the low-energy portion of the d band. In addition, 
they imply that the contribution to cohesion from the s-p electrons, 
which are responsible for most of the cohesion in simple metals, is neg- 
ligible in this case. 

Using the computed n(€) curves. Manning and Chodorow estimated 
the electronic heat of tungsten and tantalum by the use of the equations 
derived in Chap. IV. The observed and calculated values are given in 
Table LXXII. 


Table LXXII.— A Comparison of Observed and Calculated Electronic Heats 
OP Tungsten and Tantalum 
(In units of 10"^ cal/deg-mol) 


! 


Experimental 


Theoretical 





Low temperature 

High temperature 

w 

4. ST 


6. IT 

Ta 

6.2f 

27T 

7T 


The low-temperature value for tantalum was obtained indirectly from 
conductivity measurements near absolute zero, and the high-temperature 
values were obtained after subtracting the ZR lattice vibrational heat 
and questionable Cp — Cv corrections from the observed molar heats. 
A discussion of this work may be found in the original paper by Manning 
and Chodorow. It is difficult to say whether the discrepancy between 
low-temperature and high-temperature values implies error in the simple 
theory of electronic heats developed in Chap. IV or in the treatment of 
experimental results. In any case, the agreement between the theoretical 
results and the high-temperature values is excellent. 

102. Simple Substitutional Alloys. — In the experimental survey of 
‘ Chap. I,, it was seen that the Hume-Rothery electron-atom ratio rule 
correlates the solid-phase portions of the phase diagrams of different 
substitutional alloy systems. This rule states that a given phase occurs 
for a fixed electron-atom ratio in a number of different alloy systems. 
As a result of an extensive investigation, Jones' has found that the edge 
of the filled region of levels lies close to a prominent zone boundary 
when the Hume-Rothery rule is satisfied. This observation allows us 

» H. Jones, Proc. Roy, Soc,, 144 , 225 (1934) ; 147 , 396 (1934). Mott and Jones. 
op, eU.t Chap. V. 
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to replace the Hume-Rothery rule by the statement that the stable alloy 
phases have nearly filled systems of zones. 

As we mentioned in Sec. 100, it is not evident why a nearly filled 
zone system should be more stable than another, and this fact has not 
yet received a completely satisfactory explanation. Figure 12 shows 



Fw. 12 . — Schematic behavior of density of levels near a prominent zone boundary of a 
metal (c/. Fig. 5 for calcium and Fig. 8 of Chap. X for beryllium). 


the behavior of the density of states per unit energy range near a zone 
boundary at which the gaps are large. The density of levels in the lower 
zone increases at first as the zone boundary is approached because the 
€(k) curves bend over. After this rise, the density falls and approaches 
the axis sharply. It should rise sharply again in the higher zone in the 
manner illustrated. We may conclude that the 
two zones overlap in the substitutional alloys 
from the fact that these alloys are metallic 
conductors. Jones assumes that the maximum 
A of the lower zone occurs at that value of 
energy for which the contours in wave-number 
space just touch the zone boundary. This 
assumption has been justified by a detailed 
treatment of the €(k) curves for a number of 
zones with the use of simplified models (c/. Sec. 

65). He then postulates that the stability of a 
phase increases as the levels are filled to the 
point A and then decreases rapidly beyond this 
point, because the average energy of the addi- 
tional energy is much larger than the mean energy of all electrons. 
If this assumption is true, the electron-atom ratio associated with A 
should be the value for which the phase is most stable. 

Four phases are commonly met in simple substitutional alloy systems. 
The a phase i6 face-centered cubic, the p phase is body-centered cubic, 



Fig. 13. — The prominent 
zone boundary for the 7 
brass phase. This zone con> 
tains room for 90 electrons 
per unit cube of the lattice. 
(After Jones.) 
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the y has a more complex cubic structure, and the 17 phase is close-* 
packed hexagonal. The first zones for the a, jS, and rj phases were shown 
in Chap. VIII. The prominent zone for the y phase is shown in 
Fig. 13. This zone contains 90 states for a cubic cell of 62 atoms, or 1,731 
states per atom. The Hume-Rothery electron-atom ratio is fj, or about 
1.615. Jones has computed the ratio corresponding to the point A, 
Fig. 12 , for each of these four phases, assuming that the energy contours 
are spheres. His values are given in Table LXXIII along with Hume- 
Rothery’s fractional estimates. The two values differ slightly but agree 
equally well with the experimental values. 


Table LXXIII 


Phase 

Hume-Rothery^s 
fractional value 

Jones^ 

value 

a. 


1.362 


1 = 1.6 

1.480 

7 

a * 1.616 . 

1.538 

V 

i = 1.75 

1.7 


103. Alloys Involving Transition Metals. — The properties of transi- 
tion metals explained most readily by the band theory are ( 1 ) the quench- 
ing of ferromagnetism by the addition of nontransition metals that form 
solid solutions and ( 2 ) the dependence of the saturation magnetic moment 
of ferromagnetic alloys on atomic composition. We shall discuss these 
two topics together. 

If similar phases of the iron-group elements and copper and zinc have 
practically the same zone structure, we may expect that the magnetic prop- 
erties of their alloys depend principally upon the extent to which zones 
are filled, that is, upon the electron-atom ratio. We shall use the follow- 
ing two principles in correlating the saturation magnetic moments: 

1 . The number of valence electrons per atom in the s-p band of all 
ferromagnetic metals is about 0.7. If, in addition, we were to accept 
.Pauling^s postulate, we should also assume that the A type d band of Fig. 
10 , which contains 2.6 electrons per atom, is filled or nearly filled and that 
ihe electrons are removed from or added to the B type band. 

2 . The satur£^tion magnetization, expressed in Bohr units per atom, 
h approximately equal to the number of holes per atom in the d band. 
The word ^'approximately’’ is inserted because the saturation magnetiza- 
tion seems to be less in iron, as we have seen in Section 101 . We shall 
try to give additional insight into this point in the following paragraphs. 

Before presenting a general survey of results, we shall consider two 
typical oases. Suppose that some of the nickel atoms in a spedmmi of 
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nickel are replaced by copper atoms. Since copper has one elej^jbron per 
atom more than nickel, we should expect that each copper atom which is 
added has the same effect as if one electron were added to the bands of 
pure nickel. These additional electrons enter the d band and should 
decrease the number of holes at the rate of 1 per copper atom. Since 
there is 0.6 hole per atom in pure nickel, we should expect the satura- 
tion magnetization to decrease linearly with the concentration of copper 
and to be zero when the atom fraction of copper is 0.6. Sadron^s meas- 
urements show this to be the case (see Fig. 54, Chap. I). We should 
expect zinc atoms to have twice the effect of copper atoms since zinc 
has two valence electrons instead of one. This is also found to be 
true. 

Let us consider next the effect of alloying nickel and cobalt. Nickel 
has 0.6 hole per atom in the d 
band and cobalt has approximately 
1.7. According to the band model, 
the number of holes per atom in 
the. alloy that contains an atomic 
fraction of x nickel atoms and 
(1 — x) cobalt atoms should be 

n, = 0.6x -h 1.7(1 - x), (1) 



Ni ) 


Co 2 
^h- 


Fe3 


Fio. 14. — Relation between the saturation 
magnetization, expressed in magnetons per 
atom, and the number of holes per atom. 
{After Slater.) 


SO that the saturation magnetic 
moment should be n® Bohr mag- 
netons per atom. This rule is 
closely obeyed in the nickel-cobalt 
system, as we shall see below. 

Figure 14 shows^ the relation between the saturation magnetization 
per atom and the number of holes per atom for a number of substitutional 
alloys of the iron-group elements. The number of holes per atom in the 
d band is computed by the use of equations of the type (1) on the assump- 
tion that there are 0.7 s-p electron per atom in all transition metals 
except nickel, which has 0.6. Nontransition elements are assumed to 
have a negative value, corresponding to 0.7 minus their valence (that is, 
-0.3 for copper and —1.3 for zinc). If «« and are the number of 
holes per atom in the pure metals A and J5, the number per atom in the 
alloy that contains a fraction fa of A and of B is 


nh =* tto/o + oibfht 


( 2 ) 


analogous to (1). The abscissa of Fig. 14 is the value of Uh computed 
from (2) ; the ordinate is the saturation magnetic moment per atqm cr. 

^ J. C. Blatiib, Jour. Applied Phye,, 8 , 886 (1887). 
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A straight line corresponds to strict proportionality between these 
two quantities. It should be observed that this relationship is closely 
obeyed until the point at which n* is about 2.2. The experimental curve 
then bends over smoothly and approaches the axis along what appears 
to be a straight line. The small value of the saturation magnetization 
of iron that was mentioned in Sec. 101 is in accordance \^th this bending. 
Pauling’s assumption of the existence of A type and B type d bands is 
primarily based upon this fact, for in his picture the B type band is 
completely drained of electrons of one type of spin at the composition 
corresponding to the peak of the curves of Fig. 14, that is, when n* is 
about 2.4. As one passes farther to the right, toward iron, manganese, 



Fig. 16. — In case a there are excitation bands for the inner-shell electrons, and both 
continuous bands and discrete lines may be expected in emission. In case b the excitation 
bands have been absorbed into the continuum. The shaded region indicates the filled 
part of the bands. It should be observed that emission occurs from occupied valence levels, 
absorption to unoccupied ones. 

and chromium, the i;emaimng electrons are removed from the B type 
band and a decreases linearly. 

Mott and Jones ^ have used essentially the same principles to deter- 
mine the number of holes in several paramagnetic transition metals. 
For example, the paramagnetism of palladium decreases when it is 
alloyed with gold. Since the paramagnetism vanishes when a fraction 
of 0.55 palladium atoms has been replaced by gold atoms, these workers 
conclude that palladium contains 0.55 hole per atom. 

104. Level Densities from Soft X-ray Emission Spectra. — Experi- 
mental values of the level-density curves of the valence electrons in 
metals may be obtained from the soft X-ray emission and absorption 
spectra of metals.^ These curves have particular value in deciding 
whether the excitation-band picture should be applied to metals as 
well as to insulators or whether the band approximation is accurate for 
qualitative work. 

^ Mott and Jonhs, op. ctf., pp. 190-200. 

*See the survey article by H. W. B. Skinner, Reports <m Progress in Physics V 
(1988), (Cambridge University Press, 1939). This possibility was first pointed out by 
W. T. Houston, Phys. Rev., 88, 1797 (1931). 
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Let us suppose that an electron is missing from an inner shell of an 
ion in a metal. We may describe these inner-shell levels in the Heitler- 
London approximation and may designate the wave function of the 
missing electron, which is localized about a single ion, by ^/(r). If the 
Heitler-London or the excitation-band picture were valid for the excited 
states of this electron, there would be a set of discrete levels or a set 
of nonconducting excitation states beneath the ionization limit; the 
latter corresponds to the beginning of the Bloch levels (c/. Fig. 15). 
Thus, the emission and absorption spectra would consist of a continuum 
corresponding to transitions between the Bloch band and the lowest 
level and of discrete lines corresponding to transitions between the 
excitation levels and the lowest levels. On the other hand, if there are 



no excitation bands ^ because the ionization band has broadened enough 
to absorb them, only the continuum should be present. In the transition 
from one of these cases to the other, we may expect the intensity of the 
discrete lines to predominate over that of the continuum at first, then 
decrease, and finally disappear. 

The observed soft X-ray emission spectra of lithium, sodium, beryl- 
lium, magnesium, and aluminum, as determined by O’Bryan and Skinner^ 
and Farineau,'® are given in Fig. 16. The lithium and beryllium bands 
arise from transitions to the Is level {K band), and the two magnesium 

* The absence of excitation levels would imply that the free electrons so com- 
pletely screen the hole in the ion core that there is not enough potential for a dis- 
crete level. The quantitative description of this effect would require a very accurate 
treatment of the many-electron problem. 

* H. M. O’Bryan and H. W. B. Skinner, Phys. Rev., 46 , 370 (1934). 

» J. Farinbau, Campt. rend., 208 , 640 (1936), 204 , 1108 (1937), 204 , 1242 (1937), 
206 , 365 (1937); Nature, 140 , 508 (1937). See footnote 1, p. 440, also. 
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and aluminum bands arise, respectively, from transitions to the Is 
level and 2p level {Lm band). In contrast with the absorption spectra 
of the alkali halides (cf. Sec. 95), these spectra show no indication of 
strong discrete lines, which implies that the excitation levels are not 
prominent. In order to determine the extent to which the low-energy 
tails of these bands are vestiges of the transitions from excitation states, 
we must examine the theory of emission more closely. 

We shall assume^ that the periodic wave functions may be expressed 
in the form 


where xo is an 5 function in the vicinity of the nucleus. The intensity 
of the line emitted in the jump from to then is proportional to 

IJ^k* grad (1) 

(cf. Sec. 43). For small values of k or r, we may expand the exponent 
in powers of k • r and keep only the first two terms. Thus, (1) becomes 

|/xo(l - • r) grad lA/dTp. (2) 

If is a p function, the integral of the term in (2) that involves k vanishes, 
leaving 

l/xo grad (3) 

which is independent of k. This result should be valid for fairly large 
values of k since is localized exceedingly close to the nucleus. Thus, 
the intensity of the emission band as a function of energy should depend 
only upon the density of levels and, as a result, should vary as y/l near 
the low-energy side. On the other hand, if is an 5 function, the term 
corresponding to (3) vanishes and the remaining term can be reduced to 

( 4 ) 

which varies as k* or as € near the low-energy side of the band. Since 
the density of levels varies as V* in this energy region, it follows that 
the intensity of the band should vary as 

Now, the Lm emission curves for sodium, aluminum, and magnesium 
correspond to the first of these two cases. • It is clear from Fig. 16 that 
the intensity starts out much more slowly than Vi., A comparison of 

‘ Houston, op. dt; H, Jonbs, N. F. Mott md H. W. B. Skinner, Phpt. Rw., 
4S, 379 ( 1934 ). 


■J 


ki xox- 


.^1 

dx 
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the actual curve and the \/e curve that would fit the sodium curved 
most closely is given in Fig. 17a. This suggests that there is a residue 
of the excitation bands; however, it is also possible, although not probable, 
that the measured tail is due to a background emission of impurity atoms. 
Since the K emission curves of Fig. 16 correspond to the second of the 
two cases, they should rise as e?. Figure 176 gives a comparison of an 
curve and the observed curve for lithium. The high-energy cutoff 
of the theoretical curve is chosen so that the width is the same as that 
computed in Sec. 78. The discrepancy on the low-energy side may have 
the explanation suggested in Fig. 17a for sodium. The discrepancy on 
the high-energy side indicates that the actual density of levels does not 



Fig. 17. — (a) Comparison of the actual emission band of sodium and that expected 
from the simple band theory. It is suggested that the shaded region represents the con 
tribution from vestiges of the excitation bands. The energy scale is in electron volts 
(6) Comparison of the actual emission band of lithium and that predicted by the band 
theory. 

vary as Ve in lithium. The premature peak in the curve for lithium 
has not received a satisfactory explanation. It is possible that it is 
related to a rapid variation in exchange and correlation energy at the 
top of the filled region; however, if this is the case, it is not easy to see 
why sodium does not have a similar peak. If the difference between the 
curves for lithium and sodium is real, we may expect the electronic 
specific heat of sodium to be more normal than that of lithium, for its 
level density is more nearly like that for perfectly free electrons. 

It is interesting to note that the beryllium curve of Fig. 16 behaves 
as though the levels of a single zone were almost completely occupied, 
a fact indicating that this metal is very nearly an insulator. In mag- 

^ In these eomparisons, the effect of both exchange and correlation on the calcu- 
lated band widths is neglected because the second, which tends to compensate for the 
broadening effect of the first (see footnote 1, p. 422) is not precisely knoim. 
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tiesium and aluminum, however, the curves appear as though two zones 
overlapped extensively. 


Table LXXIV. — Observed and Calculated Widths of the Soft X-ray Emission 
Bands (after Skinner) 

(The theoretical values are those computed in Chap. X. Valuer in parentheses are 
free-electron values) 



Observed, ev 

Calculated, ev 

li 

4.1 ± 0.3 

3.4 

Na 

3.4 ± 0.2 

3.2 

Be 

14.8 ± 0.5 

(13 8) 

Mg 

7.6 ± 0.3 

(7.2) 

A1 

13.2 ± 0.5 

(12.0) 


The widths of a number of the emission bands determined by O^Bryan 
and Skinner, and others, are given in Table LXXIV and are compared 



Fig. 18. — The emission curves 
for nickel, copper, and zinc. 
Presumably this emission arises 
mainly from the d band. The 
difference between copper and 
nickel is mainly due to the fact 
that copper has one more valence 
electron than nickel. Zinc, how- 
ever, has an entirely different 
structi^re so that the band struc- 
ture i^ould be different. 


with the theoretical values in cases in which 
the latter have been computed. The values 

2m\ Stt / 

for perfectly free electrons are given in 
parentheses in the other cases. 

The emission bands of metals containing 
filled or partly filled d bands have been 
investigated by a number of workers,* 
among whom are Bearden, Shaw, Beeman, 
Friedman, Saur, Gwinner, and Farineau. 
Farineau’s curves for nickel, copper, and 
zinc are shown in Fig. 18. Since the density 
of levels in the d band presumably is much 
higher than that in the s-p band, we may 
conclude that practically all of this structure 
arises from the d band. One of the import- 
ant features of these curves is the fact that 
there is a single peak in the cases of copper 
and nickel and not two, as we might expect 
from Knitter’s work. Knitter’s curve is 


shown in the diagram for copper. If this peak were to be associated with 


1 J. A. Bearden and C. H. Shaw, Phys. Rev., 48, 18 (1935); W. W. Beeman and 
Friedman, Phys. Rev., 66 , 392 (1939); £. Saur, Z. Physik, 103 , 421 (1936); 
E. Gwinner, Z. Physik, 108 , 523 (1938). 
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Pauling^s B type of d band (see Fig. 10), we should expect that it would 
occur nearer the high-energy cutoff of the curves, at least in the case of 
nickel. Assuming that these density curves are trustworthy, we must 
conclude both that the d bands shift to some extent in going from copper 
to nickel and that the one-electron approximations discussed in previous 
sections are not very accurate when applied to d electrons. The curves 
for copper and zinc are considerably different; however, this fact is not 
surprising, for the crystalline symmetry is different in the two cases. 

B. IONIC CRYSTALS 

106. Plan of Treatment. — In the preceding chapter, we saw: (a) that 
the lowest state of ideal ionic crystals may be treated approximately by 
either the Heitler-London or the band scheme; (h) that the lower, non- 
conducting, excited states may be treated by the method of excitation 
waves, at least in the case of the alkali halides; and (c) that the higher 
excited states may be treated by the band scheme. In the following 
sections, we shall apply these approximations to several alkali halide 
crystals and alkaline earth oxide and sulfide crystals the experimental 
properties of which have been investigated with some degree of com- 
pleteness. The first two sections apply to crystals having ideal, undis- 
torted lattice structures, and the following section applies to ideal 
crystals having lattice distortions of a type that will be described in 
more detail in that section. 

106. The Alkali Halides. — Zone-structure calculations have been 
made for two alkali halides, namely, lithium fluoride and sodium chloride. 
In addition, computations have been made for lithium hydride, which 
resembles the alkali halides closely since negative hydrogen ions behave 
like ions of a halogen. In an atomic picture, the eight valence electrons 
per unit cell of the alkali halides completely occupy the outer s and p 
shells of the negative ions. In the band scheme, the same electrons 
occupy four zones, one of which connects adiabatically with the ionic s 
level and the three others of which connect with the ionic p level. 
Figure 19 illustrates the manner in which the ionic levels broaden into 
the bands of. the zone theory as the ions are brought together. The 
levels of the negative ions are depressed and those of the positive ions 
are raised because of the Madelung field. In addition, the levels break 
into bands when the ions begin to overlap. At the observed lattice 
distance, the s and p bands are separated from one another and from the 
higher unfilled band which connects with the lowest level of the metal 
ion. The ionic levels do not split into bands in the Heitler-London 
approximation but remain discrete, roughly following the center of 
gravity of the bands (c/. the discussion in Sec. 64 concerning the connec- 
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tion between the Heitler-London and Bloch energy parameters). If 
the squares of the 2s wave function of atomic lithium and of the radial 
part of the p wave function of ionic fluorine are plotted in such a way 
that each distribution is centered about points which are separated by 
the distance between the lithium and fluorine ions in the crystal, it is 
found that the peaks of the distributions overlap and that the center of 
gravity of the charge of an undistorted lithium atom would lie in the 
shells of the surrounding halogen ions (c/. Fig. 1, Chap. II, for lithium 
hydride). 

In treating sodium chloride, Shockley^ chose an effective chlorine 
charge distribution by normalizing Hartree’s chlorine ion wave functions 

within a sphere the volume of which 
is equal to that of the unit cell of 
sodium chloride. He assumed that 
only eight electrons are in this cell 
at any one time, because of correla- 
tion effects, and computed the effec- 
tive field for a given electron in the 
sphere by taking the charge of the re- 
maining [ seven into account. The 
effective field for an electron near a 
sodium ion was taken as the ion-core 
field used in the computations on 
metallic sodium. To these effective 
ion fields, Shockley added the 
Madelung field of the surrounding 
_ o ^ Ions. In addition, he subtracted 

Jbio. 19. — Schematic representation ^ i i 

of the manner in which the ionic levels from the SOdlUm lOn-COre field the 
^ the constituents of ionic crystals field arising from a single electron 
br«ai: into bands ia the band approxima- . • j 'p i • 

tion. At A the a and p bands of the IS Spread uniformly over the SIX 

Siey^verlap whereas at B surrounding halogen ions. The mis- 

sing electron is assumed to be at the 
sodium ion. Boundary conditions were applied to the wave functions 
in three different ways: (1) by neglecting the sodium wave functions 
and treating the lattice as though it were composed of chlorine ions, (2) 
by satisfying only sodium-chlorine boundary conditions, and (3) by 
Satisfying both sodium-chlorine and chlorine-chlorine boundary condi- 
tions. The equations employed in the first case were those derived by 
Knitter for copper, and Shockley derived similar equations for the two 
other cases. The €(k) curves that were obtained from these equations are 
shown in Figs. 20 afi, 

* Shockmbt, Phys. Rw,, 00, 764 (1036). 
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More recently, Tibbs^ has investigated the conduction band of sodium 
chloride by a similar method and has shown that the effective mass of the 
conduction electrons is close to unity. 

Attempts to construct self-consistent fields for the lattice were made 
in the treatments of lithium fluoride and hydride.^ This task is much 
more difficult in the case of diatomic crystals than in the case of mona- 
tomic ones, because the total charge in each polyhedron of the unit cell, as 
well as the relative distribution within a given polyhedron, must be the 
same in the initial and final solutions. In these ionic crystals, the 
lattice was divided into cubes of equal volume centered about each of 
the ions, and the cubes were replaced by equivalent spheres. The Li"^ 



Fig. 20. — (a) €(k) curve for the (111) direction of sodium chloride. Only the p-band 
curves are given. The full curve corresponds to the results obtained by neglecting the sod- 
ium wave functions; the dotted lines correspond to the most accurate procedure described 
in the text. (6) Same for the (1(X)) direction. {After ShocMey,) 

ion-core field was taken from the work on metallic lithium, and the field 
of the (Is) 2 ion core of F~ was taken from Hartree’s work. The remain- 
ing eight electrons per unit cell were treated by a self-consistent method. 
The charge distribution of the valence electrons was not determined by 
computing wave functions for all values of k and taking an average. 
Instead, it was assumed that the average of the four wave functions 
associated with k = 0 is the same as the average distribution of all 
electrons. This approximation is justified by the fact that the mean 
charge distribution in the alkali metals is practically the same a§ the 
distribution for k =» 0 . Boundary conditions were satisfied at different 
points of the polyhedra for several different values of k, group theoretical 

^ S. R. Tibbs, Trans. Faraday Soc.f 35, 1471 (1939). 

* D. H. Ewing and F. Sam, Phys. 60, 760 (1986). 
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methods being used to choose the appropriate combination of zonal 
harmonics in each case. 

Figure 21 shows the agreement between initial and final charge 
distributions in the final trials for lithium fluoride, and Figs. 22 and 23 
give plots of the s- and p-band functions for k == 0 for both lithium fluoride 
and lithium hydride. 



Fig. 21. — The imtial and Fig. 22.— Wave functions for 

final charge distributions in k = 0 in lithium fluoride, a is the 

the Li and F polyhedra in «-band function; b is the p-band 

the last computation for the function and c is the function for the 

self-consistent field in lithium first unoccupied band. It should be 

fluoride. The abscissae are noted that o and b are distributed 

in Bohr units. {After Ewing principally about the F“ ion, whereas 

and Seitz.) c is distributed about both ions. The 

abscissae are in Bohr units. 

The integral of the charge distribution inside the lithium sphere of 
lithium fluoride is 0.956 in the Hartree approximation. This result is 
unquestionably too large since neither exchange nor correlation effects 
were taken into account. A somewhat better value might have been 
obtained by including these terms in the way Shockley did, namely, by 
excluding one unit of electronic charge in determining the field ipside 
the fluorine sphere. A rough estimate shows that this procedure would 
probably reduce the charge in the lithium sphere to "about 0.56, which, 
in tqm, would leave about 0.06 valence electron in the sphere the radius 
of which is equal to the classical lithium-ion radius. This estimate 
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furnishes a good justification for the Born-Mayer approximation in which 

the charge in this sphere is assumed to be zero, for the correction to the 

Madelung energy would be only 

about 5 per cent, which is less than \ 

the importance of repulsive terms. f \ 

Figures 24 and 25 show the €(k) | \ 

curves for several important crystal- qo - \ 
lographic directions.^ The values 

corresponding to the dots are the “a2 - ^ 

actual computed cases, whereas the ‘ 

full lines were obtained by interpola- \ ' 

tion. The upper curve of the second . > 

band for lithium fluoride is doubly 23 _The wave function for 

degenerate in the (100) and (111) k = o in the filled band of lithium 
directions. This degeneracy also ap- 
pears in Shockley’s results. 

One important feature of the zone scheme is the fact that the upper- 
most filled bands are several volts wide. Although these values probably 
are too large, because Hartree fields were used in obtaining them, their 
order of magnitude seems unquestionably to be correct. 


-1.01: j 

Fio. 23. — The wave function for 
k = 0 in the filled band of lithium 
hydride. The abscissae are in Bohr 
units. {After Ewing and Seitz.) 



-0.5 0 0.5 -0.44 0 0.44 -0.53 0 0.53 

Ikla — ► Ikla — ^ Ikla 


Fig. 24. — €(k) curves of lithium fluoride for three prominent crystallographic directions. 
The Greek letters are crystallographic term symbols; o is the interionic distance. The 
lower two band systems are filled; the upper band is empty. The energy is expressed in 
Rydberg units. {After Ewing and Seitz.) 

In summarizing this discussion of the normal states of the alkali 
halides, we may say that the charge distribution in the lattice is very 

* It is interesting to note that the « curves increase with increasing |k|, whereas the 
V curves tend to decrease. This fact was pointed out in Sec. 65 on the basis of the 
narrow-band approximation. 
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nearly the same as if the crystal were composed of free positive and 
negative ions. The lowest s band of the zone picture is very narrow 
so that the halogen s shell is not appreciably perturbed. The width of 
the p band is of the order of 1 ev, which indicates that neighboring ions 
overlap appreciably and that the exchange interaction is- of the order of 
1 ev. The magnitude of the band width also indicates that the effective 
mass of a free hole in the p band is comparable with the mass of an 
electron. 

The wave functions for k = 0 in the first unoccupied zone of lithium 
fluoride are shown in Fig. 22. Here, the electronic 
charge is distributed more or less uniformly 
between the positive and negative ions. The 
closest vertical distance between the filled and 
unfilled bands of Fig. 24 is 7.5 ev for the end 
point of the zone in the (110) direction. This 
difference should be the energy required to induce 
photoconductivity in the pure crystal, and it 
should be greater than the first absorption 
energy. Actually it is less, since the funda- 
mental peak of lithium fluoride occurs below 
1000 A, which makes the absorption peak 
greater than 12 ev. The Hartree approximation, 
can be blamed for this discrepancy, for the 
exchange terms would lower the filled band much 
more than the empty one. This tendency for 
the exchange energy to be smaller in magnitude 



Fio. 26. — Same as Fig. 
24 for the (100) direction 
in lithium hydride. There 
is only one filled band in 
this case so that the upper 
two bands are empty. 
These bands correspond 
to the occupied p bands 
of lithium fluoride (Fig. 
;24).' The energy is ex- 
|)ressed in Rydberg units. 


for an excited electron than for a normal one is 
shown for perfectly free electrons in Fig. 5, 
Chap. IX. 

We have seen in Sec. 95, Chap. XII, that the 
position of the nonconducting excited levels of 
the alkali halides can be estimated fairly closely 
by the use of an atomic model. According to 
this work, the first excitation band should lie 


• about 12 ev above the lowest state in lithium fluoride, a value that 


^rees closely with the threshold absorption frequency for lithium 
fluoride. The complete structure of the first ultraviolet absorption 


bands of lithium fluoride and sodium chloride has not been measured. 


In a typical case such as that of sodium bromide, illustrated in 


Fig. 26, it seems natural to assume, in analogy lyith the absorp- 
tion spectra for atoms, that the peaks A, B, C, and D correspond 
to trazmtions to excitation levels and that the ionization edge falls in 
the short wave length foot of the band, that is, at about 1200 A. The 
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corresponding points for lithium fluoride and sodium chloride (c/. Fig. 2 
of Chap. XII) undoubtedly lie at energies greater than 14 ev and 12 ev, 
respectively. 

107. Alkaline Earth Oxides and Sulfides. — Although the cellular 
method has not been applied to any of the alkaline earth salts, it is pos- 
sible to draw several plausible conclusions about their zone structures by 
indirect reasoning. The interatomic exchange terms, which give rise 
to most of the repulsive forces in ionic crystals and arise, mainly from 
the metal-ion negative-ion interactions, are about four times larger in 
the oxides and sulfides than in the halides. Since these exchange 
energies are closely related to the widths of the occupied bands (cf. 
Sec. 64), we may expect that the bands are much broader in the oxides 
and sulfides. Referring to Fig. 19, we may expect that the point B where 



Fig. 26. — The structure of the first ultraviolet absorption band of sodium bromide. 


the s and p bands are very close corresponds to the alkaline earth oxides 
and sulfides, if the point A corresponds to the alkali halides. ^ 

It is possible to construct reasonable energy-level diagrams for some 
of the alkaline earth salts by use of energy-level data derived from the 
Born cycle and from spectroscopic measurements on the free ions. As 
examples, we shall take zinc oxide and zinc sulfide, which have properties 
that are typical of other members of this group of salts. The crystal 
structure of zinc oxide is the wurtzite lattice, which is also the high- 
temperature structure of zinc sulfide. The low-temperature form of 
zinc sulfide has the zincblende lattice which is similar to diamond. 

We shall begin by considering the energy necessary to remove an 
electron from a free negative ion and place it on a free zinc ion. The 

' This overlapping of « and p bands occurs in diamond, as is shown in Sec. 109. 
Hence we may expect it to be associated with some valence characteristics. H. M. 
James and V. A. Johnson (Phys. Rev., 56, 119 (1939)) have shown, in fact, that the 
charge distribution in zinc oxide is not perfectly ionic. 
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total electron affinities of 0 — and S have been determined approxi- 
mately by the Born cycle and are about —7 and —4 ev, respectively. 
Lozier^ determined experimentally the affinity of neutral oxygen for one 
electron and found that it is 2.2 ± 0.2 ev, which shows that the negative 
afiinity of oxygen for two electrons is due entirely to the second electron 
and that the energy necessary to remove one electron from 0 is about 
— 9 ev. The energy level of 0 is plotted* relative to the normal state 
of 0~in the right-hand column of Fig. 27. Since 0” and S have about 
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Fig. 27. — The ionic energy-level relatione in zinc oxide. The levels of Zn"*", Zn'*”^, 
and 0 are given on the right. The behavior of these when a lattice is formed is shown 
by the dotted lines. The relative position of the levels in a neutral zinc atom is given 
on the left. (See footnote 9 on page 450). 

the same classical radii as F” and Cl“, respectively, we may conclude 
.that the electronic structure of the first pair of ions is very similar to 
that of the second pair. 

Now, the affinities of the halogens decrease as one passes down the 
periodic Chart. For this reason, we shall assume that the affinity of a 
sulfur atom for a single electron is about 1 ev less than that of an oxygen 
ion, which makes the energy of S about 5 ev relative to the energy of S“. 
This is indicated in the right-hand column of Fig. 28. The energy levels 
of zinc ions have been measured spectroscopically and are given in the 
second and, third columns from the right in Figs. 27 and 28. Since the 

* W. W. Lozier, Phys. Rev., 46, 268 (1934). 

* P. Seitz, Jour. Chem. Phye., 6, 454 (1938). 
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energy of Zn+ relative to Zn++ is 17.9 ev, the energy required to remove 
an electron from a free oxygen ion and place it on a free zinc ion is -26.9 
ev. The same quantity is -22.9 for 8“ and Zn++. Let us now arrange 
the ions in the lattices of ZnO and ZnS and gradually decrease the lattice 
constants from infinity. The lattice potential at the position of the 
positive ions is negative, and the potential at the negative ions is positive, 
so that the levels of the negative ions are depressed and those of the 
positive ions are raised during this process. This change is indicated by 
the dotted lines of Figs. 27 and 28, which show the total shift as computed 
from the Madelung potentials of the zinc oxide and zinc sulfide lattices. 



Fig. 28. — Same as Fig. 27 for zinc sulfide. The positions of levels of neutral zinc and copper 
and of are given on the left. (See footnote 1 on page 460.) 

At the actual interatomic distances, the discrete levels of the free ions 
broaden into bands characteristic of band structure, and excitation 
bands appear^ below the first unoccupied zone, which is adiabatically 
connected with the lowest level of free Zn+. The energy required to 
remove an electron from a negative ion and place it on a zinc ion at 
infinity, as found from these diagrams, is about 16 ev for zinc oxide and 
10.5 ev for. zinc sulfide. This transition evidently corresponds to 
ionization. The energy required to carry the electron from a negative 
ion to a near-lying zinc ion is less, of course, as is indicated in the figures. 
The first absorption band of zinc sulfide has been measured roughly, 
and the experimental work seems to show that the first excitation band 
should be about 6 ev above the ground state. The value of the absorp- 
tion energy obtained from Fig. 28 is somewhat larger than this. Figure 

^ It is possible, however, that the excitation levels may merge with the ionization 
levels. 
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27 indicates that the first absorption band of zinc oxide may correspond 
to internal excitation of the zinc ion, that is, to the transition 

Zn++(3di®) Zn++(3d»4s). 

If this is true, the first absorption peak of zinc oxide should lie near 
1200 A. There does not seem to be any work on the ultraviolet absorp- 
tion properties of this salt. 

Diagrams^ such as Figs. 27 and 28 may be constructed for any ionic 
crystal for which the necessary data are known. Some additional uses 
for these diagrams will be found in Sec. 113. 

108. Equilibrium Atomic Arrangements for Excited States.— The 
orderly lattice arrangement of atoms in crystals that is determined by 
X-ray analysis is the equilibrium distribution for the lowest electronic 
state. There is no reason for expecting the same distribution to be 
stable for excited electronic states of insulators. In fact, there is reason 
to expect the opposite, for each excited electronic state of diatomic or 
polyatomic molecules has its own equilibrium atomic arrangement. 
Since the dependence of excited electronic levels on atomic arrangement 
has not been investigated in a detailed and quantitative way, we shall 
have to be contented with qualitative pictures.^ 

Let us consider an ideal ionic crystal, such as one of the alkali halides 
or one of the alkaline earth salts. If we neglect thermal effects, the atoms 
occupy lattice sites in the normal electronic state. Suppose that we now 
use electrons or light quanta to excite the crystal to a higher electronic 
level. An excited electron and a hole are then produced, and the two 
should move together if the excited state is not conducting. The crystal 
still has the equilibrium atomic arrangement of the lowest level immedi- 
ately after electronic excitation because of the Franck-Condon principle. 
Now, as we saw in the last chapter, the excited levels occur in systems 
of quad-continuous bands, each level of which corresponds to an exciton 
moving with a definite velocity. If the exciton is produced by optical 
absorption, it usually is moving slowly, because the selection rules forbid 
transitions in which the wave-number vector of the exciton lies very 
far froih the center of the zone and because the group velocity gradk 
«(k)/^ is zero when the wave number is zero. This selection rule is not 
valid, of course, if the excitation is induced by means of cathode rays or 
alpha particles, which have appreciable momentum; hence, the exciton 
may move more swiftly in these cases. If the exciton is regarded as an 

^ In both Figs. 27 and 28, the positions of levels of neutral atoms are represented 
on tbe left. The ionisation energies of these atoms should be altered because of 
polaxhation effects such as those discussed in Sec. U2. 

*0/. A. YON Hippbl, Z. Phyiikf lOt, 680 (1036). F. Sbitz, op. oit., p. 150; Trans. 
Fitmdoif Soc,, 86, 74 (1030). 
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excited ion, it is eaay to see that the lattice near it is under stress for the 
normal atomic arrangement, for an excited ion and a normal ion usually 
interact differently with their neighbdte. These stresses would set the 
excited atom into oscillation about a new equilibrium position if the 
exciton were permanently at rest. If it is moving even slowly, however, 
the atoms near the exciton may not have time to move very far during the 
short time that the exciton is near. For example, the time required for 
an exciton that is moving at 10® cm/sec 
to traverse a distance of 10“® cm is 10"^^ 
sec, and the time required for an atom 
to make one oscillation is about ten 
times this. We may expect, however, 
that some lattice vibrations about the 
normal atomic positions are stimulated 
and that the exciton is slowed because 
it dissipates this vibrational energy. 

Thus, the exciton should eventually 
drop to the lowest excited energy state, 
and it should ordinarily be at rest in 
this state because gradk €(k) is zero at 
the lowest point of the exciton band in 
simple crystals (c/. Sec. 96 of the pre- 
vious chapter). The atom on which 
the exciton comes to rest should be set 
into violent vibrational motion because 
of the stresses mentioned above. This 
kind of motion is strongly damped since 
the atoms are strongly coupled. Thus, 
the localized vibrational energy should 
be dissipated during a time of the order 
of 10“^® sec, which is the atomic oscilla- 
tion period, by the production of elastic 
waves that radiate from the vibrating 
atom. 

The possible disposition of the normal and excited levels of the crystal 
is shown symbolically in Fig. 29. The abscissa represents the configura- 
tional coordinates of the lattice, that is, the interatomic distances, and 
the ordinate is the energy of the crystal. The lowest level corresponds 
to the normal electronic state so that its minimum A corresponds to the 
normal atomic arrangement of the lattice. The second curve represents 
the lowest excited state, in which the exciton is at rest. The minimum 
B corresponds to the values of the configurational coordinates for which 
the excited atom and its neighbors are at equilibrium. The quasi- 


Configurationol Coordinates 
Fia. 29. — Schematic representation 
of the possible positions of normal 
and excited states of an insulator 
as functions of atomic coordinates. 
The lowest curve corresponds to the 
normal state and its minimum deter- 
mines the normal atomic arrangement. 
The cross-hatched region corresponds 
to the levels of moving excitons. 
Their minima are at position A 
because the lattice cannot come to 
complete equilibrium when the exci- 
tons move. The discrete level that 
separates from this band represents 
the state of an exciton at rest. Its 
minim um is not at A, because the 
interactions between normal and ex- 
cited atoms are different. 
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continuous band of levels represents the excited states in 
exciton is in motion. These levels have|their minima at the same point 
as the normal state because the stresses are not localized when the 
exciton is in motion. During excitation, the system jumps from A to 
A'; as soon as the exciton comes to rest, the state of the* system “slides” 
toward B with the emission of elastic waves. 

There are two conceivable arrangements of the normal and excited 
levels. In the first (Fig. 30a), the excited state has its minimum B 
within the minimum of the lower curve. In the second case (Fig. 306), 
the minimum E is outside the lower curve. The system slides to B 
in the first instance and may then jump to the point C on the lower 
curve by emitting a light quantum. It slides to D in the second case 



Fio. 30. — Possible arrangements of the normal level and the level of an exciton at rest. 
In a the minimum of the excited level is inside the lower curve so that fluorescent emission 
of frequency pt may follow absorption of Pi. In case b the minimum of the excited level 
is outside that of the normal level. Hence, fluorescence cannot occur. 

and may then slide either to A or to E. All the energy is dissipated 
immediately in the form of lattice waves in the first case. The system 
may rest at E indefinitely in the second, storing a part of the excitation 
energy. At temperatures above absolute zero, the system oscillates 
about E and should eventually pass over D and down to A. The crystal 
may be fluorescent in the case of Fig. 30a, since some of the absorbed 
energy may be radiated as light; however, it is not fluorescent in the 
second case. Fluorescence has never been observed^ unambiguously to 
accompany absorption in the fundamental bands of ideal crystals, which 
indicates that the second case occurs commonly. 

C. VALENCE CRYSTALS 

109. The Zone Structure of Diamond.— In spite of the importance 
of the subject, practically no quantitative work has been done on valence 






binding in crystals. The reason for this lack, as we mentioned in Sec. 97, 
is tliajlfj'^th^ simpMst ajx)ms entering into valence crystals have so many 
valence ^^clrdns whidi^are appreciably affected by the crystalline binding 
that 4;h|.,cSit^^uta^ns are more complicated than for simple metals or 
saltk The existiEig work consists of a semiquantitative investigation 
of the zone structure of diamond and a qualitative discussion of the most 
appropriate form of the Heitler-London functions for the atoms in 
valence crystals with a tetrahedral arrangement of nearest neighbors. 
Carbon and silicon are the principal atoms to which these considerations 
apply. 

The fact that the lowest state of atomic carbon is degenerate and 
that diamond is an insulator shows that the energy levels of the entire solid 
vary very much as the atoms of the lattice are brought together. The 
lowest level is highly degenerate at infinite separation, and it must 


broaden into a dense band just as the 
lowest levels of metal atoms do. Since 
the crystal actually is an insulator, we 
must conclude that a single level 
separates from this dense array and is 
the lowest level at the observed inter- 
atomic distance (c/. Fig. 31). A simi- 
lar situation occurs in ionic crystals, 
for the highly degenerate state cor- 
responding to free neutral atoms is 
more stable than the state of free ions 
at infinite separation; in this case, 
however, the two states cross before 
appreciable splitting occurs, since the 



Fig. 31. — The dependence of the 
levels of diamond on interatomic 
distance (schematic). At large dis- 
tances the lowest state is highly de- 
generate; however, a nondegenerate 
discrete level separates at smaller 
distances. 


Madelung energy favors an ionic state. For this reason, the situation 


is much easier to understand in ionic crystals. A simple picture of the 


same type has not been developed for diamond, although the separation 
of the singlet level can be shown to occur in the band approximation, as 
will be seen below. In fact, the separation occurs for such a simple 
carbon field that we may expect the effect is determined primarily by 
the crystal structure, that is, is connected with the way in which wave 
functions are diffracted by the diamond lattice. 

a. The Band Approximation—Kimhall,^ who is responsible for a semi- 
quantitative zone treatment of diamond, satisfied boundary conditions 
at the center points of the four faces of the atomic polyhedron, which is 
shown in Fig. 3, Chap. IX. There are two polyhedra of this type in 
the unit cell. The boundary conditions, which were taken as the con- 
tinuity of ^ and its normal gradient at these points, require that be 


' G. E. Kimball, Jour. Chem. Phya.f 8, 660 (1935). 
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expanded in terms of four surface harmonics. Kimball took these to 
be one s function and three p funcjtions, the field that was used to obtain 
the radial parts being the one dferived by Torrance for the 2s and 2p 
functions of atomic carbon. The energy bands ar^^ showh^ in Mg. 32. 
The atomic 2s level splits into two zones since there are two atoms per 
unit cell, whereas the atomic 2p function splits into six zones. These 
two systems of zones overlap at r = 2.7ah and then split into two new 
systems which contain four zones each. Two of the lower set of zones 
have zero width in KimbalPs approximation, but they probably would 

have finite width if more boundary 
points and surface harmonics had 
been used. Since the lower zone 
system is just exactly filled by the 
eight electrons per unit cell, the 
crystal is an insulator at the ob- 
served lattice distance in KimbalFs 
approximation. There is no iso- 
lated low-lying group of four zones 
at large distances, however, so that 
the crystal should be a metal when 
r is greater than 2.7ah. From the 
standpoint of the entire crystal, this 
means that a single level separates 
from a continuum when r is 2.7 oa. 

Kimball found that his initial 
and final charge distributions were 
not the same, which shows that his starting field was inaccurate. That he 
still obtained the separation of bands which is needed to make diamond 
an insulator suggests, as we mentioned above, that this separation is 
determined primarily by the crystal structure. Thus, it is likely that 
carbon would be a metal if the atoms were placed together in one of the 
i^ple close-packed lattices. 

The difference between the filled and unfilled bands of Fig. 32 is 7 ev, 
which corresponds to an absorption peak near 1700 A. It is probable, 
howver, that excitation levels lie between these bands. The energy-level 
splitting is so .large that the atomic-perturbation method of ^c. 96 
eamiot be used as an argument in favor of these levels. Instead, they 
should bo treated by a more general method, such as that suggested by 
Wannier. 

5. The HevHer^London Approximation . — ^The properties of tetravalent 
carbon in saturated hydrocarbon compounds suggest to the chen^t that 

^ A sizmlar figure has been derived by F. Hund, Phynh. 2., 86 , 888 (1935), on the 
hmoM <d ampler reasoning. 



Fio. 32. — The band structure of dia- 
mond. It should be noted that the 
bands overlap and break into two separate 
systems. From the standpoint of the 
entire solid this corresponds to the behavior 
of Fig. 81. (After Kimball.) 
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carbon has tetrahedral directional properties. For this reason, he assigns 
a tetrahedral bond structure to carbon and assumes that this atom prefers 
to join with bther carbon atoms or with hydrogen atoms along these 
bonds. The structure of diamond supports this viewpoint since each 
carbon atom in it is surrounded tetrahedrally by four other carbon 
atoms. 

Pauling^ and Slater^ have independently established a set of principles 
that may be used to understand this tetrahedral character. Let us con- 
sider molecular hydrogen for a moment. As we have seen in Sec. 56, the 
stability of this molecule arises from the following two facts: (1) The 
field between two protons is stronger than the field of one. (2) Two 
electrons may share this region and minimize their repulsive energy by 
correlating their motion so that they are not there at the same time. 
When the binding is largest, the atomic distributions are distorted in 
such a way that the wave functions extend along the line of centers, where 
the field is largest. On the basis of results such as this, Pauling and 
Slater suggest that the observed atomic arrangements in valence com- 
pounds are those for which the Heitler-Lon- 
don functions have the largest peaks along 
the line of centers. In applying this principle 
to carbon, they assume that the carbon bonds 
are so strong that the 2s and the 2p elec- 
trons should be treated on an equal footing. 

Kimball’s results support this assumption, 
for in his model the s levels split into bands 
that are as wide as the p bands and the two 
types of state become thoroughly mixed. 

Pauling found by direct computation that 
the four orthogonal functions which are 
linear combinations of one s function and 
three p functions and which have maximum directional localization 
extend toward the four corners of a tetrahedron. The equation of any 
one of these may be placed in the form 

fm + icosd) ( 1 ) 

where /(r) is a radial function and 6 is the polar angle measured from the 
directional axis. The angular part of (1) is shown in Fig. 33. 

It is evident that the Slater-Pauling principle cannot be rigorous, for 
carbon also forms a stable crystal in which the coordination is not tetra- 
hedral, namely, graphite. 

* L. PAtJUNO, /our. Am. Chem. 5oc., 58» 1367 (1931). ^ 

C. StATiB, Phys. Reo., 87, 481 (1931). 


Tr/2 



Flo. 33. — Polar plot of the 
Pauling bond function (1) for 
carbon. 
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The electronic distribution that can be derived from Kimball’s model 
undoubtedly shows directional properties similar to those of Pauling’s 
tetrahedral functions. Since neither scheme has been used to make a 
quantitative computation of the cohesive energy of diamond, it is not 
possible to say which would give a better binding energy. 

The same principle may be applied in discussing other simple valence 
bonds such as those that occur between silicon atoms in solid silicon or 
between silicon and oxygen in silica. The second case, in which each 
silicon atom is surrounded by four oxygen atoms and each oxygen atom 
by two silicon atoms, is complicated somewhat by the fact that oxygen, 
in place of having two electrons available for binding, actually lacks two 
electrons from a complete p shell. As we have seen in the previous 
discussion on solids, these holes may be treated like positively charged 
electrons. Hence, we may say that the silicon-oxygen bond in silica 
occurs between a directed valence electron of silicon and a directed hole 
of oxygen. We should expect these bonds to be polar because holes 
behave like positive charges. 

D. SEMI-CONDUCTORS 

110. General Principles. — There are two types of semi-conductor, 
namely, those which contain impurities and those which do not. Many 
polar salts, such as zinc oxide, belong to both classes. We shall be prin- 
cipally interested in pure semi-conductors, since their experimental 
properties have been studied more systematically than those of impure 
semi-conductors. 

The principles determining the electronic conductivity of pure salts 
that have been given appropriate heat-treatment were first recognized 
and developed by Schottky and Wagner.^ They pointed out, for exam- 
ple, that the electronic conductivity of pure zinc oxide can be associated 
with interstitial zinc atoms the presence of which may be understood 
in terms of ordinary principles of statistical mechanics. We shall 
present their work in a form that is modified in keeping with the treat- 
ment of statistical mechanics used in this book. 

There are two main divisions of pure semi-conductors, ^ namely, 
those which conduct by free electrons and those which conduct by holes. 
These two types may be distinguished experimentally by the sign of the 
Hall coefficient; for the first class has the normal sign, that is, the same 
sign as the alkali metals and bismuth, and the second has opposite sign. 
It is easy to construct a system of electronic energy levels that explains 

1 W. Schottky and C. Wagner, Z. physik. Chem.f IIB, 16^ (1930). C. Wagner, 
Z. physik Chem., 22B, 181 (1933). 

^ See, for example, the review by B. Gudden, Ergehnisee exakt. Natur.f 18, 223 
(1934); also Chap. I of this book. 
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qualitatively the difference between these two types. Consider, for 
example, a typical insulator having the system of filled and unfilled 
levels shown in Fig. 34a. If we add foreign atoms or distort the atoms 
in another way, we may expect to introduce new electronic levels in the 
forbidden regions. The electronic charge associated with these states 
is localized about the distortion or impurity atom.^ The detailed 
properties of the additional levels vary from case to case and should be 
discussed separately in each one. If all the discrete levels are occupied, 
as in Fig. 34b, the electrons near the conducting bands may be thermally 
excited to this band, thereby making the crystal an electronic conductor. 
We discussed the properties of this type of semi-conductor in Chap. IV 



a b c 


Fig. 34. — (a) Tho filled and unfilled levels in an insulator, (h) The discrete impurity 
level is occupied by an electron. This substance may be an electronic semi-conductor if 
the electron may be thermally excited to the empty band, (c) The level is unoccupied. 
This substance may be a hole semi-conductor with an ‘anomalous’ Hall coefficient, if 
electrons may be thermally excited from the filled band to this level leaving free holes in 
the lower band. 


and found that the low-temperature conductivity o- should vary according 
to the equation 


( 1 ) 

O /I* 

where rib is the number of bound states per unit volume, k is the mean 
free path, w* is the effective mass of the free electrons, and Ae is the 
activation energy for freeing the electrons (c/. Fig. 35). The sign of the 
Hall coefficient is normal in this case. If the discrete electronic levels 
are unoccupied (Fig. 34c), the electrons in the filled region may be 
thermally excited to the lowest unoccupied level, leaving free holes in 
the band. These holes should behave like free positively charged elec- 
trons and should give the solid a Hall coefficient whose sign is opposite 
to that of the preceding case. Equation (1) should also be valid in this 
case if the constants k, m*, and Ae are reinterpreted in terms of free 
and bound holes. We shall discuss the electronic levels of several solids 
in more detail below. 

^ The behavior of models of this type has been discussed by A. H. Wilson, Proc. 
Roy. Soc., 188 , 458 (1931), 184 , 277 (1931); R. H. Fowler, Proc. Roy. Soc.y 140 , 605 
(1933); 141 , 66 (1933). 
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At temperature the equilibrium state of an insulator is determined 
by the condition that its free energy 

A = E -TS 


be a minimum. This quantity is simply E at zero temperature so that 



Fig. 36. — Schema- 
tic repreBentation of 
the excited and normal 
levels in a semi-con- 
ductor containing an 
impurity atom. The 
minimum of the lower 
curve corresponds to 
the equilibrium atomic 
arrangement when the 
discrete level of the 
foreign atom is oc- 
cupied. The minimum 
of the upper continuum 
corresponds to the 
equilibrium arrange- 
ment when.the electron 
Is ionised. The two 
minima are different 
because the ionised for- 
eign atom does not 
Interact with the lat- 
tice in the same way 
as the un-ionised one. 
For this reason the 
energy As for thermal 
ionisation is usually 
less than the energy 
lofr .optical ionisation, 
for the second process 
must obey the ]^anck- 
Gondon prinoil>le and 
corresponds to a verti- 
cal jump in this dia- 
gram« 


the equilibrium condition presumably demands that 
the ideal crystalline arrangement be most stable at 
this temperature, since E probably is then a mini- 
mum. This arrangement need not be the most 
stable above the absolute zero; for if the entropy 
associated with a distorted arrangement, such as 
that caused by placing some atoms in interstitial 
positions or by removing normal atoms, is large 
enough, the distorted state is more stable than the 
normal one. Let us consider a simplified system 
consisting of a monatomic lattice of N atoms. We 
shall let € be the energy that is necessary to remove 
one atom from a typical lattice site and to place it 
at the surface in a normal position. It will be 
assumed that this energy is independent of the 
number n of atoms removed for small values of n. 
If we neglect any changes in the vibrational energy 
that may occur as a result of this transposition, the 
total entropy change is determined by the number 
of possible ways in which the n vacancies may be 
distributed among the N sites. This number 
evidently is N\/n\{N - n) ! so that the entropy S is 

Thus, the free energy 

A = nc + kTn log ^ (3) 

is a minimum when 



This result shows that we should expect some deviations from the ideal 
crystaliine state at any finite temperature. If c is 1 ev and T is 1000®K, 
which are values that can reasonably occur, we find 
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The principles used in this computation may be applied to other 
cases, most important of which for the theory of semi-conductors are the 
polar crystals having the composition M^Xn, where M is a metal atom 
and X is an electronegative atom. The four independent types of 
deviation from ideal arrangement that may occur in these solids are as 
follows: There may be vacancies (a) in the metal lattice or (b) in the 
electronegative lattice; and there may be (c) interstitial metal atoms, or 
(d) interstitial electronegative atoms. These four types of lattice defect 
may occur in any one of the various possible combinations. We shall 
discuss a few actual cases in the following sections. 

111. The Alkali Halide Semi-conductors,— Hilsch, PohV and their 
numerous collaborators have made extensive investigations of semi- 
conducting alkali halide crystals that are produced by heating these 
solids in alkali metal vapor until the''^ become colored. Figure 36 shows 

X. — ► 
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Fig. 36. — Jf-center absorption bands at room temperature in various alkali halides. The 
wave-length scale is in units of 10"^ cm. (After Pohl.) 

the spectral dependence of the new absorption band in several cases. 
Identical discoloration may be produced by X-ray or cathode-ray 
bombardment. The discoloration is not so durable in these cases, 
however, for it may be removed by relatively mild heating that does 
not affect the discoloration produced by heating the crystals in alkali 
vapor. From the intensity of the absorption bands, it is possible to 
determine the number of absorption centers that are responsible for the 
discoloration. This number depends upon the method used to prepare 
the colored crystal and varies from 10'*^ to 10'® per cubic centimeter 
in the specimens ordinarily used in experiments. Pohl has named these 
absorbing centers “F centers,'’ (Farhzentren), We shall use the same 
term. 

The electronic conductivity of the alkali halides containing F centers 
becomes appreciable above 200°C and is superimposed upon the ionic 
conductivity, which is also appreciable. The two may be separated by 
measuring either the conductivities of Separate clear and colored speci- 
mens or the conductivity before and after the F centers have been 
removed. This removal can be accomplished by placing the colored 

' See the survey article by R. W. Pohl, Phytik 89, 36 (1938). 
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crystal in a constant field at the temperatures at which the conductivities 
are measured. The F centers then migrate to the anode and disappear. 
During this procedure, the conductivity drops, as is shown in Fig. 37. 
Electronic conductivity may be induced at low temperatures by illu- 
minating the crystal with light in the absorption bands. We shall 
discuss this photoconductivity in detail in Chap. XV. 

The ionic conductivity of the alkali halides usually is caused by the 
migration of both positive and negative ions, as may be determined by 
transport measurements, such as those discussed in Chap. I. Frenkel^ 
first pointed out that the migrating positive and negative ions probably 
do not move by squeezing past one another, as they would in an ideal 

lattice, since the activation energy 2 that 
would be required for this process is much 
larger than the activation energies deter- 
mined by measurements of the tempera- 
ture dependence of conductivity. He 
estimated that the activation energy in an 
ideal lattice would be about the same as the 
cohesive energy. This is about 7 ev in 
sodium chloride, whereas the observed 
value* of the activation energy is only 1.9 
ev. For this reason, Frenkel postulated 
that alkali halide crystals normally contain 
vacancies in both the positive- and negative- 
ion sites. We may conclude that these 
vacancies are present in equal numbers in 
uncolored crystals, for otherwise these 
crystals would be charged. They presum- 
ably have the same thermodynamical origin 
as the vacancies in the simple monatomic 
lattice discussed at the end of the previous 
section and can be discussed in terms of the theory used there. 

It is possible to give two reasonable pictures of the discoloration of 
alkali halides by X rays. In both pictures, it is assumed that the primary 
action of the X rays is to free an electron from one of the inner shells 
of an atom of the lattice and that the discoloration center is associated 
witK the absorption properties of this electron when it subsequently 
becomes trapped in the lattice. The most apparent trapping positions 
are the vacancies in the negative-ion lattice and the positive ions. The 

‘ J. Frbnkbl, Z. Physikf 86, 652 (1926). 

* yhe activation energy is the least energy required to interchange two atoms. 
This is discussed in detail in the next chapter. 

* W, Ldhpuldt, Z. PhyHkt 86, 717 (1933). 



Fig. 37. — Decrease in the 
current of colored potassium 
chloride as the F centers are 
removed by conduction. The 
initial conductivity is due to 
ions and electrons, the final 
conductivity to ions alone. The 
temperature was 680°C; the 
field intensity was 300 volts per 
cm. {After Pohl.) 
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vacancies should have an affinity because the Madelung potential is 
positive at these positions, whereas the positive ions should have an 
affinity because an electron should be able to polarize the surrounding 
lattice and produce a stable discrete level lying below the conduction 
bands discussed in Sec. 106 of this chapter. Evidence obtained from 
investigations of photoconductivity seems to support the first interpre- 
tation of the trapping position and rule out the second. If any alkali 
atom could trap an electron and produce an F center, the mean free path 
for trapping of free electrons should be independent of the density of 
F centers and of vacancies in the negative-ion lattice, since the number 
of these is far less than the number of alkali metal ions. The experi- 
mental work on the photoconductivity of crystals containing F centers 
shows that the density of trapping points is far less than the density of 
alkali metal ions and depends upon the density of F centers. Hence, 
it may be concluded that F centers are electrons trapped in vacant 
halogen-ion sites. ^ There has been no experimental evidence to show 
that electrons are ever trapped by the positive ions. 

When an alkali halide crystal is heated in alkali metal vapor, some of 
the atoms of the vapor presumably become absorbed on the surface and 
lose their electrons. These electrons then wander into the crystal and 
occupy vacant halogen positions, producing F centers. The ions left 
behind may then diffuse into the lattice, decreasing the number of 
positive-ion vacancies and keeping the volume of the crystal unchanged. 
Let us suppose that the crystal is at temperature T and that it normally 
contains n vacancies in the positive- and negative-ion lattice. In addi- 
tion, let us suppose that it is placed in a container of which the volume V 
is much larger than that of the crystal and which contains N a neutral 
alkali metal atoms in vapor form. If uf atoms are absorbed into the 
crystal, the number of vacancies in the positive- and negative-atom sites 
is decreased from n to n — nj?. The mixing entropy associated with 
the vacancies is 

-2fc(n - Uf) log ^ jy.- - . (1) 

where N is the number of ions in the lattice. In addition, the uf electrons 
that occupy the halogen sites have the entropy 

-kriF log (2) 

since they may occupy any of the N sites. The vapor has the entropy 

' This interpretation of F centers is due to J. H. de Boer, Rec. trav. chim. Paya-Baa, 
66, 301 (1937), and has been developed by R. W. Gurney and N. F. Mott, Trana. 
Faraday Soc., 84 , 606 (1938). 
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-KNa - n,) log (3) 

where 

C^^,(2r^kT)l 

in which /i is the atomic mass. Thus, the total free energy as a function 
of njr and n is 

i4(n-jp,n) = nr€ 4* (w — + fcTj^2(n — nr) log — 

(JVx - nr) log j (4) 

where 6 is the energy required to dissociate an atom into an F center and 



Fw. 38. — Relation between the deneity of F centers in a potassium bromide crystal 
and the density of alkali metal atoms in the vapor for different temperatures. (After 
Pohl,) 

an ion and e' is the energy required to form normal lattice defects. Then 
is a minimum when 


nr 

WU^) 


Ne^, 


(5) 


According to this result, the ratio of the concentration of F centers to the 
concentration of atoms in the vapor should be constant. Figure 38 
shows that this relation is obeyed in KBr over a wide range of con- 
centrations. ‘ In addition, the temperature dependence is the same as 
that predicted by (6). Rogener finds experimentally that c = —0.25 ev 
fcwp KBrand -0.10 ev for KCl. 

^ PoBSi, Op, eU, 
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If the equilibrium density of F centers is established at one tempera- 
ture and alkali metal pressure and the crystal is then cooled, the excess 
F centers should coagulate into colloidal globules of alkali metal unless 
the cooling takes place so rapidly that the higher density is frozen in. 

Following a plan of Gurney and Mott,' we may obtain a rough idea 
of the energy levels of an F center by using classical methods. The 
Madelung potential at a vacant negative-ion site is —Ae^fro as long as 
the surrounding ions have perfect crystalline order. Here, A is the 
Madelung constant and ro is the nearest-neighbor distance. This poten- 



Fig. 39. — The potential trough for an electron near a halogen-ion vacancy. The 
full curve represents the potential when polarisation is neglected, the dotted curve the 
potential when it is not. 

tial is of the order of 9 ev for sodium chloride. At large distances from 
the vacant site, the total potential is 

-J + Vm (6) 

where Fj/ is the periodic Madelung potential of a normal lattice and 
eVr is the potential arising from the vacancy. The mean value of 
is very close to zero for an electron placed in an alkali halide crystal (c/. 
Sec. 91), and so we are justified in dropping it from (6) in a good approxi- 
mation. The remaining potential then varies smoothly between the 
value — Ae*/ro at the vacant site and the value —e^/r at large distances, 
in the manner shown in Fig. 39. If there were no electron in the vacant 
site, the surrounding ions would be displaced from their equilibrium 
positions for the normal lattice. We shall assume, however, that they 
are nearly in their normal positions when an electron is present, for this 
electron should have nearly the same electrostatic effect on the neighbor- 
ing ions as a halogen ion. When the electron is at large distances from 
the site, it is partly screened from the excess positive charge by the 
polarization charge that it induces in the crystal. Hence, the potential 
at large distances should vary roughly as instead of as e*/r, where 
w is the refractive index. Thus, the potential well in which the electron 
is trapped should have the form of the second curve, Fig. 39. This 
trough has an infinite number of discrete levels, which end in a series 

' R. W, QmtKilT Aiid N. F. Mott, Proe, Phys. 8oe. (sup.), 49, 39 (1937). 
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limit at zero energy, since the field is coulomb-like at large distances. 
The lowest of the discrete states is an s state, and the next two are s and 
p states. The optical transition from the lowest s state to the lowest p 
state should have the greatest probability and should correspond to the 
absorption band of the colored crystal. This transition should not lead 
directly to photoconductivity, for the excited electron is bound to the 
vacant site just as the normal electron is. The excited state lies nearer 
the continuum, however, so that the probability for a thermal transition 
to the continuum is higher from it than from the lowest level. In order 
to account for the observed photoconductivity, we must assume that the 
electron actually becomes free by thermal excitation. The probability 
for this excitation should decrease with decreasing temperature and 
vanish at absolute zero. This disappearance of photoconductivity near 
the absolute zero is actually observed.^ We shall discuss the effect 
further in Sec. 134. 

F centers are not the only color centers that may be introduced into 
alkali halide crystals.^ Thus, Pohl and his coworkers have found that a 
stoichiometric excess of halogen atoms may be produced by heating the 
crystal in halogen vapor. Most of the coloration lies in the near ultra- 
violet region of the spectrum in this case. Although these centers 
have not been investigated so fully as F centers, it seems probable that 
they are neutral halogen atoms in halogen sites. The F center absorption 
band may be destroyed and a new band may be introduced in the far 
ultraviolet by heating a crystal containing F centers in hydrogen vapor. 
In this case, it is believed that the hydrogen atoms diffuse to the F 
centers and form H“ ions at these positions. The far ultraviolet absorp- 
tion band of these centers'^ presumably corresponds to the first 
excitation frequency of the internally absorbed hydrogen ions. 

112. Zinc Oxide. — Zinc oxide that has been formed at low tempera- 
tures is a pure white substance having no appreciable electronic con- 
ductivity. After being heated to a high temperature, it develops a 
brownish hue and is a good electronic conductor at room temperature. 
A preliminary discussion of these properties was given in Sec. 37, which 
deals with the free-electron theory of semi-conductors. We saw there 
that the room-temperature conductivity obeys Eq. (1), Sec. 110 of this 
chapter. For the purposes of this discussion, this equation may be 
placed in the ?orm 


<r = 


( 1 ) 


Mbid.. 

* Recently H. Pick has investigated the optical and electrical properties of colored 
halides containing divalent strontium halides, Ann, Physik^ 80, 73 (1939). 
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Sec. 112] 

where e' and A are not strongly temperature-dependent in the range over 
which conductivity is measured. It was also seen in Sec, 37 that these 
constants are influenced by the pressure of oxygen in which the specimen 
is heated. Since A is related to the mean free path k and the density of 
centers Ub by the equation 

A = 0.024ilonb^T^ ohm~^ cm"^ 

and since Hall-effect measurements show that U is practically constant 
for a given specimen, we may conclude that the variation of A with 
oxygen pressure implies a variation in rib. This variation has been 
investigated by Wagner and Baumbach;^ we shall now discuss their 
results. 



Fig. 40. — Dependence of the conductivity of zinc oxide on vapor pressure of oxygen 
{After Baumbach and Wagner.) 

Figure 40 shows the variation of high-temperature conductivity 
with oxygen vapor pressure for a specimen that has been heated at two 
temperatures. Practically all the nt bound electrons are free at the 
temperatures at which these measurements are made, for Ae then is 
appreciably less than kT. Hence, the curves of Fig. 40 give directly 
the dependence of rib on oxygen pressure po. They show that 


rib = cpo ” (2) 

where n 4.2. 

All the experimental results may be explained satisfactorily if we 
assume that the heated zinc oxide loses oxygen atoms from the surface 
and leaves excess zinc atoms, which become ionized and diffuse into the 
interstices of the lattice. Wagner has ruled out the alternative possi- 
bility that vacancies are produced in the oxygen lattice and that the 
conduction electrons are those which might normally occupy these 
vacancies by showing that the negative^on transport number is very 
small compared with the positive-ion transport number. The small 
observed positive ionic current is carried either by ionized interstitial 

' H. H. V. Baumbach and C. Wagner, z:?hysik Cherh., 22B, 199 (1933), 
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zinc atoms or by the normal zinc ions. There is ample room for inter- 
stitial zinc atoms in the zinc oxide lattice because it has the porous 
wurtzite structure. 

The displacement of equilibrium with changing oxygen pressure may 
be treated in the following way. We shall let e" be the energy required 
to produce a singly charged interstitial zinc ion, a free electron in the 
lattice, and one atom of gaseous oxygen, which is attached to another 
oxygen atom to form an O 2 molecule. We shall let n be the number of 
interstitial Zn+ ions and iVo, the total number of O 2 molecules in the 
gas, where No^ is much larger than n. The total free energy then is 


A(n,Noi) = n€" + kTl 


1 w I 1 w I 
nlogj^ + nlog^ + 



(3) 


where the first entropy term is that of the interstitial ions, N being the 
total number of interstitial sites, the second term is the entropy of the 
free-electron gas, and the third term is the entropy of the O 2 molecules. 
The equilibrium value of n is 


niVij = (4) 

where J? is a constant. Hence, n should vary as por* according to this 
simple theory. The result is in reasonable agreement with the observed 

i_ 

variation of po, 

In the first approximation, we might treat the energy levels of the 
interstitial zinc atoms as though they were free atoms in a homogeneous, 
polarizable medium. The principal effect of the polarizability^ is to 
decrease the distance between the ground state and the continuum, 
as we have seen in the previous section. Suppose that we had a hydrogen 
atom in a medium of refractive index n. Then, the potential between 
the electron and proton would be where r is the radial distance 

between the two particles. The presence of n in the potential energy 
ohanges the Rydberg constant to R/n* where B is the normal value for 
a free atom. The refractive index of zinc oxide is about 2, so that we 
sl^ould expect the ionization energy to be lowered by a large factor, of 
the order of magnitude 10. The same qualitative result should apply to 
zinc, which has an ionization potential of 9.36 ev, and should lower the 
ionization energy of the interstitial atom to about 1 ev. The observed 
vidues of «' in Eq. (1), however, are even lower '"than this value. For 
eocAmple, t* is commonly less tiian 0.01 ev in a specimen that has been 

* N, F, Mott $mA R W, Ovhnit, Ftoc. f Ayi, Soe, (sup.), 40, 82 (1987). 
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heated for a long while in a vacuum. Moreover, Pritsch (c/. Bee. 37) 
has found that c' in Eq. (1) varies with the pressure of oxygen and has 
shown that e' increases as the density of interstitial atoms decreases. 
This effect indicates that the interstitial zinc atoms interact with one 
another and in some way decrease the distance between the bound and 
free levels. The density of interstitial atoms is of the order of 10^*, 
according to Hall-effect measurements, so that this interaction is con- 
ceivable only if the radius of the interstitial atom is ten times larger than 
the radius of a normal zinc atom. Now, the radius of a hydrogen atom 
in a medium of index n would be times larger than the radius of a 
normal atom. Thus, it is possible that the electrons in the interstitial 
atoms move in very large orbits because the surrounding medium is 
highly polarizable. 

113. Cuprous Oxide and Other Substances That Involve Transition 
Metals. — Cuprous oxide is a very useful semi-conductor, but its highly 
intricate properties are only partly under- 
stood. The most reliable evidence seems 
to show that it has hole conductivity, 
which indicates that it has either a 
deficiency of metal atoms or an excess of 
oxygen atoms. Wagner and his cowork- 
ers ^ have evidence to show that the copper 
ion is much more mobile than oxygen, and 
they conclude from this that the con- 
ducting oxide probably contains vacancies 
in the copper-ion lattice. These are shown 
schematically in Fig. 41. Since the defi- 
cient copper ion carries away an electron, the lattice should contain one 
electron hole for each vacancy. This hole may normally reside either on 
a copper ion, turning a Cu+ ion into a Cu++ ion, or on an oxygen ion, 
turning an 0 — ion into an O'" ion. Wagner suggests that the first 
picture is more probable since copper is commonly bivalent. According 
to this view, the conductivity of cuprous oxide should result from the 
motion of the hole from one copper ion to another. The most stable 
position for the hole should be near the vacancy since there is an excess 
negative charge at that position. 

Be Boer and Verwey® have attempted to make a systematic classifica- 
tion of other semi-conductors containing metals with partly filled 3d 
shells. They computed the energy of electrons on atoms and ions near 
vacant sites, atomic-model methods similar to those that we have 




Cu* 


Cu^ 

Fia. 41. — Schematic repreaenta- 
tion of copper vacancies in cuprous 
oxide. The vacancy leaves the 
lattice with a deficiency of one 
electron. 
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* C. Waokto, Phyiik. Z., 86, (1988). 

' J. H. Bobb Bod E. J. W. V«*w*T, Proe. Pkt^. Boc. (wp.), 49, 69 (1987). 
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used in Secs. 95 and 107. We shall discuss their results for three cases, 
namely, nickel oxide (NiO), cuprous iodide, and potassium iodide. 
Although the last case does not involve transition metals, they consider 
it for comparative purposes. 

In nickel oxide, which has sodium chloride structure and an oxygen 
excess, some metal-ion sites are vacant. De Boer and Verwey conclude 
that the electrons removed from the lattice with the positive ions are 
taken from two nickel ions alongside the vacancy, leaving two Ni+++ 
ions. These holes may be thermally freed making the crystal conducting. 

Cuprous iodide has the zincblende structure and is a halogen excess 
semi-conductor. The workers conclude that in this case there are 
neutral iodine atoms at the iodine sites alongside the metal-ion vacancies. 
This case should be contrasted with that of cuprous oxide, discussed 
above, in which the hole is believed to reside on the positive ions. De 
Boer and Verwey estimate that in copper iodide the hole would be 1 ev 
less stable at a copper-ion site than at an iodine site. 

Potassium iodide is also an excess halogen semi-conductor. The 
computational evidence indicates that there are positive-ion vacancies 
and neutral halogen atoms nearby, just as in copper iodide. 

De Boer and Verwey also point out that the zone approximation 
is much less accurate for c?-shell electrons than for electrons in s-p levels. 
It is probably true that the lowest level of the entire solid in a salt con- 
taining an odd number of d electrons per unit cell is separated from the 
higher levels by a large gap, even though the lowest levels should be 
quasi-continuous in the Bloch approximation. A case in point seems 
to be CoO which has the sodium chloride lattice with one cobalt ion per 
unit cell. Since this ion has seven d electrons, the salt should be a 
metallic conductor, according to the zone theory. Actually, it is not, 
a fact which shows that the ordinary rules for predicting metallic char- 
acter cannot always be applied to d-electron groups. 

E. MOLECULAR CRYSTALS 

114. Survey. — There has been no explicit work on the electronic 
energy levels of molecular crystals. Apparently, it is safe to assume 
that the lower excited states may be treated by the methods of excitation 
waves to a high degree of accuracy. The widths of the excitation bands 
should be small, for the intermolecular forces are small. One consequence 
of this fact is that the spacing between the lower excitation bands should 
be nearly the same as the spacing between the electronic levels of the 
free molecules. In addition, there should be additional bands below 
the ionization continuum that correspond to the transfer of an electron 
from a molecule to one of its neighbors. The principles which determine 
all Hie levels should be enough like those which have been used success- 
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fully in connection with ionic crystals to require no further comment 
here. This subject probably could be developed considerably if experi- 
mental investigations of the absorption spectra of molecular crystals 
were carried out in the near ultraviolet and Schumann regions. 

116. The Transition* between the Solid Types. — In Chap. I, we 
attempted to show the interrelation between the solid types by means 
of Fig. 82. We may now discuss this diagram again, using our knowledge 
of the electronic states. The ideal metals, which are. on the left, possess 
broad, incompletely filled bands when described by the zone approxima- 
tion. They cannot be described adequately by the Heitler-London 
approximation, since the lowest energy levels of the entire solid are 
quasi-continuous. 

As we move to the right in Fig. 82, the energy bands separate into 
filled and unfilled sets. This transition takes place gradually, being 
well advanced in metals such as calcium, bismuth, and graphite and 
complete in diamond and possibly boron. The separation of bands also 
occurs as we move from ideal substitutional alloys to ionic crystals. 
In this case, substances such as Mg 8 Sb 2 occupy the intermediate positions 
that correspond to bismuth, and so forth, in the monatomic case. Ideal 
valence and ionic crystals may be described in terms of both the Heitler- 
London and the Bloch scheme. Neither is completely satisfactory when 
used alone, however, even for qualitative work, and the two approxima- 
tions must be combined to form a complete picture. The atomic func- 
tions must be greatly perturbed in constructing the best Heitler-London 
functions for the lowest state of these solids. This is indicated by the 
fact that the best functions in valence crystals have directional properties 
and the best functions in ionic crystals are closely like the functions of 
free ions. In the energy-level diagram of the entire solid, a singlet 
separates from the quasi-continuous levels of metals as we move from 
left to right. 

Passing still farther to the right, we come to molecular solids, which 
usually are described more satisfactorily by the Heitler-London approxi- 
mation than by the Bloch approximation, since the Heitler-London 
functions are very nearly the same as those of the free molecular units. 
The lowest level of the entire solid is a discrete singlet, and the higher 
levels that lie below the ionization limit presumably are grouped into 
narrow excitation bands. 

Semi-conductors are insulating crystals that have additional electronic 
states because they contain lattice defects or foreign atoms. 



CHAPTER XIV ' 

THE DYNAMICS OF NUCLEAR MOTION. PHASE CHANGES 

116. The Adiabatic Approxmiation*. — We have treated the nuclear 
coordinates as parameters in practically all the preceding discussion 
because we were interested primarily in the stationary electronic states. 
We shall now examine the extent to which this procedure may be justified 
and shall discuss a scheme for treating electronic and nuclear motion 
together. This scheme was employed by Born and Oppenheimer' in 
connection with the stationary states of molecules and has been used 
subsequently in similar problems.* 

The complete Hamiltonian operator, for a crystal is 




F„(x,, 


r<i 

hi 

f 


> f/) + 


«-2 


A* 

2Mj 


,f/) 

( 1 ) 


The indices t, jy , n extend over all electrons, and the indices 
a, 5, . . . , / extend over all ions. Ma is the mass of the ath ion, is 
Ihe electron-ion interaction potential, V a is the interaction potential 
of the rigid ions, and H is the electronic Hamiltonian of Chap. VI, in 
which the nuclear kinetic-energy terms were neglected. In Chap. VI, 
Vti was taken to have the form 


» 

Since the ions were regarded as being fixed, F(ri) had the periodicity of 
the lattice. We must now include the dependence of F on the nuclear 
coojs^inates, rifice they will also be treated as d 3 niamical variables. 

^ M, Bobn ikzid J. R. Oppbnhbimbb, Ann, Phynk, 64, 4S7 (1927). 

*H. 'Pbls$b and £. Wignbb, Z. phyaik, ChsnUy liB, 445 (1932); E. WiONSB, 
Z. phy$ik. Chem,, 19B, 203 (1932); H. Etbing, Jour. Chm^Phyt.y 8, 107 ff. (1935) 
{of. leview article m Chm. Rev., 17, 65 (1935); L. Pabkab Mid E. Wignbb, Trans. 
Paraiay Soe,f 88, 708 (1936). A critique of t^ method aa applied to problems in 
cli4niical reactions is given by E. Wigner, frans. Faraday Soe., 84, 29 (1938); see 
also J. 0. Hinehf^der and iL F. Wigner, Jour. Chm. Phya.^ 7, 616 (1989). 
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Although the exact characteristic functions ^ of usually are 
intricate functions of the x and the we shall attanapt to use approximate 
solutions of the form 

‘ ^1) * * * > r/)Xra(^l> > tfj 0> (^) 

where is an electronic function of the type used in previous chapters, 
in which the J were regarded as parameters, and Xraiih • • • , f/) is a 
function of the nuclear coordinates. This approximation is commonly 
called the adiabatic approximation, because at each instant the electronic 
distribution is taken to be the same as though the nuclear coordinates 
were at rest at the positions they have at this instant. This assumption 
obviously can be true only if the electrons move much more rapidly 
than the ions. We shall see presently that the accuracy of the approxi- 
mation depends on the fact that ionic masses are great relative to the 
electron mass. 

If the function (2) is substituted in the equation 

(3) 

and if it is recalled that 

• • • , «n, fl, • • • , f/) = Eriil, • ■ ■ , tf)%, (4) 

it is found that 

a a ® 

E,{ix, ■ ■ ■ , mrXra = ( 5 ) 

Multiplying this by and integrating over the electronic coordinates, 
we obtain 

• • • ,g»)jx».- 

a 

2[^(J " 2^.^™ + 

a <* 

• * * ,f/)Xra =* •“'J (|) 

It will now be shown that the first term may ordinarily be neglected for 
stationary-state problems. In order to do so, two extreme cases wiH be 
considercKl, namely, that in which the electrons are perfectly free and that 
in which they are completely bound. 
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( The one-electron wave functions are of the form in the first 
case and hence are practically independent of nuclear coordinates. 
Thus, the first two terms in (6) are vanishingly small. 

In the opposite case, we may, for simplicity, regard the wave function 
as though it were composed of one-electron functions of the type 


fa(Xt ^a, 2/t Vo) fa). 

(7) 

Under this condition, we have the relation 


^ grad„ ^ grad, 'i'; 

0 i 

(8) 

hence, the first term in (6) is simply 


52 /»■•(- 

t 

(9) 

if it is assumed that there is only one type of ion. 

Since the quantity 

(9) is equal to m/M times the mean kinetic energy of the electrons, it is 


normally negligible because the ratio m/M is at most 1/1,840. 

The second term also may be dropped in stationary-state problems, 
for ^ can then be chosen as a real function. Hence, 

J* grade ^ grade j = grade 1 = 0. 

The final equation for Xra is 

2 - ■ ■ ■ - = -1 

a 

which has the form of a Schrodinger equation in which Er is the effective 
nuclear potential function. This equation has stationary-state solutions 
of the form 

Xr«({l, • • • , r/, 0 = Xr«(fl, • • • , (11) 

where Xr« satisfies the equation 

' * * ) i’r)Xrcr = (12) 

a 

and (5r« is the constant total energy of the system. It is evident that 6r« 
is the mean value, of in the approximation in which the first two terms 
pf (i) are negligible. 

Although the mean value of for the function (2) is accurate to 
within terms of the order of m/M times the electronic kinetic energy 
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if <li and X satisfy Eqs. (4), (11), and (12), it does not follow that all mean 
values are equally accurate,^ for we know from the variational theorem 
that the energy is stationary for small variations in the wave functions. 
As we have seen in Sec. 39. the accuracy of the mean values of other 
quantities is usually of the order of magnitude y/m/M. 

117. A Qualitative Survey of the Theory of Phases.— Equation (12) 
of the preceding section, which is the equation for the stationary states 
of nuclear motion, is usually very difficult to solve accurately because 
• • • , f/) usually is an extremely intricate nonseparable function 
of the nuclear variables. This may be realized from the fact that this 
(‘quation should yield a description of all types of phases of matter from 
solids to gases. 

Let us consider the behavior of the 
function Eo({i, • • • , f/) that is as- 
sociated with the lowest electronic 
wave function. This is the effective 
potential field in which the ions usually 
move. Eo approaches a constant value 
corresponding to the normal energy 
of the constituent atoms when the 
atoms are separated by more than 
10“® cm, {cf. Fig. 1). As the nuclei 
are brought together, Eo usually de- 
creases to a certain minimum value and 
then increases again as the nuclei are 
crowded more closely. The depth of 
this absolute minimum relative to the value of Eo for large separa- 
tions is a measure of the cohesive energy of the solid. In addition 
to this absolute minimum there may be secondary minima correspond- 
ing to atomic configurations that may be metastable at very low 
temperatures. A part of the purpose of the next section is to examine 
the relative stability of the minima of this type that correspond.to crystal- 
line arrangements. 

If the coordinates of any atom or group of atoms are varied slightly 
when the system is at an equilibrium point, we may expect Eo to increase. 
The change in Eo is not the same for all directions of variation but 
depends upon the crystalline binding. Now, if we rearrange the atoms 
in any way that does not alter the crystal structure, the initial and final 
energies are the same. Since Eo increases for changes near the equi- 
librium values, it follows that this function passes through a maximum 

V 

^ The accuracy of the adiabatic approximation in special cases is discussed by H, 
Pelzer and E. Wigner and by E. Wigner {cf. footnote 2, p. 470). 



Configura+ional Coordinates (t^'f^) 

Fig. 1. — Schematic behavior of the 
electronic energy of the lowest state of 
the entire crystal as the interatomic 
distance is varied. For large separations 
jBo approaches a constant, whereas it 
decreases and then increases again as 
the atoms are brought closer together. 
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during the rearrangement from one equilibrium distribution to another. 
The minimum value of this maximum for all possible rearrangement 
paths, that is, the height of the “saddle point of Eo in the potential 
barrier that separates the two minima, is called the “activation energy” 
for the rearrangement (c/. Fig. 2). Paths leading through this saddle 
point are the ones ordinarily followed when rearrangements take place 
thermally.^ 

We may now describe the stationary states of nuclear motion qualita- 
tively, using these concepts. In the very lowest state, which is described 
by the wave function Xoo, the system is localized near the absolute mini- 
mum of • * • , f/). The actual 

distribution of nuclei is given by the 
function |Xoo|^ which will be described 
more fully in the next section. The 
energy parameter (Soo, associated with 
the lowest state, is slightly greater than 
the minimum of Eq^ the difference being 
the zero-point energy of the atoms. 
Since the probability distribution func- 
tion decreases very rapidly in the regions 
where Eo is greater than @oo, it follows 
that the individual atoms are statistically 
localized near their equilibrium positions 
as long as the energy per atom is less 
than the saddle point of the barrier 
surrounding the equilibrium position. 
There is a chance that a large part of the 
zero-point energy of the system may 
become localized in one atom, allowing 
it to move away; however, the likelihood 
of a large fluctuation usually is very 
small for the normal state as we shall see in the next section. 

As we go to higher energy states, the probability of finding the entire 
system at regions away from the equilibrium position increases because 
there is a larger range of configuration space in which @oa ~ Eo is posi- 
tive. When the mean energy per atom becomes comparable with the 
hd^t of the saddle point for a given rearrangement, this rearrangement 
may tsice place spontaneously with an appreciable probability. The 
very lowest states in which rearrangements occur appreciably are those 
im which the system is still crystalline and in which a small fraction 
of the atoms are diffusing about, whereas the higher states correspond to 



Flo. 2. — Schematic diagram 
showiag the behavior of the energy 
of the system when the atoms are 
rearranged without changing the 
structure. A and B correspond 
to the minimum energy arrange- 
ments. During the rearrangement 
from A U) B the energy increases, 
passes through a maximum, and 
decreases. The lowest maximum' 
occurs at the saddle point S of the 
potential hill separating A and B. 
The hdght of S above A and B is the 
activation energy. 


' Cf, ^ vxmf axMe by H. Eytiog, Chm. Be»., IT, 6S (1936), 



Sec. 117] 


THE DYNAMICS OF NUCLEAB MOTION 


476 


liquid phases in which th6re is no lattice structure and in which atoms 
correlate their positions only with those of their nearer neighbora,' Thus 
the gradation of stationary states from the crystalline phase to the liquid 
phase is perfectly continuous. The phenomenon of melting, wWch 
ordinarily occurs abruptly with the absorption of heat, does not iinply 
any discontinuity in the allowable energy states but is a process in which 
a range of possible states is jumped over for reasons that are described in 
Sec. 121. The states skipped during melting are those associated with 
glasses and supercooled liquids. 

The states for which the total energy is greater than that of the system 
of free molecules correspond to the gaseous phase. In this phase each 
molecule has enough energy on the average to surmount the barriers 
holding the atoms of the solid or liquid phase together. 



Gas 

Liquid 
Super cooM 
iiquid 

Crysfai 


Fiq. 3. — Schematic diagram showing the types of energy states of a system of atoms. 
I, II, and III represent relative minima of the iS?o({i, * • • i Tn) function that correspond 
to different allotropic phases. The energy states below ^1 correspond to crystalline phases 
in which the atoms are vibrating. Long-distance order vanishes at A and the range of 
glasses, supercooled liquids, and liquids lies between A and B. The levels near A are 
usually skipped during melting. The gaseous phase lies above B, 


When two or more different crystalline arrangements of the f cor- 
respond to relative minima of • • • , f/), only the lowest is thermo- 
dynamically stable at the absolute zero of temperature. The time 
required to bring about thermodynamical equilibrium may be very long, 
however, if the system gets caught in one of the higher minima at low 
temperature. For this reason, several different phases of a substance 
may be stable in a practical sense. 

We may summarize this qualitative discussion by means of the energy- 
level diagram shown in Fig. 3. There usually are several types of stable 
states, , labeled I, II, III, etc., which correspond to the different poly- 
morphic forms. Above each of these is a range of energy, terminated 
by the line A, in which the system possesses lattice symmetry. The 

^ Evidence for this type of atomic correlation is given by X-ray analy^ of liquids. 
Bee, for example, A. H. Compton and S. K. Allison, X-rays in Theory and Sxperimoni 
(D. Van Nostrand Company, Inc., New York, 1935). 
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region above A, which is the domain of glasses or supercooled liquids, 
gradually blends into the less viscous liquid state. The states cor- 
responding to energies near A usually are thermodynamically unstable 
at all temperatures. The line B, which marks the point at which the 
entire system is in the gaseous phase, depends upon the volume in which 
the system is kept. B actually may fall below in which case the solid 
subUmes before melting. 

118. Low-energy States. — ^As stated in the last section, we shall 
assume that the relative minima of ^o(Ji, •••,?/) occur for lattice 
arrangements of the nuclear coordinates. Let us consider a minimum 
of this type and describe the lattice in terms of the notation of Sec. 22, 
Chap. III. It will be assumed that the corner points of the unit cells 
are specified by the vectors 

r(p) = PiXi + ^2^2 + Pz^s (1) 

where the pi are integers and the 'Ct are the primitive translations. In 
place of the variables ^a, »?a, and i'a, we may introduce the variables 

r.(Pi>P 2 ,Pa) = r(pi,p 2 ,ps) + 9 » (2) 

where the ta are the position vectors, relative to the origin of coordinates 
of the n atoms in the cell specified by pi, p 2 , p% and pa is the position of 
these atoms relative to the corner point. In addition, we may introduce 
the variables 


Xc'{pi,P2,Ps), {i = 1, 2, 3), (3) 

for the coordinates of the displacement of the ath atom from its equi- 
librium position. 

If Eoi^iy • • • , f/) is expanded in terms of the xj{p), we need retain 
only the quadratic term in the first approximation. The problem of 
finding the stationary states then reduces to the normal coordinate 
problem that was discussed in Sec. 22, Chap. III. We know, from the 
results derived there, that the quadratic terms in Eq may be reduced to 
the sum of squares by making the normal coordinate substitution 


where a«(8) is the complex amplitude of the rth normal mode of wave 
number and is the complex direction vector of the displacement 
of the ath atom. If the a<(<i) are replaced by the real amplitudes 


e>nd 


at(d) = 


ai(~d) == 


at(d) + a*{^) ' 

V2 

Q((d) - at*(d) 

\/2» \ 


( 6 ) 
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the normal form of Ef is 

ES = i^45r2|-’(<5)aK'*) (6) 

t,V 

where d is summed over an entire zone. There are 3nN at(d) in all, for 
d has N independent values and t has 3n values. 

Since the kinetic energy T has the form 

T = (7) 

t,(r 

when expressed in terms of the a, the Hamiltonian function of the system 
is 

H = ( 8 ) 

t,e 

where pt(d) is the momentum variable conjugate to at(d). The cor- 
responding quantum operator is 

^ = S [ + 4irVKd)aK<J) ], (9) 

which may be separated into operators for each normal coordinate. 
Hence, the stationary-state wave function has the form 

A( • • * , af(d)| • • ♦ ) = Jj[Xn(f,(r)(0£f(d)) (10) 

where X„(a«(d)) satisfies the Schrodinger equation for a simple harmonic 
oscillator, namely, 

^ = e,X,. (11) 

The total energy in the state (10) relative to the minimum of Eo is 

E( ■ ■ ■ , n,(<J), • • • ) = (12) 

t,v t,(X 



( 14 ) 
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As an approzimstion, we may replace the exponent by 

t,F 

where is the potential energy and ? is a mean oscillator frequency, 
which is of the order of magnitude kBo/h, Bd being the characteristic 
temperature of the substance. The probability of finding the system 

t,o 

in- the volume element JJda<(d) is 

and the probability of finding Ei lying in the range from E to E dE is 

3V_i 

C'c dE (17) 

where C" is a constant. This function has a very steep maximum of 
width A? at the value of Eo satisfying the equation 

E = iNhy. 

The fluctuation in the position and energy of a single atom may be 
estimated by expressing Eq. (16) in terms of the atomic coordinates. If 
we keep all atoms except one fixed at their equilibrium positions, E 
depends on the displacement variable x of this atom as the function 
kx\ where k is related to P in order of magnitude by the equation 

k ~ 

in which M is the atomic mass. Hence, the probability depends on 
through a factor of the form 


, - 2 ^ 

\e , (16) 




e * . 

The half width of this distribution, namely, (l/2jr)\/A/i'ilf, is 10“® cm 
for V = 10^* sec“^ and Af = 2 X 10“**, the mass of hydrogen, a fact 
shoiring that the range of fluctuation ordinarily is small compared with 
interatonuc distances. 

119. Polymorphism.— When ; f/) has a relative minimum 

for two or more crystallographic phases, the thermodynamically stable 
one at the, absolute zero of temperature is that having the lowest energy* 
Another arrangement may be more stable, however, at high temperatures. 
We may obtain a simple interpretation of this fact in the following way. 
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According to Boltzmann^s theorem,^ the relative probability of finding 
the ath modification in the energy state Ea at temperature T is 






where G{Ea) is the degeneracy of the energy level Ea and S - khg 
G{Ea) is the entropy associated with this level. The function (1) has 
an extremely steep maximum at the i 

value of Ea satisfying the equation // 


dEg _ « 
dSa'' * 


(Els*) - 


as may be proved by setting the de- a X 

rivative of (1) equal to zero. The jf 

sharpness of this peak may be ap- ^^ 3 ) 

preciated from the fact that is of / 

the order of calories for an ordinary- / 

sized crystal, whereas the fluctuations / 

in Ea are of the order of kTj which is / 

about cal at ordinary tempera- a»E'-TS' 

tures. The condition (2) allows us 

to specify the equilibrium state of a 1 ____ 

given modification at any temperature ^ 

very simply, for this state corresponds relationship between E, S, T, and A. 
to the point on the E{S) curve at The full line is the E(S) curve as deter- 
i.txi- 1 ’ m / t A\ T 4 . mined, for example, by solving the 

which the slope is 1 (c/. rig. 4). It SchrSdinger equation. The equilibrium 

should be observed, in passing, that state at temperature r is the state 
the condition that the function ( 1 ) be 

a maximum is that the function of this tangent with the energy axis is 
A/m n /ncT/m I- • • the free energy. The specific heat at 

A{E) = E - TS(.E) be a minimum, temperature r » related to the second 
Since A is the thermodynamical free derivative by the equation 

energy, this condition is identical with /^\ • 

the thermodynamical condition for ^ 

determining the stable state. The 
numerical value of A at any tempera- 
ture is determined from the quantities in Fig. 4 by extrapolating the 
tangent line to the energy axis. 

The relationship between E and S may be derived very easily when 
the lattice frequencies are all the same. In this case, the number of 
quanta available for distribution among the ZN degrees of freedom of 
the crystal is 

'See the footnotee on statutiicai mechanics in Chaps. Ill and IV. 
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E-E' 

” " hv 


(3) 


where E' is the energy of the lowest state and v is the vibrational fre- 
quency of the modes. The degeneracy G of this state is the total number 



Fig. 6. — Schematic representa- 
tion of the EiS) curves for the 
lattice vibrations of a crystal. The 
Einstein curve rises more rapidly 
than the Debye curve because 
there are fewer ways of dividing E 
into quanta if the Einstein fre- 
quency distribution is used. 



Fig. 6. — EiS) curves for two crystalline 
phases. Both curves resemble those of 
Fig. 5; however, the curve rises more 
rapidly in the crystal having the higher 
vibrational frequency (the a phase in this 
case). Since the curves cross, they have a 
common tangent and a phase change will 
occur under equilibrium conditions at the 
temperature corresponding to the slope of 
the common tangent. The latent heat is 
the energy difference at the points of 
tangency, etc. 


of ways in which these quanta may be distributed among the modes, 
namely, 


(3iV + n- 1)! 
(3i\r-l)!n!‘ 


(4) 


Hence, by the use of Stirling's approximation, we find 

S^k logG^ kl(SN + n) log {ZN + n) - 3iV log 3iV - n log n]. (5) 

S and dE/dS are zero when n = 0 and S increases monatomically with E 
(cf, /Fig. 6). The E(S) curve rises more slowly for small values of S 
if the Debye distribution of frequencies is used. We may determine the 
value of E and 8 at any temperature T by employing the value of n 
that minimizes the free energy E - TS, Using E and 8 as determined 
by Eqs, (3) and (6), we find 


1 
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When E and S are computed from this, it is found that 

* hv 

A == E - TS ^ E' - 3NkT log (6) 

- 1 


Let us consider two different crystallographic modifications a and ^ 
of a substance and determine the transition temperature for a case in 
which Eq. (5) may be used for both phases. The fundamental fre- 
quencies of the two phases will be designated by Va and v^, respectively. 
If it is assumed that E^' is greater than EJ , so that the a phase is most 
stable at low temperatures, and that Va is greater than v^, the two S{E) 
curves have the form shown in Fig. 6. Since S„iE — Ea) rises more 
slowly than S^{E — E^), the two curves cross and have a common tan- 
gent line. 

The ratio of the probabilities Pa and of finding the system in either 
the first or the second phase at temperature T is 


P0 


- TS„{T)]-[E0(T) - TS^iT)] 
kT 


e 


A^(T)-A0iT) 

kT 


(7) 


where Aa and A^ are the free energies of the two phases. The ratio (6) 
is either very great or very small except for a narrow temperature range 
in which Aa and Ap differ by a factor of order of magnitude kT, Thus, 
the transition temperature T' is given by the thermodynamical equation 

Aa{T') = A^iT'), ( 8 ) 

It may be seen from the construction of Fig. 6 that this condition is satis- 
fied at the temperature corresponding to the slope of the tangent line 
of the two E{S) curves. The a phase is stable below this temperature, 
and the p phase is stable above; moreover, the heat of the transition is 
equal to the difference L between the energies of the two tangent points. 

According to Eq. (6), the free energies of the two phases at tempera- 
ture T are 

pjf 

A,{T) = Ea' - ZNkT log 

g-Sf - 1 

hyp 

pVf 

AfiT) =E/ - ZNkT hg-^ 

glT _ 1 



( 9 ) 
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The difierenoe of these free energies is 


AAafi = EJ - Efi' - 3NkT 


log e ^ “ 


log 


p.kT 


, (10) 


which is zero at the temperature defined by the equation 


ZNkT «. 1 


'kr _ I 

e kr^ I 


( 11 ) 


The necessary and sufficient condition that must be satisfied if this 
equation is to have a root is that Va should be greater than V 0 if E^ is 
greater than EJ. 

The condition replacing (11) when all the 3N frequencies are different 
is 


e 


- 1 ) 


![(«"*’" - 1) 


( 12 ) 


as may be seen by using the expression 

'o _i!2 

^,' + l:7’logJI(l -e *’’) (13) 


for the free energy of a system of oscillators.^ Equation (12) is difficult 
to solve directly even when there is a simple relation between frequency 
and the wave number. In practical work, it actually is simpler to 
compute numerically the free energies of the phases and to find the 
temperature at which these functions are equal. The specific heats of 
none of the phases for which transitions have been investigated thor- 
oughly obey either the Einstein or the Debye law, however, so that 
there is no need for discussing these computations in detail. * Instead, 
we shall c^cuss several actual cases. It should be mentioned at this 
point that the credit for the first intensive investigations of the thermal 

^ This expression may be derived from the partition functions discussed in Sec. 
Ig, Chap. Ill, by the use of the relation 

-Jfcriog/-X 

ooimeeting the free energy of a system and its total partition function. (See, for 
example, R. H. Fowler, SUxtitHtial Meekaniti (Cambridge Univeieity Press, 19%).] 
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effects associated with allotropy is due to Nemst,^ who used this subject 
as the cornerstone in establishing his heat theorem. 

a. Tin . — The transition between black and white tin has been studied 
fairly completely and has practical interest because it is responsible 
for tin disease which may impair the protective coating of tinned metals. 
The low-temperature, or black, form has the diamond structure; the 
high-temperature form has a complex tetragonal lattice. The ther- 
modynamical transition point was determined most accurately by 
Cohen and van Eijk* who measured the temperature at which the emf 
of an electrolytic cell in which the two electrodes are made of the different 
phases vanishes. This temperature is 292°K. The specific heats of 



T-K 

Fig, 7. — The Acv/T curve for gray and 
white tin. The specific heat of white tin 
is the larger and accounts for the phase 
change. The ordinates are cai/deg’. 



for gray and white tin. Below the 
transition temperature, A is smaller 
for the gray modification. The 
point at which AA becomes sero is 
the transition temperature. 


both phases were measured by Lange* to within a few degrees of absolute 
zero; the difference of these specific heats divided by T is shown in 
Fig. 7. The specific-heat curves do not obey the Debye law closely, 
but they do approach dR at high temperatures, showing that the oscilla- 
tor model is probably accurate. The transition heat AE of the phase 
change was measured by Bronsted and was found to be 635 cal at the 
transition temperature and 399 cal at absolute zero. The complete 
transition-heat curve is shown in Fig. 8. The corresponding free-energy 
curve AAf which may be determined by computing AE{T) and AS{T) 
from the empirical data under the condition that S{T) vanish at absolute 
zero, is shown in the same figure. The same curve may be obtained 
from AE{T) alone by solving the Gibbs-Helmholtz equation 

‘ W. Nbbnst, The New Heat Theorem (E. P. Dutton & Company, Inc., New York, 
1926). 

* E. CoiBmN and C. van Eijk, Z, phyeik. Chem.f BOA, 601 (1899), 

» F. Lang®, Z. phyeik. Chem., IlOA, 360 (1924). 

* J. N. BrOnstbd, Z, phyeiJk, Chem., 6B, 744 (1909), 
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AA ~ AE - 


T— 
^ dT 


under the third-law condition that dAA/dT be zero at absolute zero. 
AA crosses the axis at 295°, showing good agreement with Cohen and 
van Eijk's directly measured value. 

h. Sulfur . — The transition of sulfur from rhombic to monoclinic form 
at 368.5°K was investigated by Nernst,^ Bronsted,^ and a number of 
other workers. It is worth mentioning that this transition is the first 
'•ecorded case of allotropy.® The specific-heat curves deviate con- 
siderably from the Debye form, and their difference is shown in Fig. 9. 
The transition temperature as computed from the point at which A A 
vanishes is 370°K. 



for the two phases of sulfur. for diamond and graphite. The latter 

has the lower free energy at all tem- 
, peratures at ordinary pressures. 

c. Carbon. — Detailed measurements of the transition heat of the 
diamond-graphite phase change by Roth and Wallasch^ show that 
graphite has the lower energy at ordinary temperatures and pressures. 
The difference, however, is only 160 + 30 cal at room temperature. 
The lower curve of Fig. 10 shows the temperature dependence of this 
difference. Since the characteristic temperature of diamond is higher 
than that of graphite at ordinary pressures, it follows from the preceding 
discussion that graphite is more stable than diamond at all temperatures. 
The free-energy difference curve of Fig. 10 supports this conclusion, for 
it ri^es away from the value at absolute zero. 

Simon® has made a thermodynamical estimate of the pressure depend- 
ence of the free-energy curve and has concluded that pressures in the 

‘ Nbbnst, op. cit 

* J. N. BkSnsted, Z. physik. Chem.f 56 , 371 (1906). 

* Mitschbelich, Ann. Physik^ 88, ^8 (1852). 

* Roth and Wallasch, Ber. deut. Chem. Ges.j 46 , 896 (1913). 

‘ F. Simon, Handbuch der Physik, Vol X, p. 376 (Julius Springer, Berlin, 1926). 
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neighborhood of fifty thousand atmospheres would be needed to reverse 
the equilibrium at the high temperatures at which the rate of change is 
appreciable. 

An outstanding exception to the rule that the amplitude of the 
zero-point oscillation is small compared with the interatomic distance 
seems to occur in one of the condensed phases of helium. The phase 
diagram of helium at low temperatures is shown^ in Fig. 11. In the 
immediate vicinity of absolute zero, this substance forms a true solid 
if the pressure is above 25 atmospheres; however, at lower pressures, 
it forms two liquid phases, which are known as liquid helium I and liquid 



Fig. 11. — The low-temperature 
phase diagram of helium. There is 
no solid phase below 25 atmos- 
pheres. The ordinate is expressed 
in atmospheres. 



O' ^ 1 1 ' 

2.17 2.18 2.19 2.20 2.21 

T^K - 


Fig. 12. — The anomaly in the 
specific heat of liquid helium at the 
X-point. The ordinate is expressed 
in cal /gram-degree. {After Keeaom 
and Keesom.) 


helium II, and no ordinary type of solid. The density of the liquid 
phases is about 0.70 relative to that of the high pressure solid phase. 
The transition point between helium I and helium II, which is known 
as the X point, is distinguished by several striking effects. • Thus, it is 
found that the specific-heat curve^ has the discontinuity shown in Fig. 12 
and that the fluidity® and thermal conductivity increase very much in 
passing below the X point. In addition, it is found^ that liquid helium II 
exhibits the mechanical analogue of the thermoelectrical effects observed 

^ W. H. Keesom and K. Citrsius, Proc. Acad. Spi. Amsterdamf 86, 820 (1932); 
W. H. Keesom and H. P. Keesom, Proc. Acad. Sd. Amsterdam, 36, 736 (1932). 

* W. H. Keesom and H. P. Keesom, Physica, 2, 667 (1936). 

* W. H. Keesom and H. P. Keesom, Physica, 2, 667 (1936); B. V. Rollin, Physica, 
8, 266 (1936); J. F. Allen, R. Peierls, and M. Z. Uddin, Nature, 140, 476 (1937). 

*J. 0. Wilhelm, A. D. Misener, and A. R. Clark, Proc. Roy. 8oc., 161 , 342 
(1936) ; E. F. Burton, Naiure, 186 , 265 (1935), 142 , 72. (1938). 
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in metals, for mechanical flow is induced as a result of temperature 
gradients. 

Guided by the similarity of the specific-heat curve shown in Fig. 12 
and the specific-heat curve observed, during the transition between the 
ordered and disordered state in alloys such as P brass in which the com- 
ponents are present in equal numbers (c/. Fig. 43, Chap. I), Frdhlich^ 
suggested that the two liquid helium phases represent ordered and 
disordered phases of a crystal. In particular, he suggested that the 
phases have the diamond structure (Fig. 4, Chap. I), which may be 
regarded as a body-centered cubic lattice in which half the atoms are 
replaced by vacancies, and that the disordering process consists in the 
interchange of atoms and vacancies. Thus, according to this picture, 
liquid helium I would correspond to the phase in which there is no long- 
distance order and liquid helium II would correspond to the partly 
ordered phase. There are, however, the following two objections to 
Frohlich’s model: (1) It should be expected that the liquid helium II 
phase would become more and more solidlike as the temperature is 
lowered and ordering increases, whereas it is actually found that the 
viscosity seems to become smaller and smaller. (2) London^ showed, 
on the basis of the Slater-Kirkwood expression for the interaction energy 
of two helium atoms, that the diamond type of lattice is unstable relative 
to the interchange of vacancies and atoms, so that Frohlich's ordering 
process is unlikely. 

As a result of this work, London suggested that the amplitude of the 
sero-point oscillations in these liquid phases is so large that the atoms 
should be treated as though free in the same sense that the electrons in a 
metal are free. Since the helium atoms obey Einstein-Bose statistics 
instead of Fermi-Dirac statistics, London suggested that a qualitative 
insight into the properties of the two liquid helium phases might be 
obtained by treating them as a degenerate Bose-Einstein gas. The 
thermal and mechanical properties of a gas of this type may be obtained 
by methods analogous to those used in the Sommerfeld theory of metals, 
the function 



replacing the Fermi-Dirac function. It is found that the specific-heat 
curve of this gas has the singularity shown in Fig. 13 which begins when 
tixe particles start to condense in the lowest energy state. London 
suggested that this Angularity corresponds to the X point of liquid helium 

> H. FndHLK^ Phvtka, 4 . 439 (1937). 

»F. London, Nature, Ul, 443 (1988), 149 , 413 (1938); PAyt. Rm., U, 947 (1938). 
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and that the differences between the curves of Pigs. 12 and 13 arise 

because the helium atoms interact and thus are not perfectly free. The 

temperature To at which the singularity occurs in Fig. 13 would be 3.14®K 

for a perfect gas of helium, atoms having the observed density of the 

liquids. This actually is fairly close to the 

observed X point at 2. 19°K. London has also 2R • 

shown that many of the unusual thermal and / 

mechanical properties of liquid helium II can / 

be given a qualitative explanation on the ir - / 

basis of his simple model. / 

120. The Effect of Electronic Excitation 

on Phase Changes.— The Gibbs-Helmholtz { 

equation, namely, 


A ^E+l^, (1) 

may be integrated and placed in the form 




Fig. 13. — The molar heat of 
a Bose-Einstein gas near the 
degeneracy temperature To. 
The temperature To is equal to 


( 2 ) 


A* ( 

f 3no Y 

2vMk\ 

^2.612/ 


which makes it possible to compute the free 
energy when the function E{T) is known. 


where M is the atomic mass and 
no is the number of atoms per 
unit volume. 

Since 


E{T') = ^(0) + j^C{T")dT" 


( 3 ) 


where C(T) is the molar heat, 

A = E(o) + (4) 

Thus, A may be computed from the molar heat. We may conclude from 
this equation that A is affected appreciably by a given part of a system 
only when this part contributes to the specific heat. Since the ^ectrons 
do not contribute appreciably to the specific heat in simple metals and 
insulators, as is evidenced by their obedience to Dulong and Petit^s 
law above the characteristic temperature, we may conclude that phase 
changes in th^e solids are not influenced by the electronic excitation 
which ordinarily occurs. This is not true of substances containing 
transition-element atoms, however, for the electronic specific heat 
usually is comparable with the 3i? value at sufficiently high temperatures. 

An important case in which the electronic excitation probably 
plays a role is afforded by iron. As we have seen in Sec. 2 the a or body- 
centered phase is stable at all temperatures in the range from 0®K 
to the melting point a;t 1803®K except for a region extending from 
1174® to 1674®K in which the face-centered y phase is stable. It is 
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possible to understand this behavior by using the information ^ven by 
the specific-heat curves of Fig. 17, Chap. I. We may see from this 
figure that the y phase has the lower characteristic temperature; hence, 
we may conclude from the discussion of the preceding section that it 
would be the stable phase at high temperatures if the free energy were 
determined by the lattice vibrations alone. Actually, the electronic 
specific heat of the a phase is larger than that of the y phase at tempera- 
tures above 580°K, and this difference tends to compensate for the 

advantage’’ the y phase receives 
from the larger value of the vibra- 
tional specific heat below 200°C. 

The situation that probably 
exists is indicated schematically in 
Fig. 14 in which the dotted lines 
represent the contribution to the 
E{S) curves of the two phases from 
lattice vibrations. If these were 
the actual curves, the y phase 
would be stable at high tempera- 
tures. The electronic specific heat 
alters the curves and leads to the 
full lines. Since the electronic 
specific heat of the a phase is the 
larger at high temperatures, the 
E{S) curve of this phase is altered 
most. We may conclude that the 
E{S) curve for the y phase crosses 
that for a twice in the manner 
shown, two tangent lines being thus 
produced. 

If the electronic specific heats of 
a and y iron were accurately meas- 
ured,^ it would be possible by the use of Eq. (4) to test the preceding 
picture by direct computations of the contributions to A. 

Since cobalt has a similar reappearance of the low-temperature phase 
at high tefnperatures, we may conclude that Fig. li also applies to it. 

121. Melting. — We shall not attempt to give a survey of the present 
status 6f the theory of liquids, for to do so would carry us too far afield, 
but we shall mention briefly the process of melting. * 

analysis of the entire specific-heat curve of nickel that is cased on the use 
of the low-temperature value has been given by E. C. Stoner, Phil Mag,, 22, 81 
(1936). 

* Survey articles oh the theory of liquids are as follows: K. F. Herzfeld, Joytr: 



Fio. 14. — Probable behavior of the EiS) 
curves of the a and 7 phases of iron. The 
a curve is initially lower, but rises more 
rapidly because the characteristic tempera- 
ture of the a phase is larger. At higher 
values of 8, the larger electronic heat of 
ot phase reverses the curves. 
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The quadratic approximation for the function J57o({i, • • • , f/), 
which was discussed in Sec. 118, is not valid when the amplitude of atomic 
vibrations becomes comparable with the interatomic distances, because 
the potential well about any atom flattens in the directions in which 
there are saddle points (c/. Fig. 15), such as the saddle points correspond- 
ing to the interchange of two atoms. This flattening should cause the 
density of levels G{E) to increase^ more rapidly than for the quadratic 
approximation, so that the entropy may increase in the manner shown 
in Fig. 16. If the S{E) curve has an inflection point, as in Fig. 16, the 



Fig. 15. — Schematic repre- 
sentation of the behavior of the 
atomic potential well. This devi- 
ates from the simple parabolic 
well assumed in the ordinary 
theory of specific heats, when the 
atomic displacements become 
large. 



Fig. 16. — Schematic representa- 
tion of the E{S) curve for an actual 
solid (full line). The effect of 
Enharmonic forces is to increase the 
entropy of higher energy states. 


system jumps from the state I to the state II at a temperature T given 
by the slope of the line joining these two points. Below this temperature, 
the system is crystalline ; above it, the system presumably is in the liquid 
state since this is the phase in which atomic rearrangements take place 
fairly freely, as is evidenced by the ability of liquids to flow. If e is 
the height of the activation hill for the interchange of atoms, the number 
of atoms having enough energy to pass over this hill should vary with 
temperature in the manner 


Ae (1) 

where A is nearly constant. Hence, the flowability, that is, the reciprocal 
of the viscosity, should vary with temperature as the quantity (1). The 

Applied Phys., 8 , 319 (1937); H. Eyring and J. Hirschfelder, Jour, Phys. Chem., 41 , 
249 (1937); R. H. Ewell, Jour. Applied Phys., 9 , 252 (1938); J. E. Lennard-Jones, 
Physica, 4 , 941 (1937); N. F. Mott and R. W. Gurney, Reports on Physics Progress, 
Vol. V (Cambridge University Press, 1939). 

1 A part of this increase may be regarded as a mixing entropy {cf, ibid.). 
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energy L {cf. Fig. 16), by which the system jumps during the transition, 
is the latent heat of fusion. It should be clear from the figure that this 
heat is connected with the change in entropy AS by the equation 



The states immediately below II, which are skipped during melting, 
descpbe supercooled liquids, whose flowability decreases with decreasing 
temperature and which become glasses at low temperatures. The E{^ 
curve of such a glass may depart from the full curve of Fig. 15 (c/. the 
dotted section) when rearrangements no longer take place. Thus, the 
entropy may decrease rapidly, although the atomic arrangement is not 
crystalline and the energy is not so low as for a perfect crystal. 

Mott^ has used a simple model of the liquid state to compute a 
partition function, which he has employed successfully in relating some 
properties of the liquid and solid phases. He assumed that the liquid 
state is dynamically similar to a solid, inasmuch as the individual atoms 
are vibrating, and he assumed that the mean liquid vibrational frequency 
Pi is lower than the mean solid frequency v, because the liquid is less 
rigid than the solid. He neglected the contribution to the partition 
function from the interchange of atoms so that the relationship between 
the solid and liquid phase in this model is essentially the same as that 
we have found for allotropic modifications. Thus, the partition functions 
for the liquid and solid phases are 



where E, is the lowest state of the crystal, Ei is the lowest state of the 
liquid, that is, the energy of the supercooled liquid at absolute zero, and 
N is the number of atoms. The condition for equilibrium at the melting 
tezi^rature Tm is 

I Et—B$ 

= (3) 

in ^fhich it is assumed that kTu is much greater than hv,. i^i - i^« is 
Very nearly equal to L, the latent heat of fusion, whence 

^ N. F. MofT, Ptctk Soc., 146, 465 (1664). 
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which is Mott’s relation. 

Mott has tested this relation for metals by comparing the ratio y,/ vi 
computed from (4) with the ratio derived from conductivity measure- 
ments. We shall discuss the connection between the electrical conductiv- 
ity ff and the vibrational frequency of the lattice in the next chapter and 
shall find that 



in simple cases. In other words, we have 

2 L 

= e^RTM, ( 6 ) 

<ri 

The extent to which this equation is satisfied may be seen from Table 
LXXV. It is valid for the simpler metals, but it fails for the metals with 

Table LXXV. — Comparison op Observed Values op a,/ai with Those Com- 
puted PROM Mott's Relation (6) by the Use op Observed Values op 
L AND Tm 



flr,/(ri 

Observed 

Calculated 

Li 

1.68 

1.84 

Na 

1.46 

1.77 

K 

1.56 

1.75 

Rb 

1.61 

1.76 

Cs 

1.66 

1.75 

Cu 

2.07 

1.97 

Ag 

1.9 

2.0 

Au 

2.28 

2.22 

A1 

1.64 

2.0 

Cd 

2.0 

2.3 

Pb 

2,07 

1.87 

Sn 

2.1 

3 

T1 

2.0 

2.3 

Zn 

2.09 

2.3 

Hg 

*^4 

2.23 

Bi 

0.43 

5.0 

Oa 

0.58 

4.5 

Sb 

0.67 

5.6 
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unusual structures. This failure is explained in part by the fact that the 
relation (5) is not obeyed by the transition metals. 

Equation (6) should apply to allotropic forms of a metal at the transi- 
tion temperature in cases in which this temperature is much larger than 
the characteristic temperature of the two solids. There do not seem to 
be enough experimental data available to test the relation in any cases 
of this kind. 

Herzfeld, Mayer, and Kane^ have computed the free energies of the 
rare gas sohds, relative to the free energies of the gaseous constituents, as 
functions of the lattice constants and have found that these solids would 
undergo a discontinuous expansion if they were superheated. In terms 
of a diagram of the type of Fig. 12, their results indicate that the first 
inflection point in the E{S) curve of one of these solids occurs, not because 
the individual atomic potential wells are anharmonic, but because the 
curvature of the well decreases as the crystal expands. At the present 
time, it is not possible to say whether or not this effect makes an alteration 
of the qualitative picture of melting, presented above, necessary in all 
solids. 

In the Debye approximation, the molar free energy of the solid may 
be written in the form 


A(r) = Eo{r) + ^NAhv^ + (7) 

where Eoir) is the molar electronic energy, iNAhvm is the zero-point 
vibrational energy, Ai>(pm,T,r) is the free energy obtained from a Debye 
function, namely, 


A = 



J»2 




( 8 ) 


and Vm is the maximum frequency of the lattice. The energy Eo{r) was 
expressed in terms of a van der Waals interaction term of the form 


C 

r« 


( 9 ) 


and a repulsive term of the form 


CBe ^ 


Thus, 


EM = + le 


(Va-i). 




]} 


( 10 ) 


( 11 ) 


‘K. F. Heezfeld and Maria G. Mayer, P%s. JRev,, 46, 995 (1934); Brother 
Gabriel Kane, Jour, Chem, 7, ^3 (1939). 
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in which the factor 14.5 is the coefficient m the sum of terms (9) for a 
face-centered lattice and the coefficient of 12B is the sum of terms (10). 
In each case, p was given several values. For example, the values 
0.345 A and 0.209 A were used in all cases. The first is the empirical 


value of Born and Mayer (see Chap 
found by Bleick for neon. Corre- 
sponding values of C and B were then 
determined with the condition that 
(11) plus the zero-point energy should 
give the observed lattice constant 
and cohesive energy at low tempera- 
tures. The process of determining 
these constants actually involves a 
reiteration procedure; for Vm^ which 
occurs in the zero-point energy, was 
determined from the theoretical ex- 
pressions for the elastic constants, 
which in turn involve C and B. 

Figure 17 shows the computed 
and observed values of the internal 
pressure —dA/dV of krypton for 
several temperatures near the ob- 
served melting temperature, namely, 
116.0°K. The two sets of curves 
correspond to the values 0.345 and 
0.209, respectively. The ordinary 
equilibrium volume is determined by 
the condition that dA/dV vanish. 
The interesting feature of these 
curves is that those for temperatures 
above 108° and 91°K, respectively, 
are positive everywhere, which in- 
dicates that the body-centered crystal 
becomes unstable. This behavior is 
tied up with the fact that the elastic 
constants, and hence Vm, decrease 
with increasing lattice constant and 


, and the second is the value 



i85 3190 3 l 95 4.00 4.05 4.10 415 4.20 
r(A) — 

(b) 


Fig. 17. — Computed and observed 
values of the internal pressure of solid 
krypton for several temperatures, a 
corresponds to the value 0.346A of the 
repulsive parameter and b to the value 
O.209A. The minima that occur at high 
temperatures imply that the crystals be- 
come unstable. {After Kane.) 

thus raise Ad- Thus, the free 


energy presumably could be decreased by rearranging the atoms into 
another phase, such as the liquid, and at the same time increasing the 
atomic volume. Since the solid phase becomes unstable even relative 


to the gaseous phase, it is natural to suggest that melting is forced by 
the disruption of the crystal. 
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122« Atomic Diffusion^.— Atomic diffusion has been studied with fair 
experimental accuracy^ in a number of metals. The processes that have 
been treated are the diffusion of constituents in substitutional and 
interstitial alloys and the self-diffusion in those monatomic metals having 
radioactive isotopes.* Although the diffusion of atoms in insulating 
crystals has not been investigated so thoroughly as diffusion in metals, 
the general facts probably are very similar in the two cases. 

It is usually assumed that diffusion in solids obeys the space-time 
diffusion equation 

~ = divD grad c (1) 

where c is the concentration of the diffusing atoms and D is the diffusion 
coefficient, which usually depends on c. In order to translate D into an 
atomic constant in a simple case, let us assume that the distance between 
atomic planes in the direction of diffusion is 5 and that the probability 
that an atom moves from one plane to the next in unit time is d. If ni 
is the number of diffusing atoms per unit area and ni is the number in 
the neighboring plane, the number per unit area that passes from plane 1 
to plane 2 in unit time is 


^ = d(nt - ni). (2) 

The quantity ni — na is 5* times the concentration gradient in the 
direction normal to the plane, however, so that Eq. (2) is 

grade (3) 

where ti is a unit vector normal to the plane. Equation (3) reduces to 
(1) if we set 

D^dSK (4) 

'Piis method of reasoning can be used to convert D into an atomic 
constant d, in more complex cases than the one treated here. 

It is fpund experimentally that for fixed concentration D depends 
updin temperature in the manner 

( 6 ) 

the review articles by R. F. Msbl, Jour. ApplUd Phy$.t 8, 174 (1987); 
It. Bam, Free. Pk^t. Soe. 88, 58 (1940). 

* The radioaotive indicator method was first uaed by 0. von Hevesy, W. Seith, 
and A. Keil (rf. Z. fkftmk. Chm., 87, 528 (1981); Z. Phyoik 78, 197 (1982)). 
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where both A and e are practically constant. Using equations of the 
type ( 4 ), we may translate A into an atomic constant. Thus, in the case 
in which ( 4 ) is valid, we may write 


A 


where a is the “jumping frequency^' for a given atom when kT becomes 
large compared with €. It is also found experimentally^ that these 
frequencies usually are of the order of 10^^ Figure 18 shows the depend- 
ence of log D on 1/r for the diffusion of gold in lead and illustrates a 
typical case in which Eq. ( 5 ) is valid. A number of values^ of € that 
are determined from the slopes of curves of this type are given in Table 
LXXVI. 

There are three conceivable Sim- ,50^'^ IST 250 mo 

pie mechanisms for diffusion of TH Tn P” 

atoms A in a solid AB, namely, the j"* 

following : 

1 . Atoms A and B may inter- I I I — — 

change places, squeezing by one m ' •vano^rstrand&Dewey — 

another in the normal lattice. *5 27 25 24 23 22 21 20 19 is i ’ 

2 . The A atoms may diffuse **—1/1x10^ 

individually through interstices. Yio. is.— Temperature dependence of 

3 . The diffusion may take place ® 

with the help of vacancies, the 

atoms moving only into vacant adjacent sites. It may be postulated 
that in this case the crystal with vacancies is thermodynamically more 
stable than one without vacancies. 

The first mechanism has the disadvantage that if it were valid one 
might expect the activation energy for the process in which two atoms 
squeeze by one another to be very high, of the order of the cohesive 
energy, whereas the values in Table LXXVI are uniformly less than the 
cohesive energies. For this reason, this process is ordinarily ruled out. 


’ This fact was pointed out by S. Dushman and I. Langmuir, Phya. Rev., 20, 113 
(1922), who suggested that an approximate value of a should be obtained from the 
relation a ■ e/h. Since € is of the order of magnitude 10“^* erg, the values of a 
obtained in this way are of the order of magnitude 10^*. 

* Most of these values are taken from footnote 1, p. 494. The values for self-^ 
diffusion in copper, geld, zinc and bismuth have the following origin. 

Cu: J. Stbigman, W. Shockley, and F. C. Nrx, Pkye. Rev., 56, 18 (1939). 

Au: Sagbubskut, Phyeik. Z. Sowj., 12, 118 (1937); McKay, Trans. Faraday 
'Soc., 84 , 845 (1988). 

Zn: F. Bakks, H. Day and P. Miller (see program Washington Meeting, Am. 
I^hys. Soc., 1940). 

Bi: W. Sbzth and A. Kbil, Z, EUkiroehem., 89 , 538 (1933). 
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If it does occur, it is easy to understand why a is of the order of magnitude 
10^*, for this is the magnitude of atomic vibrational frequencies. 

The second process should require a smaller activation energy than 
the first only in crystals that have interstitial sites sufficiently large 
to accommodate the atoms A. Since the interstices of metals forming 
substitutional alloys usually are much smaller than the atomic size, it 
seems probable that this mechanism occurs only in interstitial alloys, 
such as iron carbide and nitride, and in semi-conductors, such as zinc 
oxide, that have interstitial atoms {cf. Sec. 112). We saw, in the case 
of zinc oxide, that the fraction of interstitial atoms / is governed by an 
equation of the type 


/ = ( 6 ) 

where wo* is the density of oxygen in the surrounding vapor and B' is a 
constant. If the probability that one of these atoms jumps is 



( 7 ) 


Table LXXVI. — Activation Eneboies for Metallic Diffusion 
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the atomic diffusion coefficient d should be 

d = p^nor^B'e . (8) 

In this case, both a and € are composite quantities. 

One should expect a much smaller value of the activation energy 
for the third process than for the two others in the case of substitutional 
alloys.^ Since the number of vacancies should be less than the total 
number of atoms in this case, d should be a composite quantity as in 
Eq. (8) . According to the discussion in Sec. 1 10, the fraction of vacancies 
/ is given by the equation 

/ = 

where t" is the energy required to remove an atom from an interior site 
to the surface. Hence, 

d = vie (9) 

where vie is the probability per unit time that an atom and a vacancy 
on neighboring sites change places. 

It is reasonable to suppose that the third mechanism occurs in 
substitutional alloys, but this supposition has not been conclusively 
demonstrated. 

We may develop an equation for the jump frequency, using elementary 
principles of the theory of reaction rates. We shall treat the problem 
generally enough so that the results are applicable both to diffusing 
interstitial atoms and to diffusing vacancies although we shall refer to the 
diffusing particle as an interstitial atom. 

As the atom moves from one equilibrium position to another, the 
energy of the system rises through a maximum at the saddle point 
of the barrier between minima. According to the theory of reaction 
rates, we may regard the jumping process as an act in which the system 
is thermally excited to the saddle point S through which it then passes. 
The probability per unit time v that this process occurs for a given atom 
is then equal to the rate at which atoms pass through S divided by the 
total number of interstitial atoms. For simplicity, we shall assume 
that the energy of the system depends only upon the three positional 
coordinates of the jumping atom; moreover, we shall assume that the 
potential is nearly constant for a short distance along the direction of flow 

^ Theoretical work of H. Huntington, in progress, indicates that the activation 
energy for interstitial diffusion in copper is about three times larger than that for the 
third process. 



498 


THE MODERN THEORY OF SOLIDS 


(Chap. XIV 


through the saddle point. The rate at which the atoms pass through S 
then is equal to the number of atoms per unit length of S times their mean 
velocity. As long as only a small fraction of the diffusing atoms are 
at the saddle point at any one time, the number of atoms n, per unit 
length of S is equal to the total number of interstitial atoms n times the 
ratio of the partition function per unit length of S to the partition function 
of the interstitial atom at its equilibrium position. 

We shall assume that the interstitial atom in an equilibrium position 
is at rest, for in this book this assumption is usually made in computing 
the number of interstitial atoms. It is incorrect, since the interstitial 
atom actually oscillates about an equilibrium position. The error made 
in this way, however, cancels in taking the product of n and the proba- 
bility of finding an atom at S, 

In addition, we shall assume that the forces acting on an atom in the 
saddle point are also harmonic in the two directions orthogonal to the 
direction of flow. If v, is the vibrational frequency, the partition function 
for these 2 degrees of freedom then is 


/ = 



( 10 ) 


We shall be interested primarily in the case in which hv^ is much smaller 
than kT, Then, / is 



( 11 ) 


The partition function per unit length in the direction of flow is equal to 
the partition function for a one-dimensional gas at a point where the 
potential energy is e,, where €, is the height of S above the equilibrium 
position. This function is 


h * ■ 


( 12 ) 


HencO) the complete partition function per unit length of the saddle 
point is 

.. , ■ ™ 

where cK is the number of saddle points of height u about a given equilib- 
rium position. This number, which should depend upon crystd sym- 
metlry as well as upon the type of ions in the lattice^ could be as large as 
for^-ei^t for a cubic crystal but usually is near unity. 

the mean velodty with which the atoms pass throu^ the saddle point 
is 
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i 


/- 


e 


- / V 

“ \ 2 rM/ ■ 


Hence, the jump frequency v is 


... 1 (kTy -A 

p = f J) = -- 

/I® ay; 


This equation has the form 


(14) 


(15) 


where 


«« 



According to this result, the diffusion coefficient D has the form 


D = = 5 


2I Jl. 

Nah} v\ 


(16) 


where n is the number of interstitial atoms or vacancies per unit volume 
and N is the total number of atoms per unit volume. This equation will 
be used in Sec. 132. 

123. The Phase Boundaries of Alloys.— By applying the principle of 
miniTnum free energy, it is possible to derive the equations that determine 
the phase boundaries of alloys. Let us consider two binary alloy phases 
a and of a pair of monatomic metals A and B. The necessary condition 
that the two phases be in thermodynamical equilibrium evidently is that 
the free energy of the entire system remain stationary if atoms are taken 
from one alloy to the other. 

We shall assume that there are Na A atoms and Nh B atoms in the 
entire system and that the total number N remains fixed when the atoms 
are taken from one alloy to the other. In addition, it will be assumed 
that there are Ua A atoms and Ub B atoms in the a phase. Thus, there are 
(iVa - n«) A atoms and {Nb - Ub) B atoms in the P phase. The com- 
position of the phases may then be specified by means of the fractions 
Xa and Z0 of A atoms, which are, respectively. 


_ Wo 

t Z ' 

tla T n6 


and 


Na Wo 

N -na-rh 


(1) 


Now, if A.(*) is the free energy of a specimen of the phase that 
contains N atoms of both types and has composition x Mid if A#(x) is the 
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same quantity for the 0 phase, the total free energy of the system is 

A = Y 

N \Wa + Uh/ N ^\N — (Ua + Ub)/ 

Thus, the conditions for equilibrium, which are 


dA dA ^ , 

S ■ to. - ® 

lead to the equations 

Aa — Afi + {1 — Xa)Aa{x„) — (1 - Xfi)A 0 {Xfi) = 0, 

Aa - Afi - XaAa{x„) + XfiAfi^Xfi) = 0, (4) 

in which A' = bAjbx. By subtracting these, we may derive the 

equation 

Aa'(a:a) = A/(x^), (5) 

which, when substituted in either equation, gives the additional relation 

I ® 

^ Equations (5) and (6) state that the 

\ J boundaries of the a and /3 phases 

^ are determined by the points at 

I ^ which the slopes of the two free- 

0 tPhpsei /y+ot i /9 Phase energy curves are equal and have a 

I 1 common tangent (c/. Fig. 19). To 

Fig. 19. — Schematic representation of point of tangency On 

the condition for determining the phase the Aa CUrve, the a phase alone is 
boundaries of alloys. , i i i j. ji • i? ii. 

stable, whereas to the right of the 
corresponding point on the A^ curve the jS phase is stable. 

Jones^ has applied the relations (5) and (6) to the boundaries of the a 
and iS brass types of phase of substitutional alloys that were discussed in 
Sec. 3. These phases are, respectively, face-centered and body-centered 
cubic and, as was seen in Sec. 102, are stable for a range of electron-atom 
ratios near the values for which the zones of the two lattices are filled 
totthe points of highest level density. Jones assumed that all energies 
except the Fermi energy are practically the same for disordered speci- 
mens bf the two phases so that the filling of the one-electron levels alone 
determines the relative energies at absolute zero of temperature. The 
n(€) curyes for the face-centered and body-centered lattices of the brass 
(Cu-Zn) system that are determined by the approximate methods 


‘ H. Jonhs, Proc. Phys. Soc.^ 49, 243 (1937). 
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discussed in Sec. 65 are shown in Figs. 20a and h. The energy difference 
per atom of the two phases is shown in Fig. 20c as a function of the 
electron-atom ratio n*. It should be observed that the n(e) curves are 
identical to about 6 ev, which corresponds to an electron-atom ratio of 
about 0.95. The n(e) curve for the face-centered lattice rises to a peak 
in the energy range just above this, so that this phase has a lower Fermi 
energy. The jS phase then has its peak, and the relative energy curve 
changes sign. It is clear that when the composition corresponds to the 
intercept of the relative energy curve with the Ue axis, that is, when the 
electron-atom ratio Ue is 1.44, the system would be most stable if it 
consisted of a quantity of a phase 
having a lower value of n and a 
quantity of jS phase having a 
higher value. On the other hand, 
if Ue is near 1.2, it would be neces- 
sary to raise the energy of the a 
phase a great deal in order to form 
a small quantity of |8 phase. 

Thus, we should expect the a phase 
to be stable at this point. The 
actual values of n« at the phase 
boundary points, as determined 
from Eqs. (5) and (6) for the 
absolute zero of temperature by 
replacing the free energy by the 
energies computed from Fig. 20a, 
are 

ne,a = 1.409, 
ne,ff = 1.447. 

As may be seen from Fig. 206, these values lie very close to the point 
where the relative energy curve intercepts the axis. 

Jones extended this work to higher temperature ranges by adding 
mixing entropy terms such as those considered in the theory of order 
and disorder. If a given disordered phase has n« A atoms and np B atoms, 
its mixing entropy is 

in which (ria + Uh) I/rialrib! is the total number of ways of rearranging the 
A and B atoms among the ria + rib sites. When this is expanded by 
means of Stirling's approximation, it becomes 

S = -Nk[x log X + (1 - a;) log (1 ~ x)] 



Fig. 20. — o and b are the n(e) curves for 
the face-centered and body-centered struc- 
tures, respectively. Curve c is the relative 
energy Ae of the two phases as a function of 
the electron-atom ratio. The energy scales 
are in electron volts. {After Jones,) 


( 8 ) 
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where N na + Uh and x is defined by Eq. (1). Thus, if Eix) is the 
energy of the N atoms as a function of x, 

A{x) = E(x) -h NkT[x log x - (1 - x) log (1 - x)]. (9) 

Using free-energy functions of this type and E{x) curves obtained 
from the data of Fig. 20, Jones computed the phase boundaries of the a 
and P phases of the Cu-Zn and Cu-Al systems as functions of temperature. 
The observed and calculated curves are shown in Fig. 21. They agree 
as closely as one might expect in view of the simplif 5 dng assumptions 
made in this work. 

Jones has applied similar computations to the liquidus and solidus 
curves of substitutional alloys, which are briefly described in Sec. 3, 



Fio. 21. — A oomparison of the observed and calculated phase boundaries of the o and 
0 phases of Cu>Zn and Cu-Al. The full curves are the theoretical ones; the broken lines 
are experimental. (After Jone».) 

and has shown that the dependence of these curves upon composition 
may be adequately explained if the solid phases are assigned free-energy 
functions of type (9), 

124. Order and Disorder in Alloys, a. ExperimerUal Discussion ^ — 
X-ray diffraction studies of substitutional alloys show in many cases 
tihnt ehch type of atom is localized at a definite site in the unit cell, just 
as the constituents of ionic crystals are localized at definite positions. As 
the temperature is raised in these cases, the degree of order may decrease, 
eviSh though the crystalline arrangement is maintained. This decrease 
is made evident by the fact that it is no longer possible to tell precisely 
which kind of atom occupies a given site. The order may decrease 
continuously, as in brass, or it may undergo auyabrupt change, as in 
CuiAu. These cases and others are discussed in Sec. 3, Chap. I. Alloys 
in which the order changes abruptly usually have an abrupt change in 

t ^ See the prevtoiia disousaki& in See. 3. 
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heat content at the transition temperature whereas those in which the 
change is continuous do not, although there may be a discontinuity in 
specific heat at the point at which all sites become equivalent.^ The two 
types of phase change, characterized respectively by CusAu and CuZn, 
are said to be of the first and second kinds. 

Although two-component alloys have been investigated most widely, 
these are not the only substances in which order and disorder occur. 
Ketelaar^ has found, for example, that silver and copper mercuric iodides 
(Ag 2 Hgl 4 and Cu 2 Hgl 4 ) show complex order and disorder changes which 
resemble closely those found in CusAu. The low-temperature modifica- 
tions have the tetragonal structure shown in Fig. 22 in which mercury 
atoms occupy the eight corners of a nearly cubic 
cell. The iodine atoms are distributed tetra- 
hedrally about four of the eight corners, forming 
a face-centered lattice, and the silver or copper 
atoms -are arranged at the centers of the four 
vertical faces. The iodine atoms do not change 
their relative positions as the temperature is 
raised. The metal atoms, however, make an 
abrupt change, becoming uniformly distributed 
over the eight corners and six face centers of 
the cube. It is evident that two of these 
fourteen sites must be vacant on the average. 

Hence, the disordering process involves silver 
atoms, mercury atoms, and vacancies in the 
ratio 2:1:1. The behavior of the ionic conduc- 
tivity of Ag 2 Hgl 4 is shown in Fig. 23. 

6. Qualitative Principles . — We shall not de- 
vote space to a detailed treatment of the more 
advanced theories of order and disorder since 
discussions of these may be found in other 
writings;* however, we shall give a brief discussion of the principles 
involved and of the simpler theories. 

It is clear, that the disordered alloy has a higher entropy than the 
ordered one. If we neglect any difference in the vibrational entropy of 
the ordered and disordered state, we may estimate the maximum change 
in mixing entropy that accompanies disordering by computing the 



Fia. 22. — The positions 
of mercury and silver atoms 
in the ordered, low-tem- 
perature phase of AgsHgl4. 
The iodine atoms, which are 
not shown, are distributed 
tetrahedrally about the Hg 
atoms. In the high-tem- 
perature phase the Hg atoms, 
the Ag atoms, and the 
vacancies at the centers of 
the top and bottom faces of 
the cube become mixed. 
The low-temperature form is 
slightly tetragonal; the high- 
temperature form is cubic. 


^ The discontinuous behavior of the elastic constants of Ou»Au in the vicinity of 
the ordering temperature has been investigated by S. Siegel, Phys. Rev,^ 67, 537(1040). 

* J. A. A. Ketblaae, Z. physik, Chem., 268, 327 (1934), SOB, 68 (1935); Z. Krist,, 
87, 436 (1934). 

• See the survey article bj' F. C. Nix and W. Shockley, Rev. Modem Phye,, 10, 1 
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number of arrangements associated with the completely ordered and 
disordered states. In the simplest system, namely, that in which there 
are two types of atom present in equal numbers N, the number of arrange- 
ments associated with the ordered state is unity because all atoms of 
a given type are equivalent. The number of arrangements in the com- 
pletely disordered state is the number of ways of distributing N atoms 
among 2N sites, namely (2N)\/{N\y. Hence, the maximum increase 
in mixing entropy associated with disordering is 

fclog^p = 2iVA:log2. (1) 

A similar calculation may be made for any system. 




Fia. 23. — ^The conductivity of Ag 2 Hgl 4 near the transition temperature. <r is expressed 
in ohm~i cm~^ (After Ketdaar.) 

The energy of the crystal presumably increases as we pass from the 
ordered to the disordered state, for otherwise the ordered state would 
not be stable at low temperatures. Hence, the energy versus entropy 
curve should rise with increasing disorder. Figure 24 shows two possible 
ways in which this curve may behave. In the first case, the E{S) curve 
ha^ an infiection point so that a tangent line may be drawn to two parts 
of the curve. Thus, the entropy, and hence the order, should show an 
abrupt change at the temperature equal to the slope of this tangent line, 
and there should be a latent heat, just as in melting. In the second 
case, the E{S) curve has positive curvature so thht there is no discon- 
tinuity in order. 

The actual behavior of a solid is not necessarily determined by the 
E{S) curve for disordering alone. It is possible that the vibrational 
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frequencies of the crystal may decrease in passing from the ordered to 
the disordered state; the disordered phase then has a higher vibrational 
entropy than the ordered one at corresponding temperatures. Thus, 
the ordered and disordered phases may behave like different allotropic 
phases, and the transition may occur abruptly even though the E{&) 
curve for disordering alone would predict a gradual decrease of order. 
The theories of order and disorder that are discussed in the article referred 
to in footnote 3, page 503, do not yet interpret the experimental material 
in a quantitative way. The reason for this lack is, of course, that the 
complete entropy and energy changes which accompany disordering are 
very difficult to compute, just as are the changes of these quantities 



Fig. 24.— Two possible behaviors of the E(,S) curves for order-disorder changes. In 
case (a) there is an inflection point, whence long-distance order may appear and disappea-r 
abruptly with a latent heat. In the second case there is no inflection point and the transi- 
tion is continuous. The curvature changes at the entropy corresponding to ze^ ^ 
distance order (0 =0), so that there is a discontinuity in specific heat. The right-hand 
vertical line corresponds to the entropy for zero short-distance order in each case. 

during melting. The results of this work, however, leave little doubt 
that the qualitative principles are now understood. 

c. Definitions of Order.— There are two interesting types of order, 
namely, long-distance order, which measures the extent to which the 
positions of atoms in different cells of the lattice are correlated, and short- 
distance order, which measures the extent to which the^ positions of 
neighboring atoms are correlated. The first type of order is responsible 
for the Bragg reflection of X rays by lattices; the second is responsible 
for the diffraction rings of liquids and glasses. Following Bethe,^ we may 
define these two types of order mathematically in the following way. 

When long-distance order is discussed, the lattice may be divided 
into as many types of site as are occupied by different atoms in the com- 
pletely ordered state. Thus, there are two types of site in ^ brass and in 

^ H. Bbthb, Prod, Boy, IW, 662 (1936), 
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CusAu, and there are three types in Ag 2 Hgl 4 . In crystals in which two 
types -of site are present in equal numbers, the long-distance order 0 
is defined as the difference between the probability that an atom will 
occupy its own kind of site and the probability that the other kind of 
atom will occupy this site. Thus, 

0 = PM) - PoiB) ( 2 ) 

where Pa{A) is the probability that an A atom occupies its own site and 
Pa(B) is the probability that a B atom does. The four probabilities 
PaiA), PaiB), Pb{B), Pb{A) obviously satisfy the equations 

PM) + PM) = 1, PaiA) + PaiB) = 1, 

PaiB) + PbiB) = 1 PbiA) + PbiB) = 1, (3) 

which shows that there is only one independent P. In the case of CusAu 
in which there are three times as many A atoms as B atoms the long- 
distance order may be defined by the equation 

0 = PaiA) - 3Pa(B). (4) 

The interrelations between the P are 

PaiA) 4- PaiB) = 1, PbiB) + PbiA) = 1, 

PbiB) + SPaiB) - 1, PaiA) + iPbiA) = 1, (5) 

so that, again there is only one independent P. It is clear that the order 
parameters defined by Eqs. (2) and (4) are unity in the state of highest 
long-distance order and are zero when there is no long-distance order. 
This convenient fact is the principal reason for selecting these combinations 
of the P, for any one of them could serve as a measure of long-distance 
order. 

Long-range order is not so easy to define in systems such as Ag2Hgl4 
that have three kinds of site, for there is then more than one independent 
P. Let us consider Ag 2 Hgl 4 as an example, designating the nine proba- 
bilities by 

PA.(Ag),PA.(Hg),P^(F), . . . ,P.(F) 

where the subscripts refer to sites and V is the symbol for a vacancy. 
T1^ probabilities are interrelated by the following six equations: 

PA.(Ag)+PA.(Hg)-hPA.(7) = l.i 
PH.(Ag) + PH.(Hg) + Ph.(7) - 1.} (6) 

“ Pr(Ag)+Pr(Hg)-hPr(7)-l.) 

PUH) + iPH.(Ag) + iPr(Ag) - 1.) 

2PA.(Hg) + PH.(Hg) + Pr(Hg) « 1. > (7) 

2Pi^(7)+Piu(7)+Pr(7) « 1.) 
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Only five of these equations are independent so that it is necessary to 
know four of the P before the average distribution of atoms in the unit 
cell can be given. Thus, it is not possible to express the degree of long- 
distance order in terms of a single parameter as it was in the preceding 
cases. 

Short-distance order is also easy to define in two-component alloys. 
In the completely ordered state, a given kind of atom has a definite 
arrangement of atoms in the neighboring sites. We may specify the 
short-distance order in any state by giving the difference o- between the 
fraction of atoms in a shell surrounding a given atom that have the same 
arrangement as in the perfectly ordered state and the fraction of atoms 
that have not. The size of the cell may be varied to suit the case at 
hand. The quantity o- evidently is equal to unity in the completely 
ordered state and to zero in the completely random state. 

The concept of long-distance order was introduced into the theory of 
order and disorder first because it is measured directly by ordinary 
X-ray diffraction data. Bethe^ pointed out, however, that short-range 
order actually is a more fundamental quantity since the interatomic 
energy is determined primarily by it. 

d. Elementary Theories of Order and Disorder . — The earliest theory 
of order and disorder was developed by Gorsky* and applied to two- 
component systems of the type AB. However, an equivalent theory 
developed later by Bragg and Williams* undoubtedly is responsible for 
the more recent interest in the subject. In these earlier theories, it was 
assumed that the long-distance order 0 existing at temperature T is 
determined by the energy Y required to take an atom from an ordered 
position to a disordered one. This assumption is expressed by the 
equation 

0 = 0(7,7). (8) 

It was also assumed that 7 is a function of the long-distance order so 
that there is a second relation 

V = 7(0,7). (9) 

The relations (8) and (9) are sufficient to determine 0 as a function of 7 
alone. 

Gorsky derived explicit forms for Eqs. (8) and (9) in the case of an 
alloy of composition AB. Since there are thermal fluctuations, there 
is a finite probability that each atom will leave its position, diffuse 

* W. Gobset, Z. Physikf 50, 64 (1928). 

* W. L. Braoo and E. J, Williams, Proe. Roy. Soc., 146 , 699 (1934); 161 , 640 
(1936). 
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through the lattice, and fall into a vacant site. Gorsky assumed that 
the probabilities per unit time of A and B atoms leaving their own sites 
are equal as are the probabilities that they will leave improper sites. 
We shall designate these probabilities by Ip and respectively. In 
addition, he assumed that the probabilities that the free atoms will fall 
into any vacant proper sites are equal, as are the probabilities that they 
will fall into improper sites. We shall designate these by fp and /„ 
respectively. If N is the total number of atoms of a given kind, n is 
the number of vacant sites, and a is the fraction of atoms on proper sites, 
the equilibrium equations for proper and improper sites are 

Nalp = n%f 

Nil - a)li = n% (10) 

Solving these equations and using the relation 


we obtain 


0 = 2a - 1, 

^ _ 1 - 

1 + UiiMd 


( 11 ) 

(12) 


Gorsky assumed that {p and are not strongly temperature-dependent 
and that they are nearly equal so that their ratio is practically unity. 
Since Ip and U are temperature-dependent, he assumed that their ratio is 


Ip 

U 



Using these relations, we find 


(13) 


0 = tanh (14) 

Evidently, is proportional to V, the energy required to remove an 
atom from an ordered site to a disordered one. Hence, (14) is 

0 = tanh ^ (15) 


where ^8 is a proportionality factor. This equation has the form (8). 

Were V independent of 0, 0 would decrease slowly with increasing 
temperature and would approach zero when T becomes infinite. It is 
clear that V must depend upon order, however, for there is no difference 
between proper and improper sites in the completely disordered state. 
Hence, Gorsky assumed that V varies linearly witji 0 in the manner 

V = VoO (16) 

where Fo is a constant. This equation corresponds to (9). 



Sec. 124] 


THE DYNAMICS OF NUCLEAR MOTION 


509 


The solution of Eqs. (15) and (16) is given by the equation 

0 = tanh (17) 

This has two roots, namely, the root 0 = 0, which is independent of 
temperature, and a root which is unity when T is zero and zero when 

T, = ( 18 ) 

and varies continuously in between (c/. Fig. 25). The relation described 
by the second root agrees qualitatively with that observed in jS brass. 

One obvious objection to the details of 
Gorsky’s treatment is the fact that he 

assumes a questionable diffusion process in | N. 

deriving Eq. (15). ^ \ 

Bragg and Williams^ modified the prin- 0.5 ■ \ 

ciples used in Gorsky’s treatment and \ 

extended the field of application of the \ 

method. In earlier work, they introduced ^ ^ 1 

rate processes in order to derive equations ° ’ 

equivalent to (15). Williams^ subse- \ 

quently showed that this procedure is not . Fig. 25.--T^be 0(p curve ob- 
necessary and that the equations may be order and disorder, 
derived on the basis of statistical me- 
chanics. We shall discuss their work from the later standpoint. 

Let us consider a case in which there are Ua A atoms and a sites and 
Ub B atoms and h sites. Generalizing Eqs. (2) and (4), we may define 
the long-range order by the equation 

where, for simplicity, we have replaced Pa{A) by the symbol p, and 
, the fraction of a sites, by x. Let us now compute the entropy 

nd- rib 

associated with a given value of order. The xN'p A atoms in the xN' a 
positions (W' = ria + ^s) niay be distributed in 

^ ( 20 ) 
" {xN' - xNWi^NW ^ ^ 

^ Bbagg and Williams, op. ait. 

‘ E. J. WILLUMS, Proc. Boy. Soc., 162, 231 (1935). See also R. H. Fowlbb, 
op. eii. 
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independent ways, whereas the;(a?iV' - xN'p) A atoms in the (iV' - xN') h 
sites may be distributed in 

^ _ (N^-xN')\ 

* (AT' ~ 2xN^ + xN'p)l{xN' - xN'p)\ 

ways. Since the total number of arrangements is the product of tti and 
njj, the entropy^ is 


S = fc log niri 2 

= C - -- p) log (1 - p) + xp log p + 

(1 - 2x + xp) log (1 - 2a: + xp) + (x - xp) log (a: - xp)] (22) 

where C is independent of p. 

The energy of the disordered state relative to the ordered one is 



E = 7i\r'a:(l - p) 


(23) 


where iV'a;(l — p) is the number of atoms 
that have been moved from ordered to 
disordered positions. The value of p for 
which the free energy E - TS computed 
from (22) and (23) is a minimum satisfies 


Fig. 26.--0(a) curve for the equation 
« » i. Ab the temperature is 

raised from absolute sero the (1 — p)^aJ _ V 

tt - F/fcr lines become tangent Wl — 9r 4- (^^) 

at the origin before the other ^ 

intercept has reached the origin, xr i i 

If we replace p by 0, using Eq. (19) we ob- 
tain an equation connecting 0 and F, namely, 


n = 1 [4a^(l - x){e^ - 1 ) + 1 ]* - 1 

2a:(l - a:)(e“ - 1) 


(25) 


where a = V/kT. This equation reduces to Gorsky ^s equation (15) 
when a; * i, a fact showing that j8 should be -J. The expansion of 
Eq. (25) in the neighborhood of a = 0 is 


0(a) = x(l - x)a + ixil - x)il - 2a:)2a* + • • • . (26) 

Hence, S usually starts out with a finite slope and positive curvature, the 
case being a; = If it is assumed that the relation (9) is 

F = FoO, 

as Gorsky did, the. transition is of the first kind in all cases, except that in 
which » This follows from the fetct, iUustrateB in Fig. 26, that the 

this computation, only the mudng entropy is considered. Actually, the 
change in vibrational entropy should be included as w^l. 
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f (0) line becomes tangent to the 0(F) line at the origin before the 
other intercept approaches the origin when the 0(F) curve has positive 
curvature. 

e. Bethels Treatment of the Problem . — Bethe provided a new and 
important approach to the problem of order and disorder by pointing 
out that the ordering energy and entropy are determined primarily by 
the short-range order since neutral atoms interact with short-range forces. 
Thus, the equation of state may be determined by considering short- 
range order, and the long-distance order may be obtained as a by-product. 
In addition to recognizing this principle, Bethe developed an approximate 
method for computing the partition function of the system. Discussions 
of this and of subsequent theoretical work may be found in the review 
article listed in footnote 3, page 503. 

126. Free Rotation in Crystals, a. Experimental Survey . — The 
specific-heat curves of molecular solids frequently show peaks resembling 
those observed during order-disorder transitions in alloys. Two inter- 
pretations of these peaks have been given in the theoretical development 
of the subject, namely, the hypothesis due to Pauling^ that the peaks 
accompany the onset of free molecular rotation and the hypothesis due 
to Frenkel* that the molecules undergo only torsional oscillations both 
above and below the transition temperature and that they have less 
relative orientation above the transition than below. At least in the 
case of ammonium chloride, which has been investigated very thoroughly 
by Lawson,* the evidence seems to be in favor of FrenkePs hypothesis, 
as we shall see below. The observed cases may be classified as follows: 

1. Nonpolar molecular crystals, such as CH 4 , Na, O 2 . 

2. Ammonium salts. 

3. Polar molecular crystals. 

We shall discuss these categorically. 

1. Nonpolar cases . — Although carbon atoms of solid methaiie form a 
face-centered lattice below 89‘'K, there is no direct evidence concerning 
the position of the hydrogen atoms. The specific-heat curve possesses the 
changes, shown in Fig. 80, Chap. I, near 20®K, but these are not accom- 
panied by the -appearance of a latent heat. As the temperature is raised 
through this transition region, the molar volume increases abruptly 
from 30.57 to 36.65 cm*. There is no other obvious change in crystal 
structure during the transition. It is assumed, however, that ihe hydro- 
gen atoms are localized below the transition temperature and are not 
localized above it. 

'L. Patjuno, Phys. Rev.^ 86, 430 (1930). 

* J. Fbxneibl, Ada Physicoehemicat 8, 23 (1985). 

• A. W. Lawson, Phys. Rev.^ 67, 417 (19^). 
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Solid oxygen and nitrogen seem to possess similar transitions at 
23.7® and 35.4®K, respectively. The experimental work indicates that 
there are large hysteresis effects associated with the transition in these 
cases, so that the results are not so definite as for methane. 

2. Ammonium salts . — A number of ionic crystals that contain the NH 4 
radical, such as the ammonium halides, ammonium sulfate, and ammo- 
nium nitrate, have specific-heat curves that show anomalies similar to 
those observed in methane. The curve for ammonium chloride is shown 
in Fig. 69 of Chap. 1. As a result of a very careful set of experiments, 
Lawson has shown in this case that the specific heat at fixed volume does 
not exhibit nearly so high a peak as the specific heat at constant pressure 
and that Cv is above the transition temperature, corresponding to 
torsional oscillations of the molecules rather than free rotation. Thus 
his results support FrenkePs hypothesis rather than Pauling’s in this 
case. It seems likely that Frenkel’s picture is also valid in the other 
ammonium salts and probably in solids pf polar molecules, but it does 
not appear safe to draw conclusions concerning other cases. 

3. Polar molecular crystals . — Many crystals that are composed of 
polar molecules, such as solid hydrogen chloride, hydrogen iodide, and 
hydrogen sulfide, behave in a way similar to the substances already 
mentioned and yet show important differences. For example, hydrogen 
chloride forms a cubic crystal above 98.8°K in which the chlorine nuclei 
are localized in a face-centered cubic lattice. Since this fact clearly 
means that the molecules are not parallel, we may safely assume that 
they are more randomly oriented. The lattice changes abruptly to a 
tetragonal face-centered form at 98.8°K with the appearance of a latent 
heat. We may conclude that the molecules have higher relative orienta- 
tion in the low-temperature form of the substance. Apparently, the 
intermolecular forces and lattice frequencies are sufficiently different in 
the two states that the crystal behaves as though it were undergoing an 
allotropio phase change. 

Hydrogen bromide and iodide behave more nearly like nonpolar 
crystals since they do not exhibit a latent heat during the transition; 
however, their specific-heat curves have very large discontinuities. 

5. Pauling^s Theory and FowlePs Extension. — Pauling’s hypothesis 
was treated in a semiquantitative manner by Fowler. Since this work 
res^nbles that on order and disorder discussed in the previous section, 
we shall discuss it briefly. Pauling assumed that the potential energy 
of a naolecule in a lattice depends upon its angular orientation relative 
to the crystallographic axes. Let us consider a. lattice of nonpolar 
diatomic , molecules and specify the position of a molecule relative to the 
orimtation for minimum energy by a polar angle 6 and an azimuthal 
angle When ^ is fixed^ we may expect that the energy varies with 
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V{0) line becomes tangent to the 0(V) line at the origin before the 
other intercept approaches the origin when the 0(F) curve has positive 
curvature. 

e. Bethels Treatment of the Problem, — Bethe provided a new and 
important approach to the problem of order and disorder by pointing 
out that the ordering energy and entropy are determined primarily by 
the short-range order since neutral atoms interact with short-range forces. 
Thus, the equation of state may be determined by considering short- 
range order, and the long-distance order may be obtained as a by-product. 
In addition to recognizing this principle, Bethe developed an approximate 
method for computing the partition function of the system. Discussions 
of this and of subsequent theoretical work may be found in the review 
article listed in footnote 3, page 503. 

126. Free Rotation in Crystals, a. Experimental Survey, — The 
specific-heat curves of molecular solids frequently show peaks resembling 
those observed during order-disorder transitions in alloys. Two inter- 
pretations of these peaks have been given in the theoretical development 
of the subject, namely, the hypothesis due to Pauling^ that the peaks 
accompany the onset of free molecular rotation and the hypothesis due 
to Frenkel* that the molecules undergo only torsional oscillations both 
above and below the transition temperature and that they have less 
relative orientation above the transition than below. At least in the 
case of ammonium chloride, which has been investigated very thoroughly 
by Lawson,^ the evidence seems to be in favor of FrenkePs hypothesis, 
as we shall see below. The observed cases may be classified as follows: 

1. Nonpolar molecular crystals, such as CH 4 , Na, O 2 . 

2. Ammonium salts. 

3. Polar molecular crystals. 

We shall discuss these categorically. 

1. Nonpolar cases. — Although carbon atoms of solid methaiie form a 
face-centered lattice below 89‘'K, there is no direct evidence concerning 
the position of the hydrogen atoms. The specific-heat curve possesses the 
changes, shown in Fig. 80, Chap. I, near 20®K, but these are not accom- 
panied by the -appearance of a latent heat. As the temperature is raised 
through this transition region, the molar volume increases abruptly 
from 30.57 to 36.65 cm*. There is no other obvious change in crystal 
structure during the transition. It is assumed, however, that the hydro- 
gen atoms are localized below the transition temperature and are not 
localized above it. 

'L. Patjuno, Phy$, Reo.f 86, 430 (1030). 

* J. Fbxneibl, Ada PhysicoehmicOt 8, 23 (1985). 

• A. W. Lawson, Phys. Beo.^ 67, 417 (1940). 
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then be assumed that Fo depends upon this variable in some explicit 
manner. This equation and Eq. (2) would then be analogous to Eqs. 
(8) and (9) of the preceding section and would lead to a relation between 
the degree of rotation and temperature. In this scheme, different types 
of transition could be treated by varying the relation between Vo and 
the degree of rotation. Instead, Fowler used a fixed relation between 
Vo and R and treated different transition-types by taking different 
definitions of R. We shall discuss two of his cases. 

In the first case, he defined the nonrotating molecules as those 
8 atisf 3 dng the relation 


hi”-' + sot ) < » 

where is an adjustable parameter. The molecules specified by Eq. (4) 
evidently have kinetic energy less than fiW for any angular orientation. 
The fraction R of molecules that are rotating is then given by the equation 



(5) 


where / is the partition function (2) and 


Thus, 


Vo cos » r 

^ iPe*+p^'Mn*e)>2i0Vt 


_ 2IkT IT 



_5Z? 

R = e 


( 6 ) 


(7) 


For simplicity, the dependence of Fo on i? was taken as 

Fo = F5(l - R) (8) 


where Fo is a constant. Equations (7) and (8) determine the relation 
between R and temperature. It is easily seen that R is unity at 


aitd 




« = I - 


k 


UW the iatinsitiPn point. The specific heat beloW Te is 
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m 


X 


Voil - R) 


and is Nk above T®. Moreover, the specific heat is continuous at Tc 
in this case, although it has the maximum shown in Fig. 28 below Tc. 

Fowler was able to alter the definition of order in such a way as to 
obtain a more abrupt change. If it is assumed that the nonrotating 



Fig. 28. — The type of molar heat curve obtained from Eq. (3) . Above Te the value is 
R, as for diatomic molecules. The full line corresponds to the classical case treated by 
Fowler. The broken line represents the effect of quantum mechanical modification. 

molecules satisfy the relation 

instead of the relation (4), it is found that 


1 — = tanh 


I± 

2kT' 


which is analogous to Gorsky’s equation of the preceding section. When 
coupled with Eq. (7), this relation leads to a discontinuous specific-heat 
curve, as in the case of alloys. It is possible to obtain transitions of the 
first kind in a similar way. 

Note: Tha topics of nucleation and rates of simple phase changes in solids, which 
we have omitted for reasons of space, should properly be included in this chapter. 
A discussion of these topics that is in accord with the presentation of the preceding 
sections has been given by R. Becker, Ann. Physik, 82, 128 (1938). Becker shows 
that many of the facts concerning the rates of simple phase changes may be explained 
semiquantitatively on the assumption that the energy of the surfaces of misfit between 
the new and the old phase is such that only relatively large nuclei are stable. 



CHAPTER XV 

THEORY OF CONDUCTIVITY 


In the present chapter, we shall be interested in three types of con- 
ductivity, namely, metallic conductivity, ionic conductivity, and photo- 
conductivity. The first of these was discussed in Chap. IV on the basis 
of the free-electron gas model and will be redeveloped in the first part of 
this chapter following a method that was first used by Houston and Bloch. 
The two other topics will be discussed in subsequent parts of the chapter. 


A. METALLIC CONDUCTIVITY 


126. Summary of Older Equations.— The Lorentz-Sommerfeld theory 
of metallic conduction is based upon Boltzmann’s equation of state 

^ V • gradr/-f a • grad„/ = 6 - a (1) 

where v is the electronic velocity, « is the electronic acceleration. 


A .d , .a , , d 


grad. 


.a ,.d .. d 


dVy 


dVz 


f is the statistical distribution function, which gives the number of par- 
ticles per unit volume having velocity v*, Vy, Vz, and a and h are collision 
terms. This equation was derived in Sec. 31 and was solved on the 
assumption, that / has the form 


/ == /o + Vxx(v) (la) 

where /o is the distribution function in the absence of a field and x is an 
undetermined function that is small compared with /o. In addition, the 
quantity 6 — a, which gives the difference between the numbers of 
particles entering and leaving a unit volume of phase space because of 
qpllisipns, was computed on the assumption that the electrons make 
elastic eolUsions with the ions of the lattice. It was found to have the 
value 

' ( 2 ) 

where Jo is the mean free path, which is assumed to be independent of 
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velocity. If /o, is the Maxwell-Boltzmann distribution function 
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Ae 

where ^4 is a constant, the conductivity (tm is 

_ 4 Ufloe^ 


(3) 


3 ^/%rm*kf 

where rif is the number of free electrons per unit volume, etc. [cf. Eq. (5), 
Sec. 36]. Since the mean velocity Vm in Maxwell-Boltzmann statistics is 

(4) 


27rm* 


Eq. (3) may be placed in the form 


Ufloe^M 


(5) 


On the other hand, if fo is the Fermi-Dirac distribution function 


(tf is 



c — 

+ 1 


_ nol(€Q) e^ 
m*v{eo) 


( 6 ) 


[cf. Eq. (13), Sec. 32], where v{€q) is the velocity of the electrons at the top 
of the filled band. 

Equation (3) gives the proper order of magnitude for the conductivity 
at room temperature if k is taken as the interatomic distance and if 
rif is the total number of electrons per unit volume. The temperature 
dependence is wrong, however, for the observed conductivity varies as 
l/T near room temperature. 

Equation (6) is incorrect if k is given the same value as in the preced- 
ing case because is between ten and one hundred times larger than 
VkT/m*, if m* is the electronic mass. Moreover, the temperature 
dependence is* also wrong. In order to justify the use of this equation, 
which is more reasonable than (3) since electrons actually obey the Pauli 
principle, it is necessary to assume that I is temperature-dependent and 
at room temperature is between ten and one hundred times larger than 
the interatomic distance. It must also be assumed that I approaches 
infinity at low temperatures in order to explain the observed increase 
in conductivity with decreasing temperature {cf. Fig. 3). This type of 
temperature dependence would imply, however, that the assumptions 
going into the derivation of Eq. (2) are also in error. 
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Houston^ and Bloch* reopened the problem of metallic conductivity 
by investigating the way in which electrons interact with a crystal lattice 
on the basis of quantum mechanics. We shall discuss this work and sub- 
sequent refinements in the next section. It will be seen that inelastic 
electron-lattice collisions are of primary importance' in determining the 
resistance; however, the amount of energy given to the lattice by the 
electrons is small, so that Sommerfeld^s equation (6) is not badly in error. 

127. The Collisions between Electrons and Lattice Vibrations in 
Monovalent Metals^. — Houston^ first pointed out that the mean free 
path of an electron in a perfect nonoscillating lattice should be infinite. 
This is very easy to see in the Bloch scheme; for then the one-electron 
functions have the form 


and the velocity of the electron in a given state is 
V = gradk e(k)/h. 

In the absence of any perturbation, an electron should continue in this 
state indefinitely. 

An ordinary metal does not satisfy these ideal conditions for two 
reasons: (1) Its lattice is undergoing thermal oscillations, and (2) it 
usually contains imperfections, such as impurities and lattice defects. 
Both these effects may scatter electrons and thus make the mean free 
path finite. 

The temperature oscillations should decrease with decreasing tem- 
perature and become very small at absolute zero. This fact provides a 
satisfactory qualitative explanation of the great rise in conductivity at 
low temperatures. The imperfections, on the other hand, should not be 
affected appreciably by decreasing temperature and should account for 
the residual resistance at low temperatures. Moreover, since the 
imperfections should depend upon the previous history of a specimen, 
we should expect the residual resistance to vary from specimen to 
specimen, as is observed. 

From a wave standpoint, we may say that the atoms of a perfect 
lattice scatter electrons coherently, that is, in a manner that resembles 
the Laue diffraction of X rays. Hence, before an electron can be scattered 

€ perfeibt lattice it must occupy a level at the boundary of a zone, and 
the levd to which it can jump must be vacant. These conditions are 
not c^narily satisfied by an appreciable fraction of the conduction 
electrons. We shall see below that the scattering due to thermal vibra- 
ting may be regarded as the analogous coherent scattering by a lattice 

' ‘ W. V. Houston, Z, Physik, 48 , 449 (1928); Phu9. Em., 84 , 279 (1929). 

• I*. BtooE, Z, Pktiiky 556 (1928); 69 , 208 (1930). 
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which is periodically deformed by a vibrational wave, the distorted 
crystal behaving like a grating with a grating constant equal to the wave 
length of the lattice wave. Since this type of scattering is also limited 
by Laue conditions, a given vibrational mode can deflect a given electron 
only through deflnite angles'. It is generally assumed that the tempera- 
ture-independent scattering which gives rise to residual resistance is 
essentially incoherent, that is, that the scattering centers are arranged 
so haphazardly that they may be treated as though independent of one 
another. We shall discuss this in more detail in Sec. 130. 

We shall devote the rest of this section to a quantitative discussion 
of the scattering of electrons by lattice vibrations. All quantitative 
treatments of this topic have been simplified by means of the assumption 
that the electronic energy depends only upon k = \^kl + kl + fcj, 
the scalar wave number. This condition is closely satisfied in the 
monovalent metals, and thus the discussion of the present section should 
apply most nearly to them. 

The differences between the various treatments of the problem 
of electron scattering lie in the different assumptions that have been 
made regarding the interaction between the electrons and the lattice. 
Let us consider a simple monatomic metal containing N atoms and 
designate the equilibrium positions of the atoms by the variables 

r(p) = piti -t- p ^2 + psts (1) 

where the p are integers and the t are primitive translations. We shall 
designate the displacement of this atom from its equilibrium position by 
R(p). In the quadratic approximation, R may be expressed in the form 

*«>) - ® 

t,9 

[c/. Eq. (4), Sec. 118], where the a are the complex amplitudes and the ? 
are the unit polarization vectors of the normal modes, the d are the wave- 
number vectors, which extend over the N values in a single zone, and M 
is the atomic mass. Since each atom is a center of symmetry in our 
simple lattice and R(p) is real, the ? are real vectors and 

0((d) = 0((-d). 

As we have seen in Sec. 22 it is convenient to define real amplitudes 
a((d) in terms of the a by means of the equations 


«i(4) =• 

aj(-d) = 


0«(d) + ttt*(d) ' 

V2 ' 

o,(d) - Ot*(d) 

va 1 


( 3 ) 
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a. The Perturbing Potential . — In the earliest work on the quantum 
theory of conductivity by Bloch/ Brillouin^ and Bethe/ it was assumed, 
for convenience, that as the ions move the electronic charge is deformed 
in such a way that the potential of an electron at the point r' in the 
deformed lattice is the same as that at the point r in the undeformed one. 
Here r and r' are connected by the equation 

r' = r + R(r) (4) 

where R(r) is obtained from Eq. (2) by replacing r(p) by r. Thus, 

V,(T + R(r)) = F„(r) (5) 

in which Vn is the potential in the undeformed lattice and Fd is the per- 
turbed potential. In first approximation the perturbing potential 
5F(r) is 

5F = Fd(r) - Fn(r) = -R • grad Fn(r). (6) 

Nordheim^ objected to this assumption because he believed that 
the important part of the field is that near the ions which moves almost 
unchanged as the nuclei oscillate. For this reason, he suggested that 
the perturbing potential should be obtained by treating the lattice as 
though it were a system of rigid oscillating atoms. In this case, 

F(r) = ^v{t - [r(p) + R(p)]) 

P 

where v is the potential of an atom. Thus, the perturbing potential 
then is 


iV{t) = -XR(p) • grad «.(r - R(p)). (7) 

P 

The most satisfactory discussion of the potential has been given 
by Bardeen® who obtained it by a self-consistent field method. His 
result, which should be valid for the monovalent metals, is more nearly 
like Bloch's than like Nordheim's, the reason being that the volume of 
space near the ions in which the atomic potential t;(r) is large is so small 
that the ‘^rigid" part of the field actually can be neglected. We shall 
not discuss the derivation of Bardeen's results in full mathematical 
detail but refer the reader to the original paper. His final equation 
for the matrix components 5Fk,k' of the perturbing potential connecting 

^ BiiOCh, op. cit . . , 

* L. Brillouin, Quantenstatietik (Julius Springer, Berlin, 1931). 

*H. Bbthe, Handbuch der Phyaik XXIV/2 (1933). 

Nobdhbim, Ann. Phyaik^ 9, 607 (1931). 

» J. Babdebn, Phya. Rev., 62, 688 (1937). 
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+ K«)a<(d) cos 7<(d)5(k', k + d + Ka) (8) 

i,<r,a * 

in which the K# are principal vectors in the reciprocal lattice, Df(d + Ka) 
is a function of |d + Ka| alone, and 7 t(d) is the angle between d and 

We shall now discuss the manner in which the resistivity is related to 
the matrix components of the perturbing potential in the general one- 
electron case as well as that in which Eq. (8) is valid. 

h. The Selection Rules for Electronic Collisions . — It was seen in Sec^ 
43 that the probability that a perturbed system will change from a 
state of energy Ea to a state of energy E^ in time t is 



(9) 

{Ea — Efi)t 

2h 

(10) 


and Vafi is the matrix component of the perturbing potential connecting 
the two states: 


For sufficiently long times, we may replace by 


so that 


2Trh 

"T 


d{Ea — Efi) 


Pad = ^{VaA^KEa - E^), 


( 11 ) 


( 12 ) 


We shall apply these results to the problem of conductivity,' regarding 
the entire crystal as a single system. The unperturbed wave functions 
of this system "have the form [c/. Eqs. (2) and (11), Sec. 116] 

^r,a(2Jlj * * * > * * * > ?/) * * * t ^n)^ra(^l> > f/) 

where is the electronic wave function and Ara is the nuclear-coordinate 
wave function. In the present case, in which the harmonic approxima- 
tion is employed, the wave functions Ar« are 

o,t 

■^(“) — (“<(**))• 


( 13 ) 
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The a appearing in this equation are defined by Eqs. (3), and the X 
satisfy the harmonic-oscillator equation 

daj(d) 2T*i'J(d)aJ(d)Xn = Cni(d)Xm(d) (14) 

where 

€»«(») = [w«(d) + ■i]/iPt(d). (14a) 

It is assumed, of course, that the electronic wave function is a deter- 
minant of Bloch functions. Hence, the entire state of the system 
may be specified by the electronic wave numbers k, the electronic-spin 
quantum numbers, and the vibrational quantum numbers of the lattice. 
Since Bardeen^s perturbation potential discussed in part a is the sum of 
identical one-electron terms that are independent of spin, those matrix 
components connecting states in which spin quantum numbers differ, 
or in which more than one wave-number vector is different, vanish. 
The nonvanishing components connect states for which the changing 
wave number satisfies the condition^ 

k' = k 4“ d + (15) 

where k is its initial value and k' its final value [c/. Eq. (8)]. We must 
now find the matrix components of the quantity in the right-hand side 
of Eq. (8) for the nuclear-coordinate wave functions. This term involves 
the nuclear coordinates ai(d) thi^ough the function 

a*(d) cos 7i(d) (16) 

which appears as a coefficient of 2)i(d -f K«) in Eq. (8). The matrix 
components* of (16) vanish for all states except those in which nt(d) 
differs by an integer, because A (a) is a product of one-dimensional har- 
monic-oscillator functions. The nonvanishing components of (16) are 

[a«(d) cos 7*W]n,n' = w + 1) cos yt{6) + 

*^2 * n — 1) cos 7<(<l)* (17) 

We may summarize these results by saying that an electron may 
chrage its quantum number from k to k' in a single collision, where k 
and k' ‘ satisfy Eq. (16). This change must also satisfy the Pauli prin- 
ciple; &at is, the state k^ must be unoccupied. At the same time, one 
and only one of the three modes of vibration of given d may change 
its vibrational quantum number by unity. This quantum number may 

^ This relationship is essentially Lane’s equation for the diffraction of a wave of 
wave number k by a lattice having lattice constant l/lo*]. 
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decrease only if the initial value is 1 or greater than 1, that is, if the mode 
is initially in an excited state. Since energy must be conserved during 
this collision according to Eq. (12), k' and d must satisfy one of the 
relations 

.(k') = €(k±(d + K«))+Mcl),) 

6(k') = €(k ± (d + K«)) ~ hvM j ^ ^ 

It should be mentioned here that Peierls^ was the first person to point 
out that values of Ka different from zero should be considered in the 
preceding equations. As we shall see below, these additional terms 
make an appreciable contribution to the resistivity. 

The matrix component for a given change of state of the system is 
obtained by choosing the components of (8) for one of the three vibra- 
tional modes of given d and by using Eq. (17). When this matrix com- 
ponent is substituted in Eq. (12), we obtain the probability for the 
process 

k-^k', (19) 

nt(d) — ► nt(d) ± 1, 

all other quantum numbers remaining fixed. The total probability that 
an electron of given k is scattered in given time when the vibrational 
system is initially in the state specified by a given set of vibrational 
quantum numbers is obtained by summing the probability for an individ- 
ual process over all values of d, Ka, and t with the different alternatives 
in sign. 

For the purposes of the following discussion, we shall write the square 
of the matrix element of the perturbing potential connecting the elec- 
tronic states k and k + d + Ka and the vibrational states nt(d) and 
nt(d) + 1 or n<(d) — 1 in the form 

x.#,.+K.) ■{;;;<;> + * (20) 

where 

A,(k, d + K.) = |D.(<I + cos* ' (21) 

c. The Computation ofh — a for Temperatures above the Characteristic 
Temperature. — According to Eq. (9) and the preceding results, the 
total probability P(k, d + K«) that an electron in state k shall make a 
transition to another state k -f d + K« is 

d + K.) « 5jA(k, d + K«){[»((d) + l]«(«(k') - «(k) - hvt{i)) + 

n«(d)«(*(k') - .(k) + ftr,(d))} (22) 

' R. Pbisrls, Ann, Physikt 12, IM (1932), 
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where 


w(€) = 


4 siti^ 
£2 


(23) 


and 


= k -f- d + Kft. ^ 

It is assumed at this point that the state k' is unoccupied. We may 
conveniently note that hpt{^) is small compared with €(k) or 6(k') for the 
electrons near the top of the filled region since kOD, which corresponds 
to the maximum value of hvt{6)y is less than 0.05 ev for most metals, 
whereas eih) is at least 1 ev for all metals. This means that the elec- 
tronic energy is very nearly conserved during the collisions discussed 
in this part of the present section. Hence, as a practical approximation, 
we shall replace the co in (22) by w(€(k') — e(k)). As will be seen below, 
this approximation is justifiable as long as T is appreciably larger than 
0D. With this simplification, P(k, d -|- K«) becomes 


P(k, d + K.) = d + K,)[2«,(d) + l]a,(6(k') - *(k)) 

t 

- P(k,k + d -f K«)w(e(k') - e(k)). (22a) 

In a practical problem in which we know only that a metal is at 
temperature T, we arc not able to give the n<(d) in this equation particular 
integer values. Instead, we can know only the average values, which 
we shall assume are given by the equation 

«<(<*) = W 

Sec. 18). 

It was remarked above that Eq. (22a) gives the transition probability 
only when the state k' is unoccifpied. If /(k') is the probability that 
this state is occupied, the probability that it is not occupied is [1 — /(k')]* 
Under equilibrium conditions in the absence of an external field, we 
may assume that / has the value 

/"W “ TikT-W ’ (24) 

e ‘r + 1 

corresponding to Fermi-Dirac statistics. 

We may now compute the collision terms in Boltzmann's equation 
for statistical equilibrium. The total number of electrons per unit 
volume leaving a unit volume in k space per unit time because of collisions 
is 
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o = |J/(k)B(k,k')a.(t(k) - e(k'p[l -/(k')]p(k')dT(k') 

where p(k') is the density of levels at the point k' and the integration 
extends over those points in wave-number space for which the selection 
rules are satisfied. Similarly, the number of electrons per unit volume 
cHtering^the unit volume of k space because of collisions is 

h = |J/(k')B(k,k')o.(£(k) - t(k'))[l -/(k)]p(k')rfr(k'). 

Hence, 5 — a is 

•6 - a = |jB(k,k')<-(*(k') - *(k))(/(k')ll -/(k)] - 

/(k)[l -/(k')])p(k')dT(k'). (25) 

This evidently vanishes when /(k) has the form of Eq. (24). In the 
case in which there is an electrical field, we shall assume that / has the 
form 


/(k) = /o(k) + k^{k) (26) 

where p(k) is a small function that depends only upon €(k). This 
assumption evidently is equivalent to that of Eq. (la), Sec. 126. If 
(26) is substituted in Eq. (25) and only first-order terms are kept, it is 
found that 

b - 0 = ^ J B(k,k')«(*(k) - 6(k'))[fci!7(k') - fc^(k)]p(k')dT(k'). (27) 

We shall now integrate this under the assumption that 


and that, when |k| = |k'|, B(k,k') depends only upon |k| and the angle d 
between k and k'. Then, p(k') is a constant equal to 27, and 


dT(k') = k'^dk' sin i 

= (^^k'Hiik^) sin ddddtp 


where d and <p are the polar angles of the vector k' measured relative to 
k. Making use of the relations 



( 28 ) 
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we find 


^2ir » 

(kg ~ kg)d(p = 2wkg(l — cos 0), 

6 - a = - cos e) sin Ode 


where the integration extends over 6, 

Comparing this equation with the corresponding equation for Som- 
merfeld's theory [cf. Eq. (2), Sec. 126], namely, 


a = — 


VxVxiv)^ 


we may conclude by analogy that the mean free path I is 

ih “ - cos S‘» (29) 

since Vxx(v) is replaced by k^gie) in the present problem and since 

- 

" hdk 

Before this result can be substituted in Eq. (6) of the preceding sec- 
tion for the conductivity, it must be shown that k^g and VgX have the 
same form. In order to do so, we must solve Boltzmann’s equation 

(^f\ 


\d^/ drift 


= 6 — 0. 


In the Lorentz-Sommerfeld case, the solution of this is {cf. Sec. 31) 

VzX 

Now, in the present case, 

(A -- 

\dt/ drift 

We may assume that / is independent of x and may retain only the first 
part of (26) in the remaining term in (31). We obtain 

-= gEgd/o dc 
\d</ drift h &€ dkg 

Thus, the equation to be solved is 


V dVg 

(30) 

h didkg hdkgdx 

(31) 


( 32 ) 
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V - .Ejif , 


(3a) 


which is identical with Eq. (30) ; hence, we may use the value of l(k) given 
by Eq. (29) in all the equations of the Lorentz-Sommerfeld theory. 
Thus, the conductivity is 


It is sometimes convenient to write 
Eq. (34) in the form 




p = - = 


mv(ko) 1 
e^no l(ko) 



where p is the resistivity. When 
coupled with Eq. (29), this form shows 
clearly the way in which the resistivity 
depends upon the matrix components 
of the perturbing potential. 

d. The Numerical Computation of 
the High-temperature Conductivity . — 

We shall now outline the way in which Bardeen computed I /I. 
ing to the equations of parts h and c 


Fig. 1. — The relationship between k, 
k' and a + Ka» The center of the circle 
is at the origin of k space and the radius 
of the circle is |k| «» |k'|. The values 
over which a + Ka is integrated are 
given by the chords that connect k 
and k'. 


Accord- 


B(kX) = 2 T«(«»)[2n.W + 1]. (36) 


This must be substituted in Eq. (29), and the result must be integrated 
over 6. Before this can be done, it is necessary to investigate the depend- 
ence of d and Ka upon $. The relations between k, k', d, and Ea are 
given by the equations 


k' ~ k = d + K«, 

k'2 = k» =‘|k-hd-}-Ka|*, 


} 


(37) 


which show that the allowed values of d + K« are the chords of a sphere 
of radius |k| that pass through the point k (c/. Fig. 1). Moreover, each 
allowed value of d + K« satisfies this relation only once. The relation 
between {d + k«|- and 0, the angle between k and k', may be found by use 
of elementary geometry and is 


|d + K«| * 2fc sin g- 


(38) 
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Hence, all the terms of B(k,k') except and [2nt{6) + 1] depend 

up<wa $ alone. A part of the complication arising from the additional 
terms may be removed by assuming that 

vt(d) = Co- 

where c is independent of t and d. This relation is not rigorous since 
the velocity of vibrational waves usually depends upon wave number 
even in an isotropic solid. With this assumption, we may make use of 
the relation 

S cos^ 7f(d) = 1, 

which is valid because the three directions of polarization of lattice 
waves are orthogonal. We are then left only with the complication that 
part of the coefficients in the terms of B depend upon |d + Ka| and part 
depend upon |d|. As long as d + Ka lies in the first zone, is zero, 
so that these terms depend only upon |d|. Bardeen has pointed out that 
ld| is very near to its maximum in the monovalent metals when Ka is 
not zero. This fact can be made evident by observing that in monovalent 
metals the circle of radius 2ko in d + K* space, which determines the 
allowed values of d + Ka, usually is not close to points Ka other than 
the origin. Hence, we may replace Vf(d) by C(r« in those terms of B(kX) 
for which K® 9^ 0, This assumption evidently decreases the theoretical 
resistivity to some extent. 

As a further simplification, it may be assumed that the first zone of 
wave-number space is a sphere of radius 

= 2^JCo. 

The vector |d -f K«| extends outside this sphere whenever 

. ^ ^ 2 ^ 1 


or whenever 0 > 79®. 

Finally, it will be assumed that the temperature is so high that 



may be replaced by kTIhvt, 

With these assumptions, we have 


(39a) 
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when sin 6/2 < 2-1, and 


9cWilf ^ 


vhen sin 6/2 > 2-1, where 


and G{u) is a somewhat intricate function that may be derived in a 

straightforward manner from the coefficients Dt(6 + Ka) in Eq. (8). 

It should be observed that the value of 

5{k,k') for which sin 6/2 is less than 

2"l joins continuously with that for 

which sin 6/2 is greater than 2"1, since 


The function G^(w) which determines V 7 

the angular distribution of scattering, ^ 

decreases from a relative value of 1 
to a value of about 0.1 in the range 
extending from 0 = 0 to ^ = tt, as is 
shown in Fig. 2. Hence, collisions in 

•hich the electron is se.ttemi In the “ ‘ 

forward direction are most probable. 

Substituting the foregoing value of B(k,k') in Eq. (29), we obtain 

1 __ ^2w%T/dk\^ ^ 2 flO) 


where is defined by the equation 


GiuYuMu + 


p{uy‘^u>du 


Hence, if we use the relation Gb = hwm/k the conductivity is 


\dfcA-*.V T }C^ 


It should be observed that the effect of the relatively large value of 
t?(M) in the direction of forward scattering is partly compensated by the 
coeflacients of this function in the integrands of (41). Actually the 
second integral represents about 40 per cent of C®. A list of computed 
and observed values of the conductivity of a number of monovalent 
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metals is given in Table LXXVIL The important simplifying assump- 
tions made in deriving these values are that the electrons are perfectly 
free and that the lattice potential at the surface of the equivalent sphere 
(see Chap. X) is equal to €(0). These assumptions are most closely 
satisfied by sodium, for which the agreement between observed and 
calculated values is best. The theoretical values usually are larger 

Table LXXVIL — Comparison op Observed and Calculated Values op the 
Conductivity op Several Monovalent Metals at 0°C 
[These values are taken from the review article by J. Bardeen, Jour. Applied Phys., 
11, 88 (1940). In 10* ohm-cml 


Metal 

Observed 

Calculated 

Li 

11.8 

28 

Na 

23.4 

23 

K 

16.4 

20 

Rb 

8.6 

33 

Ca 

5.3 

22 

Cu 

64 

174 

Ag 

66 

143 

Au 

49 

142 


than the measured ones, a fact showing that the computed values of 1/1 
should be larger. Bardeen estimates that about 10 or 15 per cent of 
the difference is due to the fact that p is replaced by in the terms of B 
for which Ka is not zero. 

c. Other Computations . — Other workers have obtained results com- 
parable with Bardeen^s on the basis of somewhat different assumptions. 
We mentioned, for example, Bloch^s assumption of deformable ions and 
Nordheim's assumption of rigid ions in part a. The first of these leads 
to m equation similar to (42) in which the constant C is given by an 
expression different from (41) which involves the electronic potential 
in the undeformed lattice. Peterson and Nordheim^ have used the 
potential function for sodium, determined by the methods discussed in 
Chap. X, to compute Bloch’s C and have found that this value leads to a 
conductivity about three times smaller than the experimental value 
given in Table LXXVIL This fact indicates that the actual fluctuations 
in potential are less than those given by the deformable-atom picture, 
so that scattering is less. The rigid-ion picture is not very well founded, 
as We saw in part a, and has not actually been used as the basis for a 
quantitative computation. 

^ Peterson and Nordheim have proposed another method for determin- 
ilig the electron scattering in metals t^t is simpler, although less accurate 

^ E. L. PvmsoN and L. W. Nobdssiii, Phys . Rw ., SI, 8S6 (1987). 
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than Bardeen’s. They assume that the electronic wave functions have 
the form 

vvhere |xo|® varies inversely as the change in atomic volume, when the 
lattice is perturbed by a vibrational wave of wave number d. They 
then expand the perturbed wave function in terms of the unperturbed 
functions and compute the matrix components of the perturbing poten- 
tial from the coeflBcients. The value of the square of these components is 

(«r)v+. = ^V.WIS 

which may be used to compute l/iin a way similar to that discussed 
in the preceding section. Peterson and Nordheim neglect the terms for 
which Ka 7 ^ 0, and obtain 

T = 0.84 

€o 

for all metals. Although this result agrees within about 10 per cent with 
values of the same quantity computed by Bardeen, Bardeen points out 
that the neglect of terms for which K« 0 is a serious omission, for if 
they were included, the value of C/4 would be increased by a factor of 
the order 2. 

Mott and Jones ^ have developed another simplified method for treat- 
ing the resistivity at high temperatures. They compute the probability 
that an electron is scattered in a single polyhedron on the assumption 
that the fluctuations of potential within a given polyhedron may be 
handled as though independent of the fluctuations in other cells. The 
total scattering probability is then determined by adding the contribu- 
tions from each cell. TUs approximation is equivalent to assuming 
that the atoms have individual oscillation frequencies, as in the Einstein 
theory of specific heats, and is roughly valid as long as T is appreciably 
larger than the characteristic temperature. Since the scattering depends 
upon the square of the atomic amplitude, which varies as \/T» the 
ordinary linear temperature dependence of resistance is obtained very 
simply in this theory. 

/. Low Temperature.— -The first extensive investigation of the low- 
temperature conductivity was carried through by Bloch.* His work 
follows closely the procedure presented above for high temperature, 

^ N. P. Mott and H. Jonbs, The Theory of the PropeHiee of MeUOe and AUoye 
(Oxford University Press, New York, 1336). 

* P. Bloch, Z. Phyeik, W, 208 (1380). 
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although he made the additional simplifying assumptions that the 
scattering is isotropic and that the term for which Ka is not zero may be 
neglected. On the whole, his computation, which will not be presented 
here, is more intricate because the assumption that 

(o(€(k') - e(k) + hv) = co(c(k') - €(k)) 

may not be made at low temperatures. Bardeen has corrected Bloch’s 
results to conform to the use of his own interaction potential. This 
means, in principle, that he repeated the computation of parts a to 
c on the assumption that T is less than Bd. The results show that the 
ratio of the high-temperature conductivity 0-2 to the low-temperature 
conductivity ai is 



(43) 


where < < 0u < < T 2 . In other words, the results predict that 
the low-temperature conductivity should vary as T~^. This temperature 
dependence was also found by Bloch who derived the relation 


0-1 


“•"(li) 




(44) 


in place of (43). 

The physical origin of this T~^ law may be understood in the following 
way. If we schematize the collision process by saying that the electrons 
make collisions with the quanta of lattice vibrations, the mean free path 
should contain a factor \/T^ because the density of quanta varies as 

when T is well below the characteristic temperature. In addition, 
the collisions become less effective as the temperature decreases, for only 
the lattice waves of smaller wave number are excited. In fact, the mean 
wave number a is of the order of magnitude kT/hc at temperature T, 
where c is the acoustical velocity. Consider an electron that is travel- 
ing in the direction of the field and has wave number k. After a collision, 
its wave number is k -f- d, where d is the wave number of the quantum 
with which it has collided. Since d ranges over a sphere, the component 
of momentum in the direction of the field is not changed on the average 
by a factor of the order of magnitude d/k] instead, the change is of the 
order of magnitude Thus, the number of collisions required to 

stop the electron is of the order of magnitude which varies as 1/T^ 
whence the effective mean free path for stopping varies as 

1 _ 1 

If the atoms scattered the electrons independently at low temperatures. 
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as Mott and Jones in their simplified theory assumed that they do at 

— 

high temperatures, the density of quanta would decrease as e ^ with 
decreasing temperature, where vis & constant, and the resistance would 
decrease much more rapidly than T^. 

In this connection, Peierls^ has raised the objection to the low- 
temperature theory that thermal equilibrium is assumed without ade- 


quate proof. He points out that in the 
Bloch-Bardeen type of treatment the 
electrons make only small-angle collisions 
at low temperatures, at least in the 
monovalent metals, in which the top of 
the filled region is not near a zone 
boundary, and that the number of low- 
frequency quanta excited may not cor- 
respond to equilibrium. This objection 
has not yet been fully cleared. 

Extensive experimental work of 
Griineisen^ shows that the T~^ law is 
closely obeyed at low temperatures. It 
is not possible to distinguish between 
Eqs. (43) and (44), however, because 
the characteristic temperature cannot be 
fixed closely enough. Grlineisen has also 
found empirically that the reciprocal of 
the conductivity of many simple metals 



1 " 10 ® 100 ® 1 , 000 “ 
Absolute Temperature 


Fig. 3. — The electronic mean 
free path in silver as determined by 
equating the expression (6) of Sec. 
126 for the theoretical conductivity 
to Griineisen’s empirical function for 
silver. 


is given closely over a wide temperature range by the function 


e 

1 - Aom - <“> 

if the constants A and 0 are properly chosen (c/. Fig. 3). Usually, 0 is 
close to the characteristic temperature of the substance.' At high 
temperatures, this function approaches the value AT/4; at low tempera- 
tures, it approaches the value 124.4Ar^. Thus, according to this 
empirical relation, the ratio of the high-temperature conductivity to the 
low-temperature conductivity is the same as Bloch’s relation (44). 

It is probably well to bear in mind that the basis of the law is 
intimately connected with the validity of Debye’s T® law for specific 
heats. Since the apparent experimental verification of the latter at 
temperatures above 10®K is open to the criticisms discussed in Secs. 20 


^ R. Pbibbls, Ann, Phyaik, 4 , 121 (1930). 

* E. GrOnbisbn, Ann. Physik, 16, 530 (1933' 
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and 23, the experimental test of the f-* law is not so significant as it 
seems at first sight. 

g. Critique of the High-temperature Treatment of Conductivity . — Kret- 
schmann^ has pointed out that, in the preceding treatments of the theory 
of conductivity, the electronic states are described as though their 
energy were accurately defined to well within the limits of the changes in 
energy occurring during transitions. Since these changes are of the 
order of magnitude Apm, where Vm. is the maximum Debye frequency, he 
suggests this description can be accurate only if the perturbing effect 
of the lattice vibrations is much less than hvm* The effect of the lattice 
is measured by the mean time between collisions, namely, r = l/v where 
I is the mean free path and v is the mean velocity. At room temperature, 
I ^ 10"® cm in a good conductor and v 10^ cm/sec so that r 10“^^ sec. 
Hence, the condition that should be satisfied, if the perturbing effects are 
small compared with hv^i is that 

-<<hPm 

T 

or 

(46) 

Actually, the lattice frequencies are also of the order of magnitude 
10^* sec“^ 

Peierls* has suggested in this connection that Kretschmann’s criti- 
cism would be accurate only if the delta-function approximation of 
Eq. (12) had to be employed from the start. Actually, we have been 
able to use the form (9) of the perturbation equation until reaching 
Eq. (29) because the matrix component \Vafi\^ in (9) is a slowly varying 
function of the variable €. The condition under which the relation (29) 
is valid is that the integrand should vary slowly within the range of e 
in which «(€) has its peak. Since the g in (27), which are expressed in 
terms of the Fermi-Dirac distribution function, vary within a range kT 
near the edge of the filled region, it follows that we must have 

- (47) 

instead of (46). This is slightly less restrictive than Eretschmann’s 
ecmdition, although room temperature is a borderline temperature even 
for good conductors. 

' £. KamoBMANH, Z. Phyvtk, 87, 518 (1984); 88, 786 (1984). 

» R. P»iaBX 4 i, Z. Pkytik, 88, 786 (1984); ITiMiea Phy$, Ada, 7 (Sup.), 24 (19S4). 
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h. The Effect of Electronic Coupling, — Houston^ has suggested that 
the effects of electrostatic coupling between electrons which are disre- 
garded in using wave functions constructed of one-electron functions 
may appreciably alter the quantitative values of the computed conduc- 
tivity. He has pointed out, for example, that because of this coupling 
collisions may occur in which two or more electrons change their wave- 
number vectors at the same time. The wave-number vectors of indi- 
vidual electrons need not obey Eq. (15) in such collisions since this 
equation is replaced by one concerning the behavior of the total wave- 
number vectors of all electrons. In view of the excellent results Bardeen 
obtained for the theoretical conductivity in the case of sodium, it seems 
unlikely that Houston’s conclusions are important in the case of the 
simpler metals at ordinary temperatures; however, they are possibly 
important at low temperatures for establishing thermal equilibrium. 

128. Other Simple Metals. — We should not expect the equations 
developed in the preceding section to apply quantitatively to divalent 
metals in which the distribution of levels near the top of the filled band is 
different from that for perfectly free electrons as Manning’s results show 
(Sec. 99). In agreement with this, it is observed that the resistivity 
of these metals is about four times larger than the resistivity of the 
monovalent metals preceding them in the periodic chart, even though 
the former have twice as many electrons and nearly the same lattice 
parameters and characteristic temperatures as the latter. The increase 
in resistivity may be understood qualitatively from the fact that the 
effective number of free electrons, that is, the number in the energy 
range of width kT near the top of the band, is smaller in the divalent 
metals than in the monovalent metals, for these electrons alone transport 
the current. No quantitative computations of the resistivity have been 
carried out. 

Jones® has pointed out that the principle that accounts for the com- 
paratively high resistivity of the divalent metals should also apply to 
those metals, such as bismuth, which lie between ideal metallic and 
valence types, since they also have nearly filled zones. 

129. The Temperature-dependent Resistivity of the Transition- 
element Metals. — The resistivity of transition-element metals, such as 
iron, cobalt, and nickel, usually is higher than that of the simpler metals, 
such as copper, following them in the periodic chart and having nearly the 
same lattice parameters. We have seen in Chap. XIII that the transi- 
tion metals differ from the simpler metals by having unfilled d levels 
with the same energy as the lowest unoccupied s-p levels. Since the 

levels in transition-element metals are very nearly the same as those 

‘ W. V, Houston, Phy 9 . Rev., 56, 1266 (1939). 

• H. Jonhs, Proc, Roy. Soc., 147, 396 (1934). See also Mott and Jones, op. eU. 
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in the simple metals which follow, the resistivity arising from transitions 
of the conduction electrons between s-p levels should be nearly alike 
in the two cases. Mott^ was the first to suggest that the s-p electrons 
are principally responsible for the current in transition metals and that 
the additional transitions from s-p levels to the unfilled d levels accounts 
for most of the additional resistivity. As proof of the first of these 
suggestions, it is usually pointed out that the conductivity of any single 

band of electrons may be placed in 
the form 



rioe^ 


( 1 ) 


Fig. 4. — The relative positions of the « 
and d levels in the transition metals [cf. 
Eqs. (1) and (2)], The dotted line repre- 
sents the top of the filled region. 


[c/. Eq. (6), Sec. 126] where 
T = l/v{4) 

is the collision time and wi* is the 
effective mass of the electrons in 
the band. Since m* for d-shell 
electrons is much larger than the 
electronic mass, it is assumed that 
(1) is small in comparison with the 
Mott developed a simple mathe- 


conductivity of the s-p electrons, 
matical theory of the scattering of s-p electrons arising from transi- 
tions to the d band; however, Wilson^ has since given a more extensive 
treatment, which we shall discuss here. 

Wilson assumed that the energy states in both the s-p bands and 
the d bands may be treated with the Bloch approximation and that the 
energy in each band is a quadratic function of the wave number in the 
reduced-zone scheme. The e(k) curves for the two overlapping bands 
then appear as in Fig. 4. We shall select the zero of energy so that the 
energy c,(k) of the s-p electrons is 




and the energy ed(k) of the d levels is 
«<i(k) 


A - 

2ma 


( 2 ) 


( 3 ) 


where w, and are the effective electron masses in the two bands. 

In the one-electron approximation, the selection rules for transitions 
fl^m the s-p band to the d band should be the same as those derived in 

1 N. F. Mott, Proc. Phys. Soc., 47, 671 (1935); Proc. Roy. Soc., 168, 699 (1936), 
166, 368 (1936). 

• A, H. Wilson, Proc. Roy. Soc., 167, 680 (1938). 



637 


Sec. 129 ] THEORY OF CONDUCTIVITY 

Sec. 127 for transitions between levels of the s-p band, namely, 

k' - k = d + Ka, (4) 

€(k') = €(k) ± hvt{6), (5) 

where k is the wave number of the initial state, k' is that of the final 
state, d is the wave number of the vibrational mode causing the transition, 
and K« is a principal vector in the inverse lattice. 

We may treat separately the contributions to the resistivity from 
the collisions in which the s-p electrons jump to s-p levels and those in 
which they jump to d levels, since we are dealing with a one-electron 
approximation. The first contribution was discussed in Sec. 127 for 
the monovalent metals. The result for the present case should differ 
from the result found there only in the fact that ko should be replaced 
by a value appropriate for the s-p levels in the transition metals. Since 
there is 0.6 free electron per atom in nickel, for example, we have 



where no is the number of atoms per unit volume. If this is substituted 
in the equations of Sec. 127, it is found that the resistivity increases by a 
factor (0.6)“^ compared with the resistivity for a monovalent metal. 

Wilson developed an expression for the additional resistivity that is 
valid for both high and low temperatures, using simplifying assumptions 
which will now be outlined. Let us assume that the lattice frequencies 
are distributed according to the Debye theory and that the longitudinal 
and transverse modes have the same value of j'(d). The probability 
for a transition in time t to a vacant state in the s-p band from one in the 
d band then is 

^ /[n(d) + lM6.(k')-€,(k)-M*J)) (7a) 

^2Tvi6) ■ \n{6Me,{k') ~ e„(k) hv{6)) (76) 

where c^d is a function of k and k' that is equivalent to 2wvti6)/h 
times the quantity A«(k,k') appearing in Eq. (20), Sec. 127. Case (7a) 
corresponds to a collision in which the vibrational mode of wave number d 
gains a quantum, and (76) to one in which it loses a quantum. The 
probabilities for the reverse transitions are 

^ jn(d)a>(ed(k') - «,(k) - AxW) 

■ \[n(d) + l]a,(e.(k') - €.(k) + hv{.«)) 

As we remarked in part e, Sec. 127, the approximation 

, <d(6d(k') - *.(k) ± AK<»)) = - «.«) 


( 8 ) 
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may be employed at high temperatures but not at low temperatures. 
If we designate the electronic distribution functions for the levels of the 
B and d bands by /, and fdj we obtain the following expression for the 
contribution to the collision terms from the s-p to d transitions: 

«(€d(k') - *.(k) - hy{d)) + |n(d)/.(l -U) - [«((!) + -/.)) 

«(6i(i') - «.(k) + AK«»)))p(k')rfr(k') (9) 


where the integration extends over the values of k' satisfying Eq. (4). 
Wilson integrated this under the following assumptions. 



Fig. 6. — The relationship between Ajoti 
ku and <r + Ka in the case of the transition 
metal The outer circle is the boundary of 
the filled region in the 9~p band, whereas the 
inner circle is the boundary in the d band, 
Fig. 3). These circles usually should 
not coincide. The vector <r + Ka joins kd 
and ki» so that its minimum value is 

|ko.| - M. 


0 . ad is a constant. This is 
equivalent to assuming isotropic 
scattering. 

b. f, and fd may be placed in the 
form 


/# fo,$ “h «(k))> 

fd = hd + A:*fifd(ed(k)), 



where /o.# and faj are the Fermi- 
Dirac distribution functions for the 
field free problem and the g are 
comparatively small functions. 

c. The functions g in (10) have 
the form 


git) = C(e)|- 

This functional form was also as- 
sumed in the cases discussed in Sec. 
127. 


d. The values of n(d) are given by the equation 


n(d) * 


1 

6*^-1 


As in Sec. 127, it is convenient to integrate over the values of the 
vector 4 + Ka instead of the values of k' ; there is, however, an important 
difference between the present and preceding csees. In the preceding 
eiim, the values of d + ranged over a sphere of radius h that {passed 
the origin {cf. Fig. 1). Hence, the range of \4 + K«| ext^ded 
tma lero to In the present ease, however, the values fco« and had 
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of the wave number of the electrons at the limit of the filled regions in 
the « and d zones should usually be different, so that the vectors + Ka 
should range over a sphere of radius ku that is centered at a point A;©# 
(c/. Fig. 5). This sphere evidently will not pass through the origin, 
unless by accident. Since the lowest value of |d + Ka| in the integration 
is \ko, — A;od|, the vibrational modes of longest wave length usually do 
not play a role in scattering electrons between the s-p and d bands. 
Only these modes are active at sufl5ciently low temperatures, however, 
whence the resistance arising from the s-p- to d-band transitions should 
drop to zero at low temperatures much more rapidly than the resistance 
arising from s-p- to s-p-band jumps. 

Wilson^s result for the resistivity arising from the s-p- to d-band 
transitions at temperature T is 



2m,mdp 



zHz 

(e‘ - 1)(1 - e-‘) 


( 11 ) 


where 0 d is the characteristic temperature. 


e' = 

2 to >' 


P.d = 


'S V 


and kQ' is the energy of the lowest vibrational frequency that scatters 
electrons between the s-p and d bands, that is. 


A/0 ”■ ^jAfot Ajodje 


where c is the velocity of the elastic waves. The o in the denominator of 
P.d is the lattice parameter. 

At high temperatures, Eq. (11) approaches the value 


m,md 

rioeW^ 



which has the linear temperature-dependence characteristic of the transi- 
tions within the s-p band. At low temperatures, however, Eq, (11) 
approaches zero as 


e' 


e 




The only extensive measurement of low-temperature resistance seems 
to be for platinum, which does not show the anomaly one would expect 
if an appreciable part of its resistivity were described by Eq. (11). 
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De Haas and de Boer/ who made the measurements, found that the 
resistivity p can be fitted by the function 

p = + 1.5 • 10-»por' (12) 

where po is the room-temperature resistivity, and is a Griineisen func- 
tion [cf. Eq. (45), Sec. 127]. An interpretation of the term in is given 
below. There are several reasonable explanations of the fact that a 
part of the resistance does not obey Eq. (11). (a) It is possible that 0' 

is accidentally very small for platinum and that the experiments are not 
accurate enough to distinguish between a contribution to the resistivity 
of the form 0(6/ T) and one of the form of Eq. (11) with 0' = 0. (6) 

It is possible that the d-shell electrons should not be treated by the 
Bloch theory, so that the selection rule (4) is not applicable in the present 
case, (c) It is possible that the s-p- to d-band transitions actually are 
negligibly small and that the resistance may be explained by extension 
of the theory of Sec. 127. (d) It is possible that the e(k) relation for the 
d electrons is so different from the free-electron relation (3) that there 
are many directions in k space for which kos and kod are equal. In this 
case, the very long lattice waves would always play a role, and the 
d-shell resistivity would not decrease so rapidly as an exponential function 
with decreasing temperature. This problem can be settled only on the 
basis of more extensive work. 

Baber^ has interpreted the term in Eq. (12) that varies as in 
terms of an enhancement of the transitions between s-p levels due to 
the presence of the holes in the d band. If the holes were rigidly fixed, 
they would behave like impurity atoms and would give rise to a tem- 
perature-independent scattering. If the band approximation may be 
used, however, the holes are also able to move and should also be scat- 
tered. Since they must obey the Pauli principle during these transitions 
and since the way in which the levels are occupied is temperature-depend- 
ent, the resistivity turns out to be temperature-dependent. Baber 
assumed that the interaction potential of an electron and a hole has the 
form* 


F(r) = 

T 

and showed that the observed term in platinum may be derived by 
the use of reasonable numerical values of q. 

' ^ W. J. DE Haas and J. H. de Boer, Physica, 1, 609 (1934). 

* W. G. Baber, Proc. Roy, Soc.^ 168, 383 (1937). 

• The reason for using this potential is discussed in the next section. 
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130. Residual Resistance. The Resistivity of Alloys’^.—Nordheim^ 

was the first to point out that the residual resistance of nonsupercon- 
ducting metals probably is due to the scattering of electrons by lattice 
imperfections such as impurity atoms and flaws. This qualitative 
explanation agrees very well with the fact that the residual resistance 
of a specimen depends upon its previous history. If Qi is the cross 
section for scattering by a given kind of imperfection, such as an impurity 
atom, and rii is the density of imperfections, the mean free path k for 
scattering by these imperfections is given by the equation 

I = n,Q,. ( 1 ) 


Thus, according to Eq. (6), Sec. 126, the residual resistance p» due to 
this type of imperfection is 


Pi 




( 2 ) 


which is temperature-independent. If Q^ is about lO'^^cm^, which 
is a customary atomic cross section, and if n is 10^*^ cm“'^, which is the 
concentration of impurities in a reasonably pure specimen of metal, li is 
of the order O.I cm. The mean free path for the scattering due to lattice 
vibrations, which was discussed in the previous sections, approaches this 
value at temperatures near 15®K in a good conductor such as silver. 

In a sense, a disordered alloy may be viewed as a metal in which the 
impurity content is very high. Hence, if Nordheim’s picture is correct, it 
should be possible to compute the contribution to the resistance of alloys 
from the disordered atoms by a method similar to that used above in 
estimating the residual resistance. We shall discuss this resistance on 
the basis of a procedure developed by Nordheim. 

It is known from the discussion of Sec. 127 that the quantities deter- 
mining the resistance are the squares of the matrix components of 
potential connecting electronic states. We shall assume for simplicity 
that the potential V may be written as the sum of potential terms 
arising from each atom: 


F = - r(p)) (3) 

P 

where Vp(T — r(p)) is the potential of the atom at the position r(p). 
We shall also assume that Vp is zero outside the pth cell. The matrix 
components of V then are 

Vk,v = (4) 


^ Nobdhbim, op. cU, 
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The integrand in the pth term in this series is finite only in the pth cell; 
moreover, the origin of each integrand may be shifted in such a way 
that it falls at r(p). Thus, the series may be written in the form 

Fk*« - (6) 

P 

where 

/p.kk' = ;^*(r)i;p(r)^f'k'(r)dr, (6) 

in which the integration extends over the cell centered at r = 0. We 
shall retain the index p because Vp varies from cell to cell if there is more 
than one kind of ion present. The square of the absolute value of (6) is 

Q,P 

Let us suppose that there are s kinds of atom in the alloy and that 
the fraction of the fth kind is p*. Then, the mean value of fp,vk' is 

« 

/kk' ~ '^Pifi.kk^ (8) 

• -1 

where /<,kk^ is the value of the integral (6) for the fth kind of atom. If 
we use this mean value of /j),kk' in place of the /p,kk' in Eq. (5), the sum 
vanishes since 


2je2«*(k'-k)4r(a)-r(p)l 

P,Q 

is zero, if k' — k is not a principal vector in the reciprocal lattice. This 
result is not surprising, for the case in which /p,kk' is independent of p is 
that of a perfect lattice, in which electrons are scattered only as a result 
of Bragg reflection or thermal oscillations. With this in mind, Nord- 
hmm assumed that the contribution to the effective squared matrix 
component from the pth atom is the difference of |/p,kk'|® and the square 
of the mean value l/tt'l*. Although this difference is negative for an 
atom for which |/p,kk'|® is less than average, the square of the total 
^active matrix component, namely, 

- n(|/p,kk'|® - |/kr|*), (9) 

is pomtive. Hem, 

y: l/pjdr'l® * (W) 

i 

and ft Is the total number of atoms. The use d Eq. (9) is equivalent to 
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assuming that the part of the atomic scattering that is greater or less 
than the average is incoherent. This evidently can be true only if the 
alloy has no secondary long-distance order, such as can occur in j8 brass. 

Let us consider a case in which the alloy contains two kinds of atom, 
A and By and designate the fraction of A atoms by x. For simplicity we 
shall consider a unit volume. The value of the quantity (9) then is 

nx{l - a;)(/a.kk' “AkkO^* (li) 

This function, which is the analogue of the function B(k, d + Bla) 
appearing in the theory of lattice vibrational scattering, leads to the 
equation 

Y = klnx(l — a;) ~ /b,kkOHl cos B) sin BdB (12) 

if we assume that (11) depends only upon 6. If, in addition, we assume 
that the scattering is isotropic, and that {dk/dt)^ = m/h%Qy we obtain 

1 32tW vv- . w 

j- = —j^nx{l - x)(/a,kk' fb,k3tr 

We shall place this equation in the form 

= na:(l - x)Q' (13) 


where the quantity 




32ir®m* 

h* 


(/a,kk' ~ /b.kkO* 


is the atomic cross section. 

The resistivity pi, that is associated with this type of scattering, then is 

Pi = ^Q'xa -x) = 0'*(1 - *)• (14) 

Thus, Nordheim^s theory predicts that the temperature-independent 
part of the resistivity of a disordered solid solution should vary with 
concentration as x(x — 1), This prediction has been checked in the 
silver-gold system. It is found that the experimental values of the 
additional resistivity can be fitted closely by Eq. (14) with 

0' = 0.636 • 10-“ cm*. 

Computed and observed values of pi are listed in Table LXXVIII. 

« As we mentioned previously, Eq. (14) is not valid in a range of 
concentaration in which the alloy has an ordered phase for then more of 
the scattering is coherent than is assumed in using Eq. (9). Suppose, 
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for example, that the lattice sites of the two-component alloy can be 
divided into two sets, namely, a sites, which are occupied by A atoms 
alone in the perfectly ordered alloy, and h sites, which are occupied by B 
atoms alone in the same phase. The a sites and the. 6 sites may then be 
regarded as independent lattices when the temperature-independent 
resistivity is computed. We know from our previous result that the 
incoherent scattering is zero when each kind of site is occupied by only 
one type of atom. Hence, the Nordheim type of resistivity of the 
perfectly ordered lattice is zero. In a partly ordered state in which 
there are some B atoms in a sites and some A atoms in b sites and in 
which there still is a difference between a and b sites, the scattering by 
the atoms in the two latti ces m ay be computed separately by the use of 
Eq. (9), the mean values /o,kk' and fb,kk' evidently being the appropriate 
matrix components to use in each case. When the long-distance order 
vanishes, the a and b sites become identical and Eq. (14) is again valid. 


Table LXXVIII 



0.01 

0.025 

0.316 

0.629 

p', (obs) X 10* 

0.35 

0 86 

7.3 

8.2 

p, (calc) X 10« 

0.35 

0.88 

7.6 

8.2 


The topic of the resistivity in disordered and ordered alloys has been 
considered in a high degree of detail on the basis of the Bragg-Williams 
theory by Muto,^ who found that the resistivity arising from disordering 
should depend on the long-distance order parameter 0 in accordance with 
the equation 


Po .4 -f- BO CO^ 

in which 4, 5, and C are temperature-dependent. Muto has shown that 
this relation is in reasonable agreement with experiment in several 
interesting cases. 

Mott® has used an extended form of Nordheim^s theory to discuss 
the resistivity of substitutional alloys of copper (c/. Figs. 45 and 49, Chap. 
I). Let us suppose that an atom having Z + 1 electrons outside closed 
shells is placed in a monovalent metal. In the immediate vicinity of the 
foreign atom and outside its closed shells, we may expect the potential 
to be larger than that at the corresponding position near the monovalent 
atom by an amount 

r ^ 

» T. Mtjto, Sci, Papm, Inst Phys. Chem. Res., 80, 99 (1936); 81, 153 (1937). 

*.N. F. Mott, Proc. Cambridge PhU. Soc., 88, Ml, 1936. 
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where r is the distance from the nucleus. The valence electrons will 
swarm around the more highly charged ion preferentially, however, so 
that we may expect the difference in potential to vanish for large values 
of r. Mott assumed that the actual difference varies as 


Ze^ 




r 


(15) 


where ^ is a constant, l/q being the mean radius of the swarm of valence- 
electrons. The function (15) evidently is an explicit form for the part 
of the atomic potential that gives rise to incoherent scattering in Nord- 
heim’s theory. Using this function and assuming that the electrons 
are nearly free, Mott found that the increase in resistance per atom 
per cent of the foreign atom is 

'’“ = TSo(S)h('+^)-aT^] 

where 

^ qV 

and V is the electron velocity. This result explains qualitatively the 
curves shown in Fig. 49, Chap, I. If the foreign atom is a nontransition 
atom and if the atomic radii are nearly the same, as is true for the atoms 
that form good solid solutions when mixed, we should expect ^ to be a 
constant so that po should increase as It may be seen that the two 
curves in Fig. 49 are very nearly parabolic on the positive side of the 
origin. The value of 1/^ in this case is of the order of magnitude 0.3 A. 
The points obtained by adding transition metals to copper and silver also 
lie very nearly on parabolas, suggesting that the potential (15) may be 
used for negative values of Z, which correspond to the number of holes 
in the transition-element atoms relative to the monovalent atoms. 

131. Superconductivity. — Superconductivity, which was discussed 
very briefly in Chap. I, has developed theoretically in two directions. 
(1) There has been a phenomenological development in which the 
observed properties of superconductors are discussed in terms of the 
functions of thermodynamics and of Maxwell’s equations. (2) There 
has been a very rudimentary treatment in terms of the electron theory 
of solids. 

The first development, which is surveyed extensively in a tract by 
London,^ leads to the conclusion that, in addition to having a high 
electrical conductivity, a superconductor is a medium in which the 

^ F. London, Une conception nouvelle de la supra-conductahilitS, actualiUa acientifiques 
et induatridlea (Hermann et Cie., Paris, 1937). 
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magnetic flux is zero, a fact implying a very large diamagnetism. More- 
over, the entropy associated with the superconducting state is abnor- 
mally low compared with the entropy of a metal in its normal state. 
Although the unique magnetic characteristics of superconductors are 
not so spectacular as the electrical properties, their theoretical significance 
is no less important. The reader is referred to London’s article for a 
detailed discussion of this t 3 rpe of work. 

The development along the lines of the electron theory of solids is due 
principally to Slater^ and is still in only the most qualitative stage. 
Slater has suggested that the levels of the entire metal (see Secs. 66 and 
98) become discrete, or at least possess extremely low density, at the 
bottom of the spectrum. In essence, the levels in this region are to be 
regarded as the residues of the excitation states that occur in the atomic 
approximation when the atoms of the metal are widely separated. 
Because of the strong perturbations, however, they cannot be described 
in terms of ordinary exciton theory. Instead, Slater would regard them 
as possessing extremely intricate wave functions corresponding to a 
blend of many exciton states, so that the electrons in a comparatively 
large region of the metal are intimately correlated. Thus, in a schematic 
way. Slater regards the metal, when in one of these lower states, as an 
aggregate of very large molecular units extending over one hundred or 
more atomic distances and having discrete levels that are very finely 
spaced, but not so finely spaced as they would be if the units were as 
large as the entire specimen of metal. Being large compared with ordi- 
nary molecules, these units should have a large diamagnetism, and 
Slater suggests that their properties are basically those of a supercon- 
ductor; hence, he would regard the low-lying low-density levels of the 
entire metal as the superconducting states. The system can occupy 
these levels only at temperatures near absolute zero since they have very 
low statistical weights and are favored only by their low energy. For 
the reasons discussed in Chap. XIV, we may expect the system to jump 
to states of higher energy and higher entropy at temperatures above 
absolute zero, the transition taking the form of one of the three possible 
types of phase change. The most probable high-entropy states are, of 
course, those described in the band approximation, in which the metal 
hap normal properties. Presumably, these states differ from the low- 
entropy ones principally in the fact that the pseudbmolecular structure 
responsible for superconductivity has melted; that is, the electronic 
moticms are no longer correlated over many atomic distances, but only 
OTW a few, as in the approximations developed m preceding chapters. 

precise form of the change from the superconducting to the ordinary 
state depends upon the density of levels of the entire solid in the rei^on 
‘ J. a Slatto, # 1 , 195 (leST); IS, 214 (1987). 
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between the two types of level, and the theory has not developed to a 
point where this may be predicted. Experiment shows that the phase 
change is of the second kind, in which there is a discontinuity in specific 
heat, but no latent heat. 

The diflSiculties that stand in the way of a quantitative test of any 
electronic theory of superconductivity obviously arise from the difiiculties 
of handling wave functions for the entire solid in a degree of approxima- 
tion sufficiently high to include states of the type discussed by Slater. 
There seems little likelihood that these difficulties will be surmounted in 
the immediate future. 

B. IONIC CONDUCTIVITY 

132. General Principles. — It is believed at present that the ionic 
conductivity of solids is closely connected with the type of lattice imper- 
fections that occur in pure semi-conductors. This idea was first sug- 
gested by Frenkel^ and has been substantiated by subsequent work, 
the most thorough investigation of the possible types of lattice defect 
having been made by Schottky and Wagner. ^ We shall begin by dis- 
cussing their work. 

Let us consider a crystal of composition MX, such as a monovalent 
metal halide or an alkaline-earth oxide or sulfide. If the crystal is 
entirely perfect in its equilibrium state, a volume ionic conductivity is 
found only if positive or negative ions leave their normal sites and 
wander in the lattice because of the influence of the field. In this case, 
the crystal lattice would develop imperfections as an effect of the field. 
It is evident, however, that a very large field would be required to 
dislodge an ion from its normal position, for the potential energy of an 
ion varies by an amount of the order of magnitude of 1 volt in an inter- 
atomic distance. Thus, a field of millions of volts per centimeter would be 
required to induce a current. Hence, it is necessary to assume that 
the ions carrying the volume ionic current are wandering before the 
field is applied and that the field simply disturbs the statistical dis- 
tribution of motion. 

There are two ways in which ions may move through the crystal 
(c/. Fig. 6). (1) They may move through interstitial positions which 
are unoccupied in the perfect crystal. (2) They may move by jumping 
into vacant sites. In the second case, it is common to say that the 
vacancies move through the lattice and carry the. current. Specific 
examples of crystals in which these types of conductivity occur are 
discussed below. 

^ J. Pbinol, Z. Phytikf 86, 662 (1926). 

• C. Waonib and W. Schottky, Z, pkysik, Chem.f Bll, 163 (1980)i 0. WaONl^ 
C^., Bodenstrin Fest., 177 (1981); B88, 181 #. (1988), 
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In order to derive an equation for the conductivity of the interstitial 
ions or the vacancies, we shall employ the same model of the flow process 
that was used in the derivation of the equation for the jump frequency of 
diffusing atoms in Sec. 122. According to this work, the probability 
per unit time that the interstitial atom or the vacancy will jump in one 
of the a directions, in which there is a saddle point of height 6„ is 


V 


a hV. 


(1) 


in the absence of an electrostatic field. Here, v, is the vibration frequency 
in the two directions in the saddle point that are normal to the direction 
of flow. We shall treat a simple model in which there are six saddle 
points of energy €«, which lie along the six axial directions relative to 
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(01) (b) 

Fig. 6. — Schematic representation of the two modes of ionic motion. In (o) the interstitial 
ions © diffuse through the interstitial sites. In (6) the ions move via the vacancies Q. 


the equilibrium point. Let us now assume that there is an electrostatic 
field of intensity E in the x direction. The saddle point lying in the 
direction of the field relative to a given equilibrium position is lowered 
by an amount Eed/2 where 5/2 is the distance between the equilibrium 
position and the saddle point and e is the charge on the ion or vacancy. 
Hence, the jump frequency for this barrier is changed to 


. ^ 1 {kTY ^JL M 

kTe2kT. 


a hh] 


( 2 ) 


The saddle point in the opposite direction is raised by the same amount 
so that^the jump frequency in the backward direction is 


1 «* 


a hhl ; 

Thus, the excess probability for jumping in the field direction is 

EeS 


fp ~ re” = f 2 sinh 


2kT 


( 3 ) 


( 4 ) 
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We shall be interested in fields so weak that EeJ < < hT, in which case 



(5) 


Since the electrical polarization associated with each favorable jump is 
eS, the current i per unit area is 


i 


.Ee^^ 

kT 


( 6 ) 


where n is the number of interstitial ions or vacancies per unit volume, 
Thus, the contribution tr to the conductivity from this flow is 

<’ ( 7 ) 

The conductivity and ionic mobility are related by the equation 


whence 


<T = nen 



( 8 ) 

( 9 ) 


Equation (7) may be compared with the similar equation derived by 
Lorentz on the basis of a free-particle model, namely, 


em 


( 10 ) 


[cf. Eq. (5), Sec. 126.] Here, v = iy/kT/2TrMy I is the mean free path, 
and Uf is the density of free ions. Equations (7) and (10) are formally 
equivalent if we make the correspondence 





nvb. 


If more than one kind of interstitial ion or vacancy is present in the 
lattice, the total ionic conductivity may be obtained by adding together 
the contributions of type (7) from each kind of ion. 

The temperature dependence of n in Eq. (7) is determined by the 
particular way in which the lattice defects occur. We have discussed 
two types of defect in Sec. 110, namely, those which occur in the alkali 
halides and those which occur in zinc oxide and zinc sulfide. In the 
first case, it is believed that the metal-ion lattice and the halogen-ion 
lattice have equal numbers of vacancies so that the number of vacancies 
of a given kind is 

n = Ne~ikT 


( 11 ) 
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when the crystal is in thermal equilibrium. Here, c'' is the ^ergy 
required to take an alkali-metal ion and a halogen ion from the interior 
to the surface of the crystal, and N is the total number of ions of a given 
kind. In the second case, it is believed that oxygen and sulfur atoms, 
respectively, evaporate and the excess metal atoms diffuse into the 
interstices of the crystal. The number of interstitial atoms in this case is 

n = Nor^B^e'~kf (12) 

where c" is the energy required to produce an interstitial zinc atom and 
an oxygen atom, the latter being bound to another to form a molecule 
in the vapor phase. These two cases do not exhaust the possible types. 
Schottky and Wagner have pointed out that there are in all the following 
three independent types. 

ABABA ABABA 

B 

baqab BABAB 

B 

ABABA ABABA 

B 

□ ABAB BABAB 

B 

A B A P A I [ABABA 

(a) (b) (c) 

Flo. 7. — The three types of lattice defects. In (a) some of the B> atoms have moved to 
interstitial places leaving vacancies. (6) B atoms have evaporated leaving vacancies in 
the lattice. There are no interstitial atoms. In the alkali halides there are equal numbers 
of A and B vacancies. An excess of one type or the other may be obtained, however, by 
heating the crystal in an appropriate vapor, (e) A fraction of the A atoms have evaporated 
from the surface leaving an excess of B atoms which diffuse into interstitial positions. 

I (cf. Fig. 7a). There are interstitial M or X ions (or atoms) and 
there are in each of these cases an equal number of vacant M or X sites, 
respectively. If ne is the energy required to remove n ions of a given 
kind to form n vacancies and n interstitial ions and if —2kTn log (n/N) 
is the entropy gained in doing so, the equilibrium value of n/ AT is 

J = (13) 

where N. is the total number of ions of the given kind. 

Ilq (cf. Fig. 76). Some M or X atoms evaporate, leaving an equal 
numW of vacancies in M or X sites. Since the evaporating atoms 
must be neutral, there is an excess or a deficit of electrons in these two 
leases. These electrons or holes should reside near the vacancies in the 
Ipfest energy state. This case is similar to I, the difference being that 
ttiere are no interstitial atoms in the lattice in the present case. 


A B A,,.0 A 
B- 

BABAB 
A cr A B A 
B A B A ,ja 
ABABA 
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II6. We may classify separately the case in which the positive and 
negative ions leave in equal numbers. This ordinarily occurs in the 
alkali halides, for which the equilibrium value of n is given by an equa- 
tion of the type (11). 

Ill (c/. Fig. 7c). A fraction of one of the constituents may evaporate, 
leaving an excess of the other in interstitial sites. Zinc oxide and zinc 
sulfide, which were mentioned above, belong to this class. 

We might expect that the deviations of type I and III, which involve 
interstitial atoms, should occur primarily in lattices that have large 
interstitial spaces, such as the zincblende and wurtzite structures, which 
have low coordination numbers. 

Jost^ has investigated the relative probability of case I and case II6 
for crystals having the sodium chloride structure, in which the interst- 
itial spaces are comparatively small. If the values of n and e" in the two 
cases are distinguished by subscripts I and II, we have from Eqs. (11) and 
(13) 


2l 

Hn 


UHL 

f2kT 




(14) 


Let us compute the difference e{' — €n on the assumption that the inter- 
ionic distances near a vacancy or near an interstitial ion are the same as 
for a perfect crystal. For simplicity, it may be assumed that the repul- 
sive potential between ions varies as 6/r" where n 9. The energy of 
an ion in a normal site then is (Sec. 11) 

and the energy necessary to remove both a positive and a negative ion 
completely from the lattice is twice the negative of this. If, however, 
the ions are brought only to the surface, the energy should be — 2€ minus 
the energy required to remove a positive and a negative ion from the 
surface, which is just the heat of sublimation per molecule. Hence, 
in the present approximation, 

eg = (16) 

The electrostatic energy of an interstitial ion in an undistorted sodium 
chloride lattice is zero because the relationship between the distribution 
of positive and negative ions is a symmetrical one. The distance between 

^ W. JoBT, J(mr, Chem, PhyB., 1, 466 (1933); Z. physik. Chern,, Aie9, 129 (1934); 
Pkysik, Z,t 86| 757 (1935). See also Diffusion und chemische ReakHones in fstien 
Stoffen (J. Steinkopf, Leipsig, 1937). 
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the center of the interstitial-ion site and the centers of the neighboring 
ions is a\/3/2, whence the repulsive energy for the interstitial atom is 


€r 


1.74-^ 



2 

3 


where the factor f enters because there are only four neighboring halogen 
ions instead of six, as for an ordinary ion. Hence, 

er = -€ + 

and 

6i" - ej; = 6 ,. (17) 


This difference is of the order of magnitude 1 ev for the alkali halides so 
that 

^ 5,700 

Til rp 

— ^ e . 

Till 


Thus, case II6 is much more probable than case I under the assumptions 
made above. 

It is clear, however, that these assumptions must be seriously in 
error, for the magnitude of eii/2 as given by Eq. (16) is about 3.7 ev for 
sodium chloride. According to Eq. (7), the activation energy for ionic 
conductivity should be at least as large as this, whereas the observed 
value ^ is only 1.90 ev, A reasonable explanation of this discrepancy 
is that the atoms or ions around vacancies and interstitial atoms become 
displaced from their normal positions in the undeformed lattice and thus 
lower the energy of the lattice. The source of the additional energy is 
not hard to find. If an ion of charge e is removed from a site, the region 
about the vacancy is left with an excess charge — e. This charge should 
polarize the surrounding lattice and the energy of the equilibrium state 
should be lower than that of the undeformed lattice by the polarization 
energy; moreover an interstitial ion should polarize the lattice in a 
similar way. If the charges occupied a spherical domain of radius r and 
if the medium were continuous and had a static-field dielectric constant /c„ 
the polarization energy would be 



(18) 


The energy actually should be computed with the use of a more detailed 
atomih picture; however, we shall use Eq. (18) for an order-of-magnitude 
estimate. ' For vacancies, it will be assumed that r is equal to the mean 
ionic radius,' that is, to a/2, and for interstitial ions it will be assumed 

* W. Lbhpbldt, Z. Phytik , 86 , 717 (1933). 
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that r is equal to half the distance between the center of an interstitial 
site and the nearest ion site, namely, a\/3/4. The energy required to 
produce an interstitial ion in case I then is 


and the energy required to produce a vacancy in each lattice is 

•ii - - - ¥(’ - 7 } (“) 


When the static dielectric constants of the alkali halides, which are of 
the order of magnitude 6, are used in these equations, the value of the 
additional negative terms in (19) are comparable with e and reduce e'u 
to values that are much more nearly in accord with the experimental 
activation energies. The difference between Eqs. (19) and (20) is 


The negative term reduces the difference to a value somewhat below 
that of Eq. (17) but does not reduce it enough to change the previous 
conclusion that the ratio (14) is very small. Jost and Nehlep^ have 
made a more accurate estimate of €i — eii by taking into account the 
actual displacements of nearest ions. They find the value 0.40 ( 1 .74:e^l2a) 
for the extreme case in which k, is infinite. Since the difference should 
be larger than this in actual cases, we may conclude that deviations of 
type I do not occur in the crystals having sodium chloride structure for 
which only the electrostatic and repulsive terms of the Born theory are 
important. This includes practically all the alkali halides and probably 
the oxides and sulfides of beryllium, magnesium, and calcium.^ 

We saw in Chap. II that the van der Waals energy plays an impor- 
tant role in the halides of metals such as silver and thallium which have 
newly filled d shells. Jost and Nehlep have investigated the cohesive 
energy of interstitial metal ions in crystals of this type and have found 
that the contribution to ej' - tu from the van der Waals term may 
reasonably reverse the sign of this difference. Thus, they find that in 
silver bromide, which has the sodium chloride structure, the correction 
to €{' — €n should be 


^ W. Jost and G. Nehlep, Z. physik. Chem., B32, 1 (1936). 

^ A careful analysis of the contributions to the activation energy for electrolytic 
conductivity in sodium chloride has also been given by N. F. Mott and M. J. Littleton, 
Trans. Faraday Soc., 84, 485 (1938). 
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which is sufficient to reverse the sign of (21). Although this result is 
not yet conclusive, it does show that case I is a possibility in some salts 
having sodium chloride structure. 

Let us now discuss the ionic conductivity of the alkali halides on the 
assumption that they belong to class Ila. The number of vacancies of 

each kind then is Ne , and the equation for the total ionic conduc- 
tivity may be placed in the form 

<r = + f-) (22) 

where ?+ and are the jump frequencies for the two types of vacancy. 
The distance 6 between neighboring like ions is the same in the two cases. 
In sodium chloride, the vacancies undoubtedly diffuse in the twelve 
(110) directions instead of in the six (100) directions as assumed in 
deriving (22). This fact does not impair the use of Eqs. (1) and (22) for 
an order-of-magnitude estimate of v,. According to Eq. (22) the ratio 
of the transport numbers of the two ions is determined by the ratio 
of the two terms in parenthesis. Tubandt’s measurements on the trans- 
port numbers of the ions in NaCl show that the sodium-ion vacancies 
carry about 92 per cent of the current at 580®C. For this reason, we 
shall neglect in Eq. (22) for this substance. The equation may then 
be placed in the form 


where 


= 


^ ~ "jtr a hhl 

€ = y + «.. 


(23) 

(24) 


Lehfeidt^s measured value of A (cf. Fig. 66, Chap. I) is 10* ohm”^ cm"^ 
If we aj^ume that 

5 « 2.8 X 10“« cm, 
kT = 1.0 X 10-i», 

AT = 2.24 X 10« 


and solve for 1/rJ, we find 


17 X 10»* 

■■■ — ' " ■-I 


a 


(26) 
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or Vi 10“. This value, which is surprisingly low, implies that the 
saddle point is very flat in the direction at right angles to the direction 
of flow. It is possible, however, that the assumption made in deriving 
Eq. (7), namely, that the potential energy is determined by the position 
of the ion or vacancy alone, is far from correct and that many ions should 
be taken into account in computing the jump frequency of a vacancy. 
It is also possible, as has been suggested by Jost,^ that € is not tem- 
perature-independent but contains a linear term of the type aT. In 
this event, as in the case of thermionic emission, the measured value A * 
of the intercept of the logarithmic plot would be a composite quantity of 
the form 

A* = 

in which A is the computed constant (24). Jost has shown that the 
exponential factor in this equation may reasonably be of the order of 
magnitude 1,000. 

At lower temperatures, the measured conductivities deviate from 
Eq. (23) in a way that depends upon the previous history of the crystal 
(c/. Fig. 66). This change may be described by saying that c decreases 
with decreasing temperature. It is possible that the rate at which the 
equilibrium value of n is attained becomes so slow at temperatures 
below a temperature T' that the value of n for this temperature is 
retained. In this case, the temperature dependence of a would be 
determined by €, alone. The slope of the low-temperature part of 
Lehfeldt^s log cr versus l/T plots for the alkali halides is usually about 
one-third that of the high-temperature part. Hence, if the preceding 
interpretation of this change is correct, this value shows that 



where c is the high-temperature activation energy. 

An alternative interpretation of the difference in slope of the low- and 
high-temperature portions of the curve is that the low-temperature 
conductivity arises from a very small number of ions that are situated at 
surfaces of internal cracks of the crystal and are more free to move than 
the ions in ordinary sites. It does not seem to be possible to decide 
between these alternatives at the present time. 

^ W. Josr, Z. phv9ik. Ohm., A162, 129 (1934). 
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If Eq. (26) may be used, the ratio r of the number of vacancies to ‘the 
total number of ions may be computed from the equation 

e'* _2 

r = e — e ^ *r 

Using the value e = 1.90 for sodium chloride, we find that r ^ 10~® at 
the melting point. 

As we have seen above, it is not possible to say definitely in which 
category silver chloride and silver bromide may be placed, although Jost 
and Nehlep’s computations indicate that they belong to class I. If the 
ratio of vacancies to normal atoms were large enough, it would be possible 
to distinguish between case I and case II6 by a comparison of the meas- 
ured density and the density computed from X-ray data by assuming 
that there are no vacancies. In case I, the two should agree since there 
is one interstitial ion for each vacancy. In case II6, however, the com- 
puted density should be larger than the measured one by a factor (1 — r)~^ 
where r is the ratio of the number of vacancies to the number of normal 
ions. If we examine Fig. 66, Chap. I, we may see that the high-tempera- 
ture slope is about twice the low-temperature value for silver chloride and 
silver bromide. Hence, in place of Eq. (26) we have 

€" = 6. (27) 

For silver bromide, the value of r at the melting point computed^ in this 
way is 

r = e~^ = 10-2-8. (28) 

The experimental accuracy of density and lattice constant measurements 
is not large enough^ to detect the difference in densities that would 
arise from this value of r in case II5. Wagner and Koch,^ however, 
have used an ingenious indirect method, involving conductivity measure- 
ments, to determine the number of lattice defects in AgBr at various 
temperatures. Their method is based on the fact that the number of 
holes in AgBr may be increased by adding fixed quantities of PbBr 2 . 
The lead salt forms a perfect solid solution when present in small con- 
centrations. Since the lead ion is divalent, each ion added replaces two 
silver ions," hence, one vacancy is produced in the silver-ion lattice for 
^h dissolved lead ion. The conductivity per vacancy may be deter- 
mined from an investigation of the increase in conductivity as lead is 

1 F. Seitz, Phys. Rev., 64, 1111 (1938); 66, 1063 (1939). 

* Density measurements have been made by C. Wagner and J. Beyer, Z. physik. 
Ohm., B82, 113 (1936). See ibid, for the reason why the conclusions drawn by these 
workers are not trustworthy. 

* E, Koch and C. Waonbb, Z, phy^k, Chem,^ B86, 295 (1938). 
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added, and the result, may then be used to determine the number of 
vacancies in the pure crystal. Table LXXIX gives a comparison of the 
fraction of vacancies determined in this way with the fraction determined 
from Eq. (27). The computed values are off by a factor 5, a discrepancy 
that is not surprising in view of the simplifying assumptions used in the 
theoretical computation. 

Table LXXIX. — Comparison of the Fraction op Vacant Sites in Silver Bromide 
at Various Temperatures as Determined by Eq. (27) and by the Method 
of Koch and Wagner 


T, "C 

r (theor.) • 10* 

r (exp.) • 10* 

300 

0.71 

4.0 

250 

0 36 

1.8 

210 

0 18 

0.76 


If we compare Eq. (7) with Eq. (16) of Sec. 122 for the diffusion 
coefficient, namely, 


we obtain the important relation 

<r = N^. (29) 

This relation has been checked by von Hevesy and Seith^ for Pbl 2 , in 
which the conductivity of Pb+'^'is known. They determined the diffusion 
coefficient of radioactive lead in single crystals of Pbl 2 and compared 
this value with that computed from TubandPs measured values of a by 
means of relation (29). The two agree, within experimental error, in 
the temperature range from 255° to 290°C. 

Von Hevesy and Seith have also measured the rate of diffusion of 
radioactive lead in PbCl 2 . The positive-ion transport number is immeas- 
urably small in this case, but by use of Eq. (29) they obtained the 
equation 

4,180 15,000 

o’(ohm"'^ cm”^) = 9.78 • 10“^c ^ -h 1.15 • lO^e ^ 

for the total conductivity. The first term is the chlorine-ion conductivity 
which was measured directly) the second term is the positive-ion con- 
ductivity which was computed by means of (29). The types of lattice 
defect that occur in PbCb have not been determined, and so it is not 

^ G. VON Hevest and W, Seith, Z. Physik, M, 790 (1929); 57, 869 (1929). 
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yet possible to give an interpretation of the large difference in the coeffi. 
cients in this equation. 


C. PHOTOCONDUCTIVITY 

133. The Mean Free Path of Free Electrons in Ionic Crystals.— The 

semiempirical computations of the mean free path of free electrons in 
semi-conductors that were discussed in Part B of Chap. IV indicate 
that at room temperature the path is of the order of an interatomic 
distance, and is usually less than the mean free path of an electron in a 
metal. This result is not surprising, for the metal lattice is nearly at 
complete equilibrium when the conduction electrons move through it, 
whereas the ionic crystal is under stress. 

We shall consider the simplified model of a crystal that is practically 
isotropic and shall discuss the scattering by the vibrational modes of 
frequency v. If the kinetic energy € of the free electron is greater than 
hvf the electron may lose energy to the lattice as well as gain it. It 
follows from the discussion of Sec. 127 that the probabilities that these 
processes will occur in unit time are of the form 


A,{€){n, + 1 ), 

A,(€)n„ 


(1) 


respectively, where in the isotropic case A,{€) is dependent only upon the 
ele(5tronic energy, and n, is the mean vibrational quantum number per 
oscillator, that is, 

n. = (2) 

Thus, the total probability per unit time that the electron will be scattered 
by a lattice vibration of frequency v is 

P, = il,(€)(2n, + 1) (e > hv). (3) 


In the case in which the electronic energy is less than hv, the electron 
cannot lose energy to the lattice so that 

P, = ^(€K (€<hv). (4) 

llxus^ an electron having energy greater than hv is scattered by the waves 
of frequency v even at absolute zero of temperature, whereas one having 
mergy less than v is not. The total probability of scattering may be 
obtained by summing expressions of the type (3^ and (4) over all lattice 
liequehdes. We may expect that the terms for which v < t/h will 
lead to a finite mean free path even at absolute zero. 
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We shall not discuss the computation of the function A(€) in com- 
plete detail^ but shall give a simplified discussion, due to Seeger and 
Teller,^ of the case in which n, = 0. This result may then be used to 
estimate the mean free path. 

If it is assumed that a free electron in an ionic crystal is scattered 
isotropically by inelastic collisions in which it loses energy and that the 
average energy lost per collision is hv^ where Vn is the vibrational fre- 
quency of the optically active mode, the mean free path I and the energy 
loss per unit distance dW /d8 should be related by the equation 

hv^ = (5) 


We shall use this equation to compute I after computing dW /dS by the 
method employed by Seeger and Teller. The equation evidently is valid 
only if the collisions are nearly isotropic. This condition is satisfied for 
electrons having energies not too large in comparison with hvm since the 
changes in velocity resulting from individual collisions then are com- 
parable with the initial velocity. It is not satisfied, however, when the 
electronic energy is very large compared with hvmf for then the collisions 
are predominantly through small angles, as in the case of electrons in 
metals. 

An electron that is passing through an ionic crystal ordinarily moves 
so quickly, even when it has thermal energy, that the ions do not have 
time to come to complete equilibrium under the force of the electron. 
This fact is, of course, the basis of the Franck-Condon principle. For this • 
reason, we shall assume that only that part of the polarization of the 
crystal arising from the electronic displacement is induced by the moving 
electron. The dielectric constant associated with this polarization is 
simply n*, where n is the refractive index extrapolated for infinite wave 
length. The electrostatic field strength at a distance r from the electron 
then is 


E = - 



(6) 


where ii is a unit vector in the radial direction. Seeger and Teller use 

^ A discussion based entirely upon quantum mechanical perturbation methods 
may be found in the following papers: H. FrChlich, Proc. Roy. <Soc., 160 , 230 (1937); 
H. Frohlich and N. F. Mott, Proc. Roy. Soc., 171 , 496 (1939). This discussion is more 
complete than the one in the present volume in the sense that temperature dependence 
is mcluded; however, as Seeger and Teller point out, it is unreliable in the range of 
ciiergy in which the mean free path is least because the mean time between collisions 
is of the order of magnitude 10““ sec (see part g, Sec. 127). See also Phya. Rev., 
W, 349 (1939), „ 

* R. J. SSBOBR and E. Tblmjr, Phy*. Rev., 64 , 515 (1938). See also Phya. Rev., 
852 (1989). 
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a slightly different constant for the coefficient of e/r^y but the simple 
value 1/n* is at least as accurate as theirs, in the writer^s opinion. 

Let us suppose that an electron moving with velocity v passes at a 
distance h from an ion having charge Ze. The force / normal to the 
direction of the electron velocity at time t is 

. I b ... 


in which the origin of t is chosen as the time of closest approach. The 
total impulse p transferred to the ion by the electron is the time integral 
of (7), namely, 


V 


2^ 

vb* 


( 8 ) 


which is equivalent to the energy 


^ 2 ZV 
2M n* Mb^v^ 


where M is the ionic mass. Thus, the amount of energy that the electron 
loses to those ions lying within a cylindrical shell of radius b and thickness 
db in traveling unit distance is 



(9) 


in which d is the distance between like ions. If the lattice is of the 
type, such as sodium chloride, that is symmetrical in two types of ion, 
the total differential energy loss then is the sum of terms of type (9) for 
both types of ion. Setting 


1 1 


Ml 


+ 


M2 


where Mi and M 2 are the masses of the two kinds of ion, we may write 
this sum in the form 


_ 2 Zh* irbdb 
,ds) wV&V d» ‘ 


( 10 ) 


It may seem from Eq. (10) that 8{dW/dS) decreases as 1/6, which shows 
that the effect of distant ions is much greater than that of the 
ions through which the electron passes. Hence, we may integrate 
Eq. (10) with reasonable accuracy by treating the solid as though con- 
tinuous. Thus, 
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dW^ f 2irZV db 
dS J n*id>hi* b ’ 


( 11 ) 


in which the limits are yet to be specified. 

We shall assume that the time r during which the distance between 
the electron and ion is of the order of magnitude b may be taken as 
2h/v. In order that Eq. (11) shall be valid, this must be short compared 



Fig. 8. — The semiclassical excitation function. 


with the oscillational time of the optically active frequency, for otherwise 
the work done by the force averages to zero. Hence, we must have 



1 


2wp„ 


which gives as the upper limit of integration 


V 


As a lower limit, Seeger and Teller take the de Broglie wave length of 
the electron divided by 2 t: 


h = A = _A_ 

27r 27rmt;' 

Using these limits in Eq. (11), we find 


where e = mv^l2. 
niaximum value 


^ _ 27r^^e^ , / mt;V2 \ 

dS n^nah^ \ hpm ) 

TTinZh* 1 , e 

^ nVa* e hvj 

This function, which is shown in Fig. 8, has 


( 12 ) 


the 


when € = 2,7hvn. 



0.37 


n^na%vm 


(13) 
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Combining Eqs. (1) and (10), we obtain 

7 *__ __ n*iJLa*hvm € 

“ dW/dS “ rmZh* log e/hv^' (1^) 

The minimum values of I, corresponding to e = are listed in 

Table LXXX for several alkali halides. 


Table LXXX. — The Mean Free Paths of Electrons in Ionic Crystals 



»* 

Inda * 10* cm 

Eb • 10- 

Calculated 

volts/cm 

Observed, room 
temperature 

LiF 

1.93 

4.74 

16.4 ‘ 

31 

NaCl 

2.19 

5.0 

4.7 

16 

KCl 

2.19 

4.0 

4.8 


KI 


6.4 


6.7 

RbBr 


7.4 

1.6 

6.3 

Rbl 

2.85 

12.9 

0.81 

4.9 


These results obviously should apply only at the absolute zero of 
temperature and then only very approximately in the low-energy range 
where € ^ hv^, for it has been assumed that the crystal possesses a single 
lattice vibrational frequency whereas actual crystals possess a continuous 
. range of frequencies extending from zero to Vm. Thus the actual dW/dS 
curve for absolute zero should not drop sharply to the axis at e = hv^ 
but should continue smoothly to the origin. 

Von HippeP has suggested that dielectric breakdown in insulators 
occurs when the electrostatic field becomes so strong that on the average 
a free electron in the lattice can gain more energy from the field between 
collisions than it loses as a result of collisions. If Eb is the breakdown 
field, von HippeFs condition is 

Esln^ = hVfn. (15) 

By use of Eq. (1), this may be transformed to the form 

- (S)_ 

‘ A. VON Hippbl, Jour, Applied P%«., 8, 816 (1937). Discuasions of this and other 
theories of dielectric breakdown may be found in the following papers: H. Frdhlich, 
mve. Boy, Soe., 180 , 230 (1937), 172 , 94 (1939). W. Frans, Z. Phynk, 118 , 607 
(1939); Seeger and Teller, op, cU,; R. C. Buehl and A. von Hippel, Phye, Beo,, 86, 941 
(1989). 
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The results^ that are obtained are shown in Table LXXX and are com- 
pared with von Hippers measured values. The computed [ones all are 
smaller than the observed ones. Seeger and Teller suggest that a part 
of this discrepancy may be due to the use of the actual electronic mass m 
in Eq. (11) instead of the effective mass for the interior of the crystal. 
Actually, it seems unlikely that the semiclassical computation of the 
mean free path is sufficiently trustworthy to merit accurate comparison 
with experimental results even if (15) is the correct condition for 
breakdown. 

According to the discussion in the earlier part of this section, we 
should expect the mean free path to decrease with increasing temperature 
because the in Eqs. (3) and (4) increase with increasing temperature. 
Thus, the breakdown strength of crystals should increase with increasing 
temperature if Eq. (15) is valid. Buehl and von HippeP have observed 
that the dielectric strength of the alkali halides is decreased by cooling 
from room temperature to liquid-air temperature; however, the observed 
decrease is much more rapid than is to be expected from Eq. (15). It 
seems likely, at the present time, that the simple theory of dielectric 
breakdown needs important revision.® 

Reasoning from his inability to detect a measurable Hall effect in 
photoconducting specimens of sodium chloride, potassium chloride, and 
potassium bromide crystals, Evans^ has concluded that the mean free 
path in these crystals at room temperature is less than 4.5 • 10”® cm. The 
Hall effect is easily observable in zinc oxide and zinc sulfide (Sec. 37), 
and corresponds to mean free paths of 10”^ cm. The origin of the differ- 
ence in properties of these two types of salt remains to be investigated. 

134. Photoconductivity in Colored Alkali Halide Crystals.® — In this 
section and the next, we shall discuss the present status of the theory 
of photoconductivity. The most extensive interpretive work has been 
done on the photoconductivity of alkali halide crystals that contain 
F centers. As we have seen in Sec. Ill, the properties of these crystals 
may be explained most reasonably by assuming that they contain more 
halogen-ion vacancies than alkali-metal-ion vacancies and that the 

^ These valueiis differ somewhat from Seeger and Teller’s because of differences in 
the form of Eq. (6). 

* Bubhl and von Hippil, op. di. 

® In an attempt to explain the observed temperature dependence, H. B. Sampson 
and the writer have pointed out that the primary excitation process of the free elec- 
trons is the production of excitons, rather than secondary electrons as is ordinarily 
assumed, Unleas the excitons are dissociated by either the field or temperature, 
breakdown cannot occur. (To be published shortly.) 

* J. Evans, P%«. Rev., 67, 47 (1940). 

‘ See the articles by R. W. Pohl surveying the experimental work, Proc. Pfeps. 
-Soe., 4» (1987)jP)k»«». Z., S», 86 (1988). 
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excess halogen vacancies are occupied by electrons. In addition to the 
alkali halides, we shall discuss photoconductivity in zinc sulfide and 
silver halide crystals. 

Let us begin by considering the photoconductivity of colored sodium 
chloride. The other colored alkali halides behave in an essentially 



Fig. 9. — The photocurrent in colored sodium chloride as a function of time at different 
temperatures. During the interval A the crystal was irradiated with light in the F-cen- 
ter itbsorption band. During B the crystal was in the dark, and during C it was irradiated 
with infrared light. In (o) the crystal was at 30®C and only a primary current is observed 
during A\ that is, the current varies abruptly when the light is turned on or off. Further 
current may 1^ induced by infrared radiation after illumination with light in the F band. 
pi (b) the temperature was 80®C and the current continued to rise after illumination began 
and did not drop to zero when the light was turned off. This secondary current is larger in 
oases (c) and (d). {After Hilech and Pohl.) 

similar way. At temperatures below 30®C, the photoconductivity begins 
abruptly when the crystal is exposed to light in^the /^’-center absorption 
band, remains constant during a constant exposure that does not endure 
for too long a time, and drops abruptly to zero when the light is cut off 
(cf. Fiff. daL A nhotocurrent that behaves in this wav is said to be a 



Sec. 134] 


THEORY OF CONDUCTIVITY 


666 


'primary current. Its properties may be explained^ in terms of the 
following simple assumptions: 

a. A fraction rj of the absorbed light quanta free electrons, which 
wander about the lattice with thermal velocities. 

h. In the presence of an electrostatic field of intensity E, the electrons 
drift in the direction of the field with mean velocity juE where is the 
mobility, which is temperature-dependent. 

c. The electrons that do not reach the electrodes eventually become 
trapped. If X is the mean distance traveled before trapping takes place, 
the mean distance w an electron drifts in the direction of the field is 

« = ( 1 ) 


where v is the mean velocity of random motion. We shall call « the 
displacement distance. 



-250-200 -150 -100 -50 0 +50 +100 H 50 +200 


Tempera+une^C 

Fig. 10. — The function tjco/E as a function of temperature for sodium chloride with 
F-centers. It should be noted that the photocurrent drops sharply below — 150®C. The 
units of the ordinate scale are meter Vvolt. {After Pohl.) 


If I is the intensity of the absorbed radiation per unit distance 
between electrodes, the measured current i should be 

i = . (^) 


according to these assumptions, where is the energy of the absorbed 
light quanta. Since co is proportional to E and tj is presumably inde- 
pendent of field intensity, the quantity 


ihv « 


( 3 ) 


should be independent of E. This actually is found to be the case in 
the primary-current range. Figure 10 shows the temperature depend- 
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ence of the measured value of (3) for sodium chloride.^ It should be 
observed that ?;«/£ varies relatively slowly from 25® down to — 150®C 
and then drops very rapidly, indicating that either t) or u decreases very 
rapidly near the absolute zero of temperature. A similar drop in photo- 
sensitivity has also been observed in potassium chloride. 

Mott^ has given an explanation of this decrease in terms of a decrease 
in the quantum yield rj. If an F center corresponds to the lowest stable 
state of an electron and a vacancy in the halogen»ion lattice, the electro- 
static field in which the electron moves should vary as at large 

distances from the vacancy. Hence, the electron should have more than 
one discrete level beneath the ionization continuum. By analogy with 
a hydrogen atom, or an alkali-metal atom, the lowest state of the system 
should be an s-like state and the strongest absorption band should cor- 
respond to the transition from this state to the lowest, discrete, p-like 
state, which Mott postulated is the F absorption band. Since the 
electron is bound in the p state, the crystal should not become photo- 
conducting unless the electrons are thermally excited to the ionization 
continuum. Hence, there should be no photoconductivity at the 
absolute zero of temperature. If A is the relative probability that the 
electron jumps from the p state to the ground state in unit time without 
becoming free and if B is the relative probability that it becomes free 
in the same time, the quantum yield should be 


B 1 

’ A+B 1 + (A/B) 


(4) 


Mott assumes that A has the value 10® sec”^ and that B has the form 


_ c 

B = ve (5) 

where v is of the order of magnitude of an atomic oscillational frequency 
10^* sec and e is the energy required to ionize an electron in the excited 
state. Under these conditions, 

V = ^ — T’ (6) 

1 + 10-‘e*r 

The condition, which must be satisfied if this is to begin dropping to zero 
At 100®K, is that € should be of the order of magnitude 0.01 ev. 

Indirect evidence shows that the trapping centers are other F centers. 
As the crystal is illuminated* with light in the F absorption band in the 

^ G. Glasbb W. Lbhtbldt, Nachr. Kffl Oes, WHb. GdUingm^ 2, 91 (1986). 

- * N. F. Mott, Proe. Phyi. Soc.f 60) 196 (1988). 

*2. Gtulai, Z. Phy$ik, 88, 261 (1926); R, Hilsch and R. W. Pont, Z. Physik, 
««, 721 (1981). 
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region of temperature in which the primary photocurrent is observed, 
the F band gradually disappears and a new band appears on the long 
wave-length side of the F band. This new band, which is called the 
F' absorption band, ordinarily overlaps partly with the F band (c/. 
Fig. 11). Evidently, the F' band corresponds to the absorption of 
light by the centers that are formed by the trapped electrons. Measure- 
ments^ on the displacement distance per unit field strength, w/E, show 
that this quantity is inversely proportional to the concentration of F 
centers (c/. Fig. 12). This result suggests that the F centers act as 
trapping points for the free electrons and that an F' center consists of a 


Wavelength A(in m/x) 



bands of potassium chloride, 
A is the F band as it occurs be- 
fore illumination with light in 
this band. After illumination, 
the intensity of the F band de- 
creases and the F' band B oc- 
curs. The unit of wave length 
is 10"^ cm. The unit of ordi- 
nate scale is cm”*. {After 
Pohl.) 



\ 

KCl 

-I00*C 


\ 




\ 


lo’* io'* 

cm”’ — ► 


Concentration of the F- Centers 
Fig. 12. — Plot of to /E as a func- 
tion of concentration of F centers. 
Since to/E is the displacement dis- 
tance per unit field intensity it fol- 
lows that the mean free path for 
trapping is dependent upon the con- 
centration of F centers. The ordi- 
nates are expressed in units of meter 
volt. {After Pohl.) 


vacancy plus two electrons. If this interpretation is correct, two 
F centers should be destroyed for each F' center formed. Pohl and his 
collaborators have found evidence showing that this condition, actually is 
satisfied. 

It is also found that the crystal containing F' centers becomes 
photoconducting when it is illuminated with light in the F' band. This 
shows that the electrons in F' centers may be freed by optical excitation, 
just as may those in an F band. 

From the curve of Fig. 12, we may estimate the ratio of the mean 
free path I for scattering of free electrons and the cross section <r for 
capture of a free electron by an F center. Let us assume that ri is unity 
at — 100®C for potassium chloride. According to Eq. (1), 

^ G. Giasiqb, Nachr. Kgl. Oes. Wis8. QdUingen^ 8, 81 (1937). 
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The mobility fx is related to the conductivity <t by the equation 

(T — nen 

where n is the number of free electrons per unit volume. Since 

neHl 
"" ~ WT' 

according to classical theory [cf. Eq, (5) Sec. 126], we have 

“ 3 ifcr' 


(7) 

( 8 ) 

(9) 

(10) 


The mean distance X for capture and the capture cross section Q are 
related to the density 5 of capturing centers by the equation 



Using Eqs. (7), (10), and (11), we obtain 


or 


— — i 

E ”■ BkT8Q 


i Q ^ S 

Q E e 


( 11 ) 


( 12 ) 


If we employ the experimental values of w/E and d that are given in 
Fig. 12 and assume Q ^ 10“^® cm^, we find 


5’ 10“® cm. 


Although this estimated value is about one-tenth as large as the value 
computed in Sec. 133, it does not seem safe to draw any conclusions about 
the validity of the preceding equations from the discrepancy. 

When a sodium chloride crystal that contains F' centers, which have 
been formed by illuminating the colored crystal in the F band, is heated 
above room temperature, the F' centers disappear^ and are replaced by 
centers. Hence, the trapped electrons may be thermally released and 
should be able to move farther than the displacement distance w at high 
temperatures. This expectation is supported by the appearance of a 
secondary photocurrent above room temperature. It is found^ that the 

^ GhrutAi, op. dt; Hilsch and Pohl, op. cit, 

* B. Guddbn and R. W. Pohl, Z. Phydk, 81, 651 (1925); W. Tmmm, Ann, Physik 
86, 561 (1936). 
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photocurrent continues to rise after illumination begins and approaches 
a saturation value. The rate at which this value is attained is greater 
at higher temperatures {cf. Fig. 9). In addition, the current does not 
disappear completely when the light is removed. Instead, it decreases 
abruptly by an amount equal to the initial rise and then gradually dies 
out. In Fig. 10, the double sets of points above 25°C correspond, respec- 
tively, to the initial and saturation photocurrents. 

A complete mathematical treatment of the problem of secondary 
currents has not yet been developed. It seems likely, however, that the 
following three qualitative principles determine the behavior of the 
secondary current in all photoconductors, as well as in colored sodium 
chloride. 

1. Electrons that are trapped after being released by light may be 
freed thermally at sufficiently high temperatures and may continue to 
drift toward the anode. This contribution i, to the secondary current 
should not rise to a saturation value instantly if the electrons are trapped 
for a measurable time r. Suppose that the electrons are optically freed 
at a rate n per unit time, so that the number in the crystal at the end of 
time t is nt. After being initially freed, the electrons move a distance w 
and become trapped, giving rise to the primary current. If the probabil- 
ity that one of the nt trapped electrons is released in unit time is l/r, 
the total number released per unit time is nt/r. If it is assumed that 
they move a distance w and are again trapped, the secondary current as a 
function of time is 



Deviations from this linear rise occur as soon as the electrons begin 
arriving at the anode at a rate comparable with the rate at which they 
are optically freed. The greatest possible value of for uniform illumina- 
tion between electrodes that are a distance d apart is ndel2 since each 
freed electron moves a mean distance d/2. 

2. Additional electrons may enter the crystal from the cathode and 
move through the crystal to the anode. This flow from the cathode is 
induced by the space charge flelds set up in the crystal by the displace- 
ment of the electrons in the primary current and in t,. Either field 
emission from the cathode or an inherent dark electronic conductivity 
may serve to introduce the electrons into the crystal. We shall call this 
contribution to the current in. Since the space charge field should vary 
with time, immediately after illumination, in should also be a function of 
time. It may be difficult to separate in from i, for this reason. The 
limiting value of the total photocurrent for long periods of illumination 
is determined by the dependence of in on the field strength near the 
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cathode; for if a sufficiently large space charge accumulates, the optically 
freed electrons will not be able to reach the cathode. 

3. The migrating electrons may become permanently trapped to 
form anew the centers that were originally ionized by light quanta. In 
the alkali halides, this means that F centers may be formed by the recom- 
bination of freed electrons and halogen-ion vacancies. In a true equi- 
librium state, the rate at which this process occurs is equal to the rate 
at which the centers are ionized by light. 





Fia. 13. — Schematic representation of the behavior of primary and secondary photo- 
currents. In (a) there is only a primary current ii which corresponds to electrons actually 
released by light. These electrons ultimately become trapped. In (jb) , which is at a higher 
temperature, there is an additional current i, corresponding to the flow of the thermally 
released trapped electrons, (c) corresponds to a case in which charge cannot pass from 
the cathode into the crystal. Polarisation eventually reduces the current to aero in spite 
of continuous illumination. In (d) a current tu flows from the cathode in the equilibrium 
state. All cases intermediate between (c) and (d) are possible. 


Several different possible cases are illustrated schematically in 
Figs. 13a to d. In the first, there is only the primary current which 
rises and falls abruptly with changes in illumination. This current 
could not exist indefinitely if no charges entered the crystal to neutralize 
space charge. In Fig. 135, we have the primary current and the second- 
ly mient which we have assumed reaches its saturation value. If 
there are no electrons flowing from the cathode, the primary current 
and the secondary current u eventually fall to zero because of polariza- 
tion (Fig. 13c)* The cathode current tu prevents this drop and makes 
tfe final current finite. If in is large, the total current need not have a 
maximum (Fig. 13d), whereas if in is small, the current may rise to a 
peak and then fall asymptotically to a finite value. 
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Only the primary current flows in colored sodium chloride below 
25°C. Since there is no direct evidence that electrons enter the crystal 
from the cathode between this temperature and 230®C, it is possible that 
only the primary current and i, coexist in this range. Above 230®C, 
the electrons bound in F centers are freed thermally, and the current in 
undoubtedly occurs. The three components of current have not, been 
separated experimentally, however. 

Hilsch and Pohl^ have treated a particular case of the general problem, 
namely, the case in which r is so short that the primary current and u are 
inseparable and the rate at which electrons are trapped by ionized centers 
(effect 3) is negligible. They find that the total steady-state electronic 
current i is related to the effective primary current ip by the equation 


1 



where y is the fraction of the dark conductivity before illumination 
that is due to electrons. If <Te and Ui are the electronic and ionic dark 
conductivities, 

(^i ^ CTe 

They did not consider the transition current before the steady state is 
reached. 

136. Photoconductivity of Zinc Sulfide and of the Silver Halides.^ — 

Gudden and Pohl* have also made measurements on the photoconductivity 
of natural single crystals and artificially prepared powders of zinc sulfide 
that can be interpreted along the lines discussed in the preceding section. 
Although the impurity content of the single crystals is not discussed, we 
shall assume that the composition of crystals and powders is similar, 
since the photoconducting properties of both are nearly alike. The 
photoconducting powders are usually prepared by heating pure zinc 
sulfide either alone or in the presence of small quantities of salts of other 
metals, such as copper, manganese, or silver. It is believed (c/. Sec. 112) 
that small quantities of neutral metal atoms enter interstitial positions 
in the lattice iis a result of the heating process and provide centers that 
may be ionized by the conductivity-inducing radiation in the near ultra- 
violet. The position of the spectral sensitivity curve is dependent upon 
the kinds of interstitial atom present, but it usually has its maximum 
near 3660A and has a small tail in the blue region of the visible spectrum. 
Many of the photoconducting zinc sulfides, such as the pure heated 

^ R. Hxlbch and R. W. Pohl, Z. Physih^ 108 , 56 (1937). 

* Review of experiments: F. C. Nec, Rev. Modem Phys., 4, 723 (1932). 

*B. GunnaN and R. W. Pohl, Z. Phydk, 2 , 181, 361 (1920); 

206 (1921); «, 176 (1921); 6, 248 (1921); 17 , 331 (1923); Physik. Z., 28 , 417 (1922). 
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material and those activated by means of copper, silver, or manganese, 
luminesce brightly when excited with radiation lying in the region in 
which photoconductivity occurs. We shall discuss the correlation of 
these two effects below. 

It is found that the photocurrents in the zinc sulfides are primary 
for electrostatic fields below 6,000 volts/cm. The primary current 
saturates, however, in sufliciently thin crystals; for example, Fig. 14 
shows the saturation obtained for a crystal about 1 mm thick. When 
the maximum current is reached, one electron arrives at the anode for 
each light quantum that is absorbed, which indicates that the displace- 
ment distance w is greater than the distance between electrodes. If, in 



Volts 


Fig. 14. — The saturation of the pri- 
mary photocurrent with voltage in 
sine sulfide. Saturation occurs when 
each electron flows to the cathode. 
{After Hilsch and Pohl.) 



0 5 10 15 20 25 30 35 40 

Time (Minutes) 


Fig. 16. — The resistance of a 
specimen of zinc sulfide as a function 
of time. The specimen had pre- 
viously been irradiated with ultra- 
violet light. It was then placed in 
liquid air and irradiated with infrared 
radiation, starting at time zero. 
{After Retmann.) 


Eq. (12) of the preceding section, we set a> equal to the thickness of the 
crystal for the value of E at which the current is half the saturation value 
and if we set I equal to 10~® cm and Q equal to 10“^® cm^, we find 

5 -- 3 • IQi®. 


This implies that the density of trapping centers is very low compared 
with the density of interstitial atoms, which usually is about 10^® cm"l 
Moreover, since the shape of the saturation current is independent of 
light intensity, we cannot conclude that the trapping centers are the 
ionized centers. No satisfactory explanation of the trapping has yet 
been given. ^ 

^ In recent expenments based on a study of the decay of luminescence, R. P* 
Johnson, Jout, Optical Soc.^ 29 , 387 (1939), has shown^that there are at least two 
types of trapping center. One of these binds the electrons more tightly than the 
others and probably is the trapping center that is important for room-temperature 
photoconductivity. The other probably would also be important at lower 
temperatures. 
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The trapped electrons may be temporarily released either by heating 
the crystal to sufficiently high temperatures or by illuminating it with 
infrared light at any temperature. This freeing is made evident by the 
appearance of conductivity. Hence, if a crystal that has previously 
been illuminated with ultraviolet light is continuously illuminated with 
infrared light or is kept sufficiently warm, the electrons that are con- 
tinuously being freed from the trapping centers should eventually 
recombine with the ionized interstitial atoms and the conductivity 
should gradually decrease. If we assume that the rate at which n 
ionized electrons and n ionized atoms recombine is proportional to the 
product of the number of each, we obtain the equation^ 


which has the integral 



(2) 


where no is the number of photoelectrons at time t = 0. Under these 
conditions, the resistivity of the crystal that is illuminated with infrared 
light should increase linearly with time. A relationship of this type has 
been observed by Reimann^ (c/. Fig. 15) on a specimen of zinc sulfide 
that was kept at liquid-air temperature and was continuously illuminated 
with infrared light after an initial excitation with ultraviolet light. 

According to Eqs. (1) and (2), the rate at which electrons and inter- 
stitial ions recombine is given by the equation 


dn _ anl 
dt ~ ~inoat + 1)'^’ 


(3) 


If light quanta of frequency v were emitted during this recombination, 
the intensity I (t) at time t would be 




hvanl __ /(O) 

{uqoA + 1 )^ {^t + 1 )^ 


(4) 


It is found experimentally that the luminescence of zinc sulfide decays very 
nearly in accordance with this equation at times not too near the initial 
time of excitation. This fact provides a possible explanation of the 


1 This discussion is valid only when there is a single trapping center. It has been 
generalized by Johnson, op. dt. 

® A. L. Reimann, Nature, 140 , 601 (1937). 
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luminescence of the salts. A more definite correlation between lumines- 
cence and recombination would be provided by simultaneous measurements 
of the decay of conductivity and of luminescence when a previously excited 
crystal is illuminated with infrared radiation or is wanned. 

Currents higher than the saturation values of Fig. 13 may be obtained 
at room temperature by continuously illuminating the crystal with 
ultraviolet light while maintaining high electrostatic field intensity. 
Figure 16 shows the way in which the total charge removed from the 
crystal, as a function of time, deviates from linearity at different field 



Time of llluminoition InSeconds Time of Illuminoi+lon in Sec. 

(a) (b) 

Fio. 16. — The total charge conducted by a specimen of zinc sulfide that was con- 
tinually illuminated with ultraviolet light as a function of time. At high field intensities 
the current rises above the saturation value of the primary current that is shown in Fig. 14. 
The scale of ordinates is such that 100 units equal 7.2 X 10~^> coulomb. (After Htlech 
andPohl.) 

strengths. These secondary currents, like those in the colored halides, 
have not been studied quantitatively. 

Photoconductivity that is qualitatively similar to that observed in 
zinc sulfide has been found in many other natural and artificial crystals. 
Most notable among these are selenium and the silver halides. The first 
of these is used in the photovoltaic cell and has been studied extensively 
for practical work. The results, however, are not very useful for interpre- 
tive worfc 

The photoconductivity of the similar salts, AgCl and AgBr, has been 
investigated by Hilsch and PohV Toy and Harrison,* and Lehfeldt,^ 
the work <rf the last of these investigators being the most extensive* 
Ihe spectral sensitivity curves for stimulating’’ conductivity extend 

, i B. tiiLSCH and B. W. Pohl, Z. Phymk, 64, 606 (1880). 

• F. C. Tot and G. B. Habbisok, Proc. Roy. Soc.^ 117, 618 (1880). 

’l 4 BmrBU»T, JVocfcr. Ki^. Ck$. Wu$. QMUngm, 1, 170 (1886). 
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throughout the visible and into the near ultraviolet region of the spec- 
trum, have peaks in the blue, and lie close to, if not actually in, the tail 
of the fundamental absorption band. Lehfeldt has found that in the 
range from room temperature to liquid-air temperature the quantum 
yield of photoelectrons is close to unity for all absorbed light. 

It has often been suggested that electrons are freed with quantum 
yield unity throughout the fundamental absorption region, and that 
photoconductivity is observed in the tail of this region and not in its 
center only, because the reflection coefficient becomes large in the center. 
According to present view concerning the excited states of perfect insulat- 
ing crystals (Chap. XII), the observed photoconductivity arises from 
impurities or lattice defects, at least in the case of the alkali halides. 

As we saw in Sec. 132, Jost and Nehlep have given theoretical evi- 
dence that the lattice defects in silver halides are interstitial silver ions. 
Thus, it is possible that the source of photoelectrons is either the inter- 
stitial silver ion, if the ion carries an electron with it, or the negative ions 
near the vacancy, if the interstitial ion does not take an electron. Mott^ 
has shown, however, that it is not unreasonable to suppose that photo- 
electrons are produced in these salts by thermal decomposition of excitons 
formed by absorption in the fundamental band. 

NaU: The theory of contact rectification of the type occurring in galena and cop- 
per oxide rectifiers has not been discussed in this chapter, in which it would naturally 
belong. This subject has passed through a gradual development and the most recent 
treatment, which seems to correlate most of the known facts, is that given by N. F. 
Mott, Proc. Roy. Soc.^ 171, 27, 281 (1939). 


1 N. F. Mott, Proc. Roy. Soc., 167, 384 (1938). 



CHAPTER XVI 

THE MAGNETIC PROPERTIES OF SOLIDS 

136. Introduction. — It was seen in Chap. I that there are three main 
classes of solids as far as magnetic properties are concerned, namely, 
diamagnetic, paramagnetic, and ferromagnetic substances. Practically 
all simple insulators and about half the simple metals are diamagnetic, 
whereas all other insulators and metals, except for a few ferromagnetic 
substances, are paramagnetic. The ferromagnetic materials become 
paramagnetic when heated to sufficiently high temperatures, a fact show- 
ing that paramagnetism and ferromagnetism are intimately connected. 

Diamagnetism is related to changes in the orbital motion of electrons 
that occur when atomic systems are placed in a magnetic field. It may 
be recalled that the current induced in a closed electrical circuit by a 
magnetic field is always in such a direction as to tend to keep the total 
flux unchanged. Thus, the circuit has, in effect, a negative suscepti- 
bility. This effect is retained even in systems of charges that must be 
treated by quantum mechanics and is responsible for diamagnetism. 
Paramagnetism, on the other hand, is related to the tendency of a 
permanent magnet to align itself in a magnetic field in such a way that its 
dipole moment is parallel to the field. In atomic systems, the per- 
manent moment is the magnetic moment associated with electron spin 
in the simplest cases, but it may also be the permanent moment of an 
unfilled atomic shell that arises from a combination of spin and orbital 
motion. If a system is more stable when the atomic dipoles are parallel, 
the system is ferromagnetic at low temperatures. Ferromagnetism 
disappears at high temperatures for a reason similar to that for which 
solids melt, namely, because the nonferromagnetic state is more dis- 
ordered and has a higher entropy than the ferromagnetic one. The 
moment-aligning forces in ferromagnetic substances are not the magnetic 
forces between dipoles but have electrostatic origin, as we shall see in 
Se«S. 143. 

137. The Hamiltonian Operator in a Magnetic Field.— -According to 

the results of Sec. 42, the Hamiltonian operator for any system of elec- 
trons in an external electromagnetic field is . 

•' • i 


576 
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where Pt is the momentum operator for the tth electron, (p and A are the 
scalar and vector potentials of the external field, V is the internal electro- 
static potential of the electronic system, and —edilmc is the spin mag- 
netic moment of the ith electron.^ If the external field is uniform and of 
intensity H, we may choose A as 

A = iH X r. (2) 

For convenience, we shall take H to lie in the z direction. Under these 
conditions, 


2m ' 2mci\ 'dy^ ^'dxj _ 


+ 




The operator 



is the z component of the total angular momentum operator (c/. Sec. 40). 
If the two terms containing H* to the first power are combined, they 
reduce to 


^'2mc2 


(5) 


in which the negative of the coefficient of H* is the z component of the 
total magnetic moment arising from both orbital motion and spin. 
This term accounts for the weak-field Zeeman effect in free atoms since 
its matrix components are usually much larger than those of the quadratic 
term 


Smc^ 


2 


( 6 ) 


We may discuss the contributions to the total energy from the terms 
(5) and (6) separately for the inner-shell electrons and for the valence 
electrons. Some of the properties of the first type of electron, which 
may be treated like the electrons in free atoms or ions, will be presented 
in this section. These results can be applied to all the electrons in those 
ionic crystals whose constituent ions behave as if they were nearly free. 


^ The interaction between the field and the magnetic moments pf the electrons, 
not considered in Sec. 42, is also included in this Hamiltonian. 
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We shall devote other sections to the valence electrons of other substances 
that require separate consideration. 

Although the z component of the total angular momentum operator 
is a constant of motion for a free atom, the z component of magnetic 
moment usually is not, because of the factor 2 that appears as a coeffi- 
cient of (Tgi in (5). There is one important exceptional case, however, 
namely, that of Russell-Saunders coupling,^ in which the spin-orbit 
interaction terms are small. This case occurs commonly among the 
atoms on the left-hand side of the periodic chart. We shall list the 
operators that are constants of motion in this case. The conventional 
form of the eigenvalues of each operator are also given. 

а. The square of the total angular momentum 

+ d,)]’; W(J + 1). (7) 

« 

б. The square of the orbital angular momentum 

[Xrtuji h^LiL + 1 ). ( 8 ) 

t 

c. The square of the spin angular momentum 

k^S{S + 1). (9) 

I 

d. The z component of the total angular momentum 

+ hJ.. ( 10 ) 

i 

€. The z component of the total orbital angular momentum 

hM,. (11) 

»■ 

/. The z component of the total spin angular momentum 

X<'«; (12) 

% 

" In the preceding equations, the quantum numbers L and M» are 
allow^ only integer values, whereas the quantum numbers «7, and Jt 
are integers in atoms having an even number of electrons and are half 
iiM^rs in atoms having an odd number of electrons. The levels of 

* fy. B. U. Condon and G. H. Sbobtlit, The Theory of Atomic Spectra (Cam- 
£ildge University Press, 1935); G. Hxbsbibo, Atomto Spectra (Prentiee-Hall, Inc., 
New York, 1987). 
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given / are (2/ + l)-fold degenerate and the different degenerate etatfes 
may be specified by the 2/ + 1 values of that range from J to -J 
in integer steps. In an ideal case of Russell-Saunders coupling, the 
levels group themselves into widely separated sets, called multiplets, 
which are specified by given values of L and S {cf. Fig. 1). The different 
levels in each multiplet are in turn specified by values of J that range by 
integer steps from the value L + Sto the value |L - )S|. The separation 
of levels in the same multiplet, which is determined by a small interaction 
between spin and orbital motion that does not appear in Eq. (1), is 
given by the simple equation 

Ej+i — Ej = a{J 1) 

where a is a constant for a given multiplet. 

In terms of these quantum numbers, the eigenvalues of the magnetic 
term (5) are 



1 + 


J(J + l)+5(5 + l)~L(L + l)l, 

2j(j + 1 ) r 


(13) 


where 




eh 

2mc 


is the Bohr magneton. We shall be interested in this result principally 

for the discussion of the magnetic effects of 

inner shells of the atoms in solids. Since L, “ ' ^ J 

and S are all zero for completely closed shells, 
the contribution to (5) arising from these shells 
is zero; however, they do contribute to the term 
(6). On the other hand, the quantum numbers 
usually are pot zero for the unfilled inner shells 
of the transition-element atoms or of the rare 


earth atoms. Hence, the term (5) is important 
in these cases. It is easy to see that (6) is 
unimportant whenever the expression (13) is not 
zero, for if the coeflBicient of H*i8 in (13) is of 
the order of unity and if the mean value of 
(^i + Vi) in (7) is of the order of magnitude al, 
the ratio of (6) to (5) is 




Fio. 1. — The distribution 
of multiplets in RusseU- 
Saunders coupling. The 
distance between the multi- 
plets, that is, between the 
groups of levels of given 
L and 8, are large oompared 
with the inner multiplet 
separations. 


which is of the order of magnitude H, • 10“^® in cgs units. This is 
completely negligible for ordinary magnetic fidd strengths. 
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We shall now examine the connection between the energy states and 
the magnetic susceptibility of an atomic system. The susceptibility x 
is, by definition, the ratio of the magnetic polarization per unit volume 
M and the magnetic field H ; that is, 

M = X • H. (14) 

In the general case in which M and H are not in the same direction, x 
is a tensor. We shall restrict the present discussion to the case in which 
X is a constant. If the external magnetic field is changed by an incre- 
ment AH, the change in energy of a system that is in the energy state E' 
and has a magnetic polarization per unit volume M is 

= -M-AH = -xH-AH. 

Hence, if H' is the scalar value of the magnetic field, 

^ ~ VH' dH'' 

If the system is at the absolute zero of temperature, E' is the lowest 
energy state Eo, Thus, in this case, 

__ I dEo 


(15) 

(16) 


On the other hand, if the system is at a finite temperature T, the mean 
value of dE'/dhi' is 


where 


2^(a£i/aH')e 

i 

Ei 


= -kT 


d log/ 
5H' 



(18) 


(19) 


is the partition function of the system. Hence, 

Since — AsJT log / is also the free energy of the system, (20) may be 
written in the form 


__ I dA 

FPTaH'' 

which is » generalization of (17). 


(20o) 
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Let us apply Eq. (20) to a simple system consisting of N independent 
atoms. We shall assume that the inner-multiplet spacing is so large 
compared with kT that all atoms are in the lowest 2J + 1 states of a 
multiplet, which are degenerate in the absence of a field. This model 
applies to an ionic or molecular crystal in which some ions or atoms have 
incompleted inner shells so perfectly screened that they are the same as 
in a free atom. If we use Eq. (13) for the splitting of the lowest level, 
the partition function is 


where 



kT 


] 


( 21 ) 




(7=1 + 


J{J + 1) + SiS + 1) - L{L ly 
2J(J + 1) 


is the Land4 g factor. Summing the series, we find 


/ = 


where 


sinh (J + |)a 
sinh a/2 J 

kT 


Thus, the susceptibility is 


X = 


V H. 


Bjia), 


in which 


D / ^ _ (’^ + i) coth (J -f i)Q! - J coth a/2 
Bj{<x) = j 


( 22 ) 


(23) 

(24) 

(25) 

(26) 


is the Brillouin function,^ Values of Bj for several values of J are 
shown in Fig. 2. Since Bjia) approaches unity for large values of a, 
the limiting value of M is N^gJ/V when is much larger than kT, which 
corresponds to complete ahgnment of the magnetic moment parallel 
to the magnetic field. For small values of a, Bj varies linearly with a 
so that, when jSH* is much smaller than kT^ the magnetic polarization is 


M(H) 


NpyJiJ + l)u 
V ZkT 


(27) 


and the susceptibility is 

N pyjjj -f 1) 
^ V 3kT 


( 28 ) 


^L. Brillouin, Jour, phys.f 8, 74 (1927). 
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Equation (28) was first derived by Langevin^ for the case of classical 
mechanics, in which E^y/JiJ + 1) is replaced by the permanent atomic 
magnetic moment. 

If the atom has a closed-shell structure, so that J is zero, (28) van- 
ishes and the susceptibility should be determined by the quadratic 
energy term (6). Since closed shells are spherically symmetrical, the 

piatrix component of '^(x\ -j- yj) for the lowest state is 

t 

(29) 

where n is the total number of electrons in the atom and r* is the mean 



value of r* for any electron. Thus, the magnetic energy per unit volume 
of a group of N atoms of this type is 


and their susceptibility is 


HJc* iSTn-r 
12mc» V ’■ ’ 


(30) 


e* 

V 


(31) 


which eorresponds to diamagnetism. 

We have seen in the previous chapters that simple ionic crystals 
behave as though they were composed of spherically symmetric closed- 
sb^ ions of the constituent atoms. If there are NJV ions of the ath 
' tjr|!e per unit volume of this crystal, the diamagnetic susceptibility is 


‘ P, I«ANQSViN, low. phyt.f 4, 678 (1965). 
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X = 



(32) 


where Ua and are, respectively, the number of electrons on the ath 
ion and the mean value of r* for this ion. Equation (32) may also be 
used to compute the diamagnetic contribution to the susceptibility from 
the closed shells of any solid. A discussion of the methods of computing 
the diamagnetic susceptibilities of various closed-shell ions and tables 
of numerical valuer of these susceptibilities may be found in Chap. VIIl 
of Van Vleck’s book.^ 

138. The Orbital Diamagnetism of Free Electrons^. — A theorem of 
classical mechanics ^ states that a system of charges that are confined 
in a fixed volume but are otherwise free has zero magnetic susceptibility. 
If the system is not confined, each constituent charge is induced to move 
in a helical path and the total magnetic flux is decreased. The charges 
striking the wall, however, have their paths changed in such a way that 
their magnetic field nullifies the field of the rest. This result may be 
understood on the basis of the following formal argument. In classical 
mechanics, a magnetic field alters the direction of motion of a charge 
but does not change its speed. Hence, the distribution of energy states 
and, as a result, the partition function of a system of charges that is at 
equilibrium are unaltered by the magnetic field. According to Eq. (20) of 
the preceding section this means that the susceptibility is zero. The fact 
that the charges are confined assures us that the system is in equilibrium. 

Landau* first pointed out that this theorem is not valid in quantum 
mechanics because the distribution of energy levels is altered by a mag- 
netic field in the new scheme. This may be demonstrated bb follows. 
The Schrodinger equation for a free electron in a magnetic field, as 
derived from the Hamiltonian (3) of the preceding section, is 


^ Keh/ d ^d\ 

2m ^ 2mc i \ dy ^dx) 


U2p2 


in which it is assumed that the field is in the z direction. The spin term 
is neglected in the present section. If we make the transformation 

.H»< xy 

if> =■ ip{x,y,z)e ^ ^ , (2) 

Eq. (1) reduces to 


, H^h d<p , HJe* , 
me i^dy 2mc** 


( 3 ) 


‘ J. H. Vbu Vliiok, The Theory of Electric and Maputie SueceptibiUtiee (Oxford 
Univendty PJeSB, New York, 1932). 

'Cf.ibid. 

>L. Lamdau, Z. PhytUt, <4, 629 (1980). 
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which does not explicitly contain y or z. 
simplified by means of the substitution 


ICHAP..XVJ 
This equation may be further 


<p{Xyy,z) = ( 4 ) 

for it then becomes 


2m 



eX, 


( 5 ) 


which is identical with the equation for a simple one-dimensional oscil- 
lator that is centered about the position 

x' = 

and has the natural frequency 


Hence, the allowed values of e are 
^ 2^2 

where n is restricted to integer values. 

The form of the total wave function, namely, 

Kkm = (9) 

shows that the motion in the z direction is the same as for a free particle 
having a component of momentum hkt along this axis. Thus if L* is the 
length of the container in the z direction, the number of states that have 
a fixed value of n and ky and values of h lying in any range Ake is 

Nas = AkrL,. ( 10 ) 

The contribution to the total energy from the other two degrees of 
freedom is (8) minus h%ll2m, or 



Each of the discrete levels of this two-dimensional system is highly 
degenerate. This degeneracy may be estimated in the following way. 
The parameter ky in Eq. (8) is analogous to a y component of wave 
number so that the number of values of ky in an allowed range Aky is 


ch , 

( 6 ) 

1 

( 7 ) 

2t me 


tQ\ 


^kyL/jy 
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by analogy with Eq. (10). The allowed range of kyj however, is not 
unlimited as is that of K, for the point x' defined by Eq. (6), which is the 
center of gravity of the electron position in the x direction, should lie 
within the container. Thus, if the width of the box in the x direction is 
Lx, the total number of allowed values of ky is 

pH 

Nn = ^LxLy, ( 12 ) 


which is also the number of states of given e'. 

The distance Ac' between successive values of the two-dimensional 
energy parameter is Hxhe/2nnc, according to Eq. (11). Hence, the 



Np-fold 

degenerate 

levels 


Fiq. 3. — Schematic representation of the coalescence of levels of the two-dimensional 
system in a magnetic field. In effect, bundles of Nn levels of the continuum for perfectly 
free electrons combine to form discrete levels. The center of gravity of the bundle remains 
unchanged. 


density of the states of the two-dimensional system is 

S - 2™“’ (13) 

This is independent of H, and is the same as the density of levels for a 
free particle in two dimensions. Thus, the magnetic field does not 
change the average density of levels although it does alter the detailed 
distribution. 

We may obtain a qualitative picture of Landau^s diamagn,etism for a 
system obeying classical statistics from a discussion of the energy levels 
of the two-dimensional system. The quasi-continuous energy levels of 
the field-free system become discrete in the presence of the field. In 
effect, groups of Nn levels coalesce to form each member of the discrete 
set of levels (11) is shown in Fig. 3. The individual groups coalesce 
about their center of gravity; that is, the quasi-continuous set from 0 to 
Khe/2imc coalesce to Hzhe/^rmc, and so forth. Now, in the absence 
of a magnetic field the lower levels of any group are preferentially filled 
if Boltzmann statistics are used. Hence, .the mean energy of electrons 
in a group is less than the energy at the center point. Since all the 
particles have the energy of the single level into which the group coalesces 
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in the presence of a magnetic field, the mean energy of the electrons is 
raised. Thus, the system is diamagnetic. This effect is much smaller 
if the particles obey Fermi-Dirac statistics and if the system is degener- 
ate, for then only the few electrons at the top of the filled region have 
their mean energy altered by the field. There is a diamagnetic term, 
however, even in this case, as will be shown below. 

We shall now compute the value of the susceptibility of the three- 
dimensional model for both classical and Fermi-Dirac statistics. In the 
classical case, the partition function for a single particle is 


n»0 

00 

i.^ 2rmkT'^ 


+ Hrf(2B + l) 


FeH . 

ch 

VeR 

ch^ 




(14) 


V 2rmkT^ 


1 


2 sinh (H^/kT) 


where V = LJjyL,, For normal field intensities, the susceptibility 
determined from this partition function by means of Eq. (20) of the 
preceding section is 


3VkT 


where N is the total number of particles. 

For Fermi-Dirac statistics, the partition function / of a particle is 
given by the equation^ 

• - ^VH,^(2n+l) 

log/ - 22 (1 + }. 

n-O 

since a is very large for a degenerate gas, we may replace the logarithm 
ip the integrand by 

. • [»+«•«(*”+*)] 
kT 


and evaluate the summations only for those values of n and kg for which 
Hiis quantity is .positive. This procedure* is equivalent to assuming that 
the majm* part of the contribution to diamagnetism arises from the 

> See, for exaau^, E. E. Fowler, BoHaiedl M$chania (Cambridge UniverBity 
Frew, 1087). Hie ciuaniity « is equal to li/kT, se in See. 36. 
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electrons in the completely filled part of the Fermi distribution. The 
integration over k, then takes place between the limits 

±J(2mfcr)»[a - — (16) 

and leads to the result 




The summation over n extends from zero to kTa/2HtP and may be 
obtained by use of the approximate equation 

XF{n) S (18) 

0 


The result is 


f „ 6^ 3iV V 2TmF^Y3^^ ^ 


(19) 


in which the two terms arise, respectively, from the two terms of (18). 
The first term is independent of H,, so that the second is entirely respon- 
sible for the magnetism of the system. The susceptibility determined 
from it is 


X = 


4irOT/jY31VY 
VF^ ■ 


( 20 ) 


It is easy to see from the form of Eq. (17) that the summation over n 
would vanish in the approximation of Eq. (18) if it were carried out 
before the integration rather than after it. This shows that the diamag- 
netic term (20) is a three-dimensional effect and is related to a redistribu- 
tion of electrons near the top of the filled band among different levels. 
The reason for the redistribution is illustrated schematically in Fig. 4, 
which represents a plane in wave-number space that is normal to the 
z axis. The circle is the limit of the occupied region. In the absence 
of a field, the allowable values of wave number are uniformly distributed, 
whereas, in the presence of a field H*, the group of levels lying in the 
cylindrical shell parallel to the z axis associated with a range 


Ac' = 


HJie 

%rmc 


coalesce to form levels going with a single value of n. Some of the levels 
near the boundary of the circle that were previously occupied now lie 
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outside the circle. Others that previously were unoccupied now lie 
inside. Although the electrons move from the first set of levels to the 
second, the mean free energy remains larger than the value in the absence 
of a field by the second term in the brackets of Eq. (19). 

Peierls^ has pointed out that Eq. (18) is valid only when the condition 



Fig. 4. — Schematic representation 
of the behavior of the electronic levels 
in the three-dimensional case. The 
diagram represents a cross section of 
wave-number space normal to the z 
axis, the field being in the z direction. 
The outer circle is the limit of the filled 
region. In the presence of a field the 
group of levels contained in the shaded 
cylindrical tube parallel to the z axis 
coalesce to form levels associated with a 
single value of n. Some of the levels 
of given kg are raised and an equal 
number are lowered. This is unimpor- 
tant for the electrons well inside the 
jBJled region, since the mean energy is 
unchanged. On the other hand, the 
effect is important for the electrons near 
the surface of the filled region and their 
mean en^gy is raised. 


\F(m) ~ F{m - 1)1 < < F{m) (21) 

is satisfied for all values of m, which 
implies that < < kT.^ This con- 
dition is not satisfied for sufficiently 
low temperatures and high field 
strengths. Thus, kT/\-\»p is of the 
order unity for T 10°K and H* 10 
kilogauss. Under these conditions, 
the susceptibility must be computed 
by using different approximational 
methods. 

Suppose that we have a two- 
dimensional system of free particles 
at absolute zero of temperature and 
that the energy levels, in the presence 
of a field, are determined by Eq. (11), 
namely, 

e' = H«/8(2?z -f" 1). 

When the degeneracy eHJjJjy/ch be- 
comes greater than N, the total num- 
ber of particles, all particles occupy 
the state for which n = 0 and the 
total energy is 

E = NHgP, ( 22 ) 


which corresponds to a constant magnetic moment and zero susceptibility. 
As H, is lowered, E decreases until the degeneracy becomes less than N , 
whereupon some of the electrons begin filling levels for which n is unity. 
The energy then increases with decreasing field intensity, so that the 
system becomes paramagnetic when 




chN 

SL/gLy 


} R. ^ncBLS, i Phusik, 80 , 763 (1933); 81 , 186 (1933).' 

* Otherwise it is possible that a — - may be accidentally zero for 

« « V and very large for » - n' + 1. 
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It is easy to see that the general expression for the total energy is 

£{n)=9^HJ{l+3+ • • • +[2(n-l) + l]l+ ) 

(AT - + m (23) 

= JVH^(2w + 1) - ?HJ|8n(n + 1) ) 

when 

N N 

where 

The magnetic moment for fields in the range (24) is 

M = = -m{2n + 1) + 2gHMn + 1), 

which is equal to when ^H* = N/n and is —NP when 

{n + 1)‘ 

Thus, the moment abruptly changes sign at frequent intervals as the 



Fia. 6— Behavior of the magnetic intensity as a function of field intensity at absolute 
temperature in the two-dimensional case. 

field is lowered, the discontinuities occurring at points for which 
is equal to N /n. This behavior is shown in Fig. 5. 

The three-dimensional spectrum is not discrete, so that discontinuous 
changes in sign do not occur. Peierls^ has shown, however, that oscilla- 
tions in sign still occur. By a direct extension of the preceding work, 
he obtained the equation 

M e* 6o ^ 

hT) 

‘ R. Pbibbls, Z. Pkysik, 81, 186 (1933). 


(25) 
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for the ma^etic moment per unit volume. Values of (r, determined by 
direct computation, are shown in Fig. 6. Variations similar to this 
have been observed in bismuth and will be discussed in the next section. 

139, The Orbital Diamagnetism of Quasi-bound.£lectrons*.>-Peierls> 
has extended the theory of the diamagnetism of valence electrons to 
include the case in which the electrons are nearly bound. It turns out 
in this case that there are three contributions to the susceptibility, 
namely, one that is identical with the susceptibility of atomic electrons, 
given by Eq. (31), Sec. 137, another that is a generalization of Eq. 
(20) of the previous section for perfectly free electrons, and a third 
that has no analogue in either the free or the bound models. Although 



Fio. 6. — The function <r in Eq. (25) for the absolute aero of temperature. 

Peierls's treatment of the problem, which is presented here, is valid 
only for nearly-bound electrons, Wilson* has shown that the second 
term also occurs for nearly free electrons and is a measure of the suscepti- 
bility accompanying the type of free-electron motion found in metals. 
Jis we shall see, this term may be used to explain the unusually large 
diamagnetism of bismuth and the 7 phases. 

Con^der a set of weakly interacting atoms that are centered at the 
lifttioe positions r(n) given by the equation 

’ r(w) HiXi + (I) 

in which the v are primitive translations for a simf^le cubic lattice having 
lattice constant d. If the interaction forces are ne^ected, the Schrdd- 

* A. E, WhiSOII, The Theory of MeUde (Cambridi^ Emyomity 1985). 
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inger equation for the electron on the nth atom is 

- ,(.)) + {nr - rw) - « H.(.l - 4) + 

g,(.* + »•)}...-*, (2) 

in which <fin and V are the atomic wave function%|^ 0 otential, respec- 
tively. This equation is different for each atom b^mse the zero of the 
vector potential has been chosen to be the origin of coordinates. -.We 
may reduce the equations to a standard form by the transformation 

= e“2«ar(n).(rXH)^(j. « ^(n)) (3) 

where a = e/2hc. The equation satisfied by namely, 

- '(”» + {>'<'- '(•» - -’K- 

(. - + (. - (C 

is the same as the equation for <po{t — r(n)). Hence, 

ipn = e-2irwr(n)-(rXH)^Q(j. _ x{n)). (5) 

This result shows that the energy €(H,) of each of the unperturbed func- 
tions is the same, namely, 

«(H.) = eo + X.^' (6) 

where eo is the energy in the absence of a field and Xo is the atomic dia- 
magnetic susceptibility: 


[c/. Eq. (30), Sec. 137]. This is the first of the three contributions to 
the total susceptibility that were mentioned in the opening paragraph. 
Equation (5) may be placed in another convenient form by employing 

-a— 

the displacement operator e which has the property^ 
e"“^/(x) = /(* - o). 

^ This property of the operator may easily be demonstrated by expanding it 
as a power series in terms of the exponent, and comparing the result of the operation 
of the operator on a function with Tayloris seriM. 
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Using this operator, we may write <pn in the form 


where 


(PoiT - r(n)) = e 


[Chap: XVI 


(9) 


Thus, Eq. (5) becomes 


in which 


p = j grad. 


<pn = 


p-(« + «xh). 


( 10 ) 


( 11 ) 


We shall now consider interatomic perturbation terms on the assump- 
tion that the Hamiltonian operator for an electron near the nth atom is 


+ ^nr- [r(n) - r(m)]) - 

m 

em\ 


+ 


+ 1 /^)- ( 12 ) 

This is the same as the Hamiltonian operator in Eq. (2) except for the 
term 

'^'V{T - [r(n) - r(m)]). (13) 

tn 

If we assume that the perturbed eigenfunction ^ m'ay be expressed 
in the form 




(14) 


the eigenvalue equations for the Om are 

= '^Ufniai (15) 

i 

where c' is the eigenvalue of the perturbed system and 

= iip^*H'ip4r = /^o (16) 

Peierls proved that the o£F-diagonal matrix elements (16) are matrix 
components of the operator 

B « e(H) + 


(17) 
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where 

Ail) = / - r(9))j«>odT (18) 

a 

and 

K = P - ^(ro X H), (19) 

in which lo is by definition the matrix satisfying the relation 
To - <pn = r(n)v>n. 

In the presence of a magnetic field, A (1) involves the field intensities 
through the function <pn*. This fact may be made explicit by writing 
(Pn* in the form (10) with the help of Eq. (11). In the absence of a 
magnetic field, 

K = grad, (20) 

and the eigenvalues of K are the wave-number vectors k. Hence, in 
this case the eigenvalues of E are 


t(k) = to + (21) 

I 

where Ao is the value of A when H = 0. This result was previously 
derived in Sec. 65 by more direct means. 

Using Eq. (17) Peierls computed the total partition function for the 
perturbed system by a method that will not be discussed here. The 
result is 




where 


git) = log (1 + e ), 

‘i(k) = ~ ^ 

^ I 

“ r(n))|»>odT^’ 


(23) 


and the integration extends over all wave-number space. It should be 
observed that €i is independent of H,. If the first integrand in (22) is 
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expanded to terms in H}, it leads to the result 



J[?(*) + y(x. + «i)?'(e)]*(k), 

(24) 

in which the integral involving the first term is the partition function 
in the absence of a field. Since x« is a constant, the remaining terms 
may be placed in the form 


• 

(25) 

Thus, if we include the second term in the integrand of (22), 
that there are three contributions to the susceptibility, namely, 

we see 

11 

1 

X 

o 


(26) 

xj = 


(27) 

kT a* rr d»6 dh ( dh Y 
~ iar» 7 J [dkl dkl \dkMy) J 

ff"Wdr(k). 

(28) 


Xa should be the same order of magnitude as the atomic susceptibility 
of gases, namely, 



and should lead to a diamagnetic susceptibility of the order of 10“^ 
A simple estimate of xt shows that it is related to xi in order of magnitude 
by the equation 

m 


where m is the true electronic mass and w* is the effective mass of the 
electrons in the filled region. Thus, x% would be negligible in the limiting 
case of very narrow bands. ^ 

The factor ^"(e) in the integrand of (28) is 



)where / is the Fermi function. This derivative has a sharp peak at the 
point f » 4 and satisfies the relation [see £q. (29), Sec. 26] 



^ Wlkton hm shown that xt ii ssro lor perfsotly free eleotrons* 
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Hence, xi “lay be placed in the form 

_ 1 f fdh dh dh \ 2V 

“ 12ir* F JsVafcJ dkl dMVIgradt cf* 

where the integral extends over the surface of the filled region in wave- 
number space. This expression reduces to Landau's equation (15) of 
the previous section when the electrons are perfectly free, that is, when c 
is equal to hVl2m. 

The quantity in parentheses in Eq. (29) becomes large whenever the 
curvature of e(k) is large at the edge of the filled region. Since this may 
occur near the boundary of a zone according to the zone theory, xs should 
be largest for metals such as the alkaline earths and bismuth that have 
nearly filled zones. Jones^ has postulated that the five valence electrons 
per atom in bismuth extend just beyond a prominent zone that has room 



Fiq. 7 , — cross section of the prominent lone boundary of bismuth (see Fig. 6, Chap. 
XIII) normal to the preferred direction. The shaded regions are those in which it is 
believed the fiUed region extends into the outer sone. b represents schematically the 
behavior of the e(k) curve for the line through the zone boundary shown in o. The dotted 
line in b is the top of the filled region. The curvature of the c(k) curve is believed to be very 
large in the upper branch, so that the effective electron mass is small. 


for five electrons per atom in several directions. In addition, he postu- 
lated that the behavior of the «(k) curve near the zone is as in Fig. 7, so 
that the curvature is very great for the higher zone. The high diamag- 
netic susceptibility of this metal and of the alloys such as y brass that 
have similarly filled zones may be understood in terms of this picture, for 
the integrand of Eq. (29) is large and positive for a part of the range of 
integration in all these substances. 

In order to develop a semiquantitative theory of the diamagnetism 
of bismuth, Jones assumed that the energy contours are ellipsoids of 
revolution which are centered about the center points of the vertical plane 
faces of the zone in the six regions of Fig. 7 in which the filled region 
extends into the outer zones. Thus, if the z axis is parallel to the prin- 


^ H. JoNBs, Proc. Roy. Soe., 144 225 (1984); 147, 896 (1984). 
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cipal axis of the crystal, the energy contours in any one of the six regions 
have the form 

‘(k) = + “ 1^5 + ( 30 ) 


where the origin is at the center point of the corresponding face. The 
constants o-i and as are, respectively, the ratios of the electron mass to 
the effective mass in the directions normal to the principal axis and along 
the principal axis. It follows from the symmetry of the prominent zone 
of bismuth that the ellipsoidal contours on opposite faces may be joined, 
six sets of completely ellipsoidal contours being thus produced. 

If (30) is substituted in Eq. (29), it is found that the volume suscepti- 
bility in the z direction, expressed in cgs units, is 


X = -0.122v^. pio-' 


( 31 ) 


where ej is the value of (30) at the top of the filled region expressed in ev. 
Thus, X is largest in the direction in which a is smallest. 

Now, the number of states per atom ria within the ellipsoidal contour 
associated with 4 is 


Ua 


8T/ 2meo Y 1 
^ \ aiaitts 


( 32 ) 


in which f?o is the atomic volume. This result may be derived by com- 
puting the volume of the ellipsoid and using the fact that there are 2F 
states per unit volume of k space, if V is the volume of the crystal. 
Jones evaluated Ua by noting that the temperature coefficient of resistance 
of the tin-bismuth alloy system changes from positive to negative as tin 
is added to bismuth, the value zero occurring when about 0.13 atom per 
cent of tin is present. Each bismuth atom that is replaced by a tin 
atofn presumably carries with it one of the electrons from the overlapping 
region, for the valence of tin is one unit less than that of bismuth. Thus, 
if it is assumed that the point at which the temperature coefiicient of 
resistance changes sign is the same as that at which the boundary of the 
filled region extends just to the first zone, it follows that the number of 
electrons per atom outside the inner zone in pure bismuth is 0.0013, or 
there is 0.0002 electron per atom in each of the six shaded regions of 
Fig. 7. From this, may be computed by the use of Eq. (32), and 
V? in Eq. (31) may then be given a value. 

Jones finds. that the observed room-temperature values of xi 
X|, which are listed in Table VI, Chap. I, may be obtained from Eq. (34) 
% assuming 


at ^ 40 and as ^ 1 
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The assumption that the a in the plane normal to the principal axis 
are equal is justified by the fact that the susceptibility is the same in all 
directions normal to the principal axis. 

The most extensive theoretical treatment of the low-temperature 
susceptibility of bismuth has been given by Blackman,^ whose work is 
based on an extension of Peierls's theory. As we pointed out in the last 
section, it is observed experimentally that the susceptibility fluctuates 



H — ► 


(a) 



(b) 


Fiq. 8. — Comparison of the observed and calculated values of the low-temperature 
magnetic susceptibilities of bismuth in the plane normal to the principal axis. Curves a 
correspond to values along the x direction of Fig. 7, and curves h correspond to the y direc- 
tion. The measured values, which are for 1.86°K, are represented by circles on the dotted 
curves. 

with the field intensity in the neighborhood of absolute zero of tempera- 
ture. For example, Figs. 8a and 86 show the variations^ of -x with 
field intensities at 1.86®K. The measurements a are for fields parallel to 
the X axis of Fig. 7, and the measurements 6 are for fields in the y direction. 
Thus, the effect is not the same in all directions normal to the principal 
a-xis. Fluctuations are not observed when the field is parallel to the 
principal axis. It may be mentioned that the curves of Fig. 8 for 1.86 K 
are closely similar to curves for 14.2°K in the region in which the abscissae 

^ M. Blackman, Proc. Roy. Soc., 166, 1 (1938). . T^ a 

* W. J. m Haas and P. M. van Alphbn, Leiden Comm,, 212 (1931); D. Shobn- 
berg and M. Z. Uddin, Proc. Roy. Soc., 166, 687 (1936). 
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overlap. This suggests that the curves of Fig. 8 may safely be compared 
with theoretical curves computed for the absolute zero. 

The fact that the susceptibility is not symmetrical about the principal 
axis in the low-temperature range indicates that the energy contours for the 
electrons which are responsible for the fluctuations cannot have the 
symmetry of the function (30), for this function is invariant under 
rotations about the z axis. Thus, Blackman was led to assume that the 
€(k) function for these electrons is 

€(k) = (33) 

where ai, a 2 , and as are different constants. At first sight, this appears 
to contradict Jones’s results. Blackman points out, however, that the 



Fio. 9. — The susceptibility at absolute sero of temperature computed by assuming that 
there is only the type of electron corresponding to Eq. (33). The designations a and b 
have the same significance as in Fig. 8. The theoretical curves of Fig. 8 were derived by 
adding to the curves of this figure the susceptibility arising from the type of electron con- 
sidered by Jones. 


number of electrons responsible for the fluctuations probably is much 
smaller than the number determining the high-temperature susceptibility 
BO that the two sets may occupy completely different parts of wave- 
number space and make independent contributions to the susceptibility. 
In this connection, it should be emphasized that the zone shown in 
Fig. 7 apd in Fig. 6, Chap. XIII, is not the first Brillouin zone but the 
fifth, fience, it is very probable that there are regions in the outer zone 
other than those indicated in Fig. 7 in which the effective mass is very 
In support of this is the fact that the sign of x fluctuates in the 
theoretical curves derived by Peierls {cf. Fig. 6) and Blackman (c/. Fig. 9) 
on the assumption of one type of electron, whereas the experimental 
susceptiMlity is always negative. 

The susceptibility computed by Blackman for the absolute zero of 
temperature using (33) is shown in Fig. 9, which corresponds to the 
par^ular ratio, ai/aj “ 9.8. The abscissa is th^ variable H/Hoi where 
. H is the magnetic field intensity and Ho is 
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in which ej is the Fermi energy relative to the zero of (33). Blackman 
added a constant to his theoretical susceptibility in order to include 
Joneses type of diamagnetism and adjusted the parameters ej, ai, a*, and 
az in order to fit the observed curves most reasonably. The results, which 
correspond to the parameters 

= 9.8, 02 = 1.0, as = 1.1 • 10*, 

= 0.019 ev, 

are shown in Fig. 8. The number of free electrons per atom in the part 
of the band responsible for the fluctuating susceptibility as computed 
from €[) is 1.2 • lO"*, which is about 1 per cent of the number Jones found 
were responsible for the room-temperature susceptibility. As may be 
seen from Eq. (31), the large value of as accounts for the absence of an 
observable fluctuating susceptibility in the z direction. 

140. The Spin Paramagnetism of Valence Electrons^. — The origin of 
the paramagnetic behavior of many simple metals was first explained by 
Pauli in the elementary way described in Sec. 29. The value of the 
susceptibility obtained from this theory is 

X = (1) 

where /3 is the Bohr magneton, ^^(ej) is the density of energy levels of one 
spin at the top of the filled band, and V is the volume of the metal. 
Although this explanation, which involves the assumption that the two 
systems of energy states associated with opposite spins become displaced 
relative to one another in a field, is believed to be correct in principle, the 
simple computation requires modification for the following reasons: 

а. The density function ^^(e) is not necessarily the same as for free 
electrons. 

б. The total energy of the solid cannot be expressed only as a function of 
one-electron energy terms, but also involves two-electron terms. Of 
these, the exchange and correlation energies are dependent upon the 
number of electrons having each kind of spin and affect the susceptibility 
in a way that cannot be included in the expression (1). 

c. The orbital diamagnetism of inner closed shells and valence elec- 
trons, which was discussed in the previous sections, is comparable with 
the spin paramagnetism. These diaiAagnetic terms are so important in 
metals having newly filled d shells or nearly filled bands that they deter- 
mine the sign of the susceptibility. 

Let us assume that we have an electronic distribution, in which the 
first (JV + p)/2 levels of electrons whose magnetic moments are parallel 
to the field are filled and in which the first (N - p)/2 levels of opposite 
spin are also filled. We shall designate the energy of the nth level from 
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the bottom in the absence of a field by e(n). When there is a field; the 
total energy in the Bloch-Hartree approximation is 

(AT-p) (iy+p) 

E(p) = ^ * e.(n)dn + ^ * f.(n)dn - pfiH.. (2) 

If this is expanded in terms of p, it is necessary to retain only the first- 
order terms, since we shall be interested in the case in which p/N is small. 
The result is 


+ (3) 

We shall elevate and add to (3) the electronic-interaction terms for the 
case of free electrons. 

It may be recalled that the exchange interaction energy arises from 
the interaction between electrons of parallel spin. When electrons of 
both spins are present in equal numbers, the exchange energy per electron 
is (cf. Sec. 75) 

€e = -■ (4) 


where no is the total electron density. This may be expressed in terms 
of the radius r, of the equivalent sphere and is then 

-0.458-- (5) 

T, 

If there are {N 4* p)/2 electrons of one spin and (i\r — p)/2 of opposite 
spin, the total exchange energy is 

^ (iy + p) ^ iV + p y j0.4586^ (g) 

which becomes 



B.{p) = 


^ 0.458e^ 


r. 


2 p^ 0.4586^ 
9iV r. 


(7) 


when expanded in terms of p. 

, We shall assume that the correlation energy arises only from electrons 
of opposite spin, for reasons discussed in Sec. 76. The correlation energy 
as a function of p then is 




( 8 ) 
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0.288 
+ S.la* 


The term in /' usually is at least ten times as large as the one in 
Combining Eqs. (3), (7), and (8), we obtain for the total energy 

Et(p) = EtiO) + — p^Hz (9) 

where 


“ = “ I ( 10 ) 

The expression (9) is a minimum for the value of p satisfying the 
equation 

2ap = NpHz 
or 


p = N^- 


./3H* 

2a ‘ 


If this is substituted in Eq. (9), we obtain 

= £.( 0 ) - N^- 


4a 


( 11 ) 


( 12 ) 


Hence, the susceptibility is 


X = 



(13) 


This reduces to Eq. (1) when the exchange and correlation terms are 
neglected, since 



The terms in a are given in Table LXXXI for sodium and lithium. 
Although the first term is largest the others^ are not negligible. Values of 
the total susceptibility given by Eq. (13) appear in the same table. In 
addition, values of the free-electron diamagnetism and the inner-shell 
diamagnetism are listed. The former were obtained by the use of 
Eq. (29), page 595, and the relation € = h^y2m*, the computed values 
of m* being employed. The contribution to free-electron diamagnetism 
from exchange was not included since the corresponding term from 
correlations cannot be computed. The comparatively small ion-core 
terms were obtained from Van Vleck^s book. 

^Further details of this computation are to be published in the Phys. Rev, 
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The observed and calculated values of the susceptibility agree 
closely in the case of sodium, but the computed value for lithium is 
somewhat higher than the highest observed one. The agreement in the 
first case supports the general conclusion that the. electrons in sodium 
are very nearly perfectly free, whereas the disagreement in the second 
case indicates that the relation e = hVl2m* is not exact. The most 
reasonable source of the discrepancy would seem to be a comparatively 
small term in which causes a lowering of the density of levels at the 
edge of the filled region and a corresponding decrease in paramagnetism. 

Table LXXXI. — Contbibutions to a prom the Terms in Eq. (10) for Lithium 
AND Sodium and the Value op the Susceptibilitibs given by Eq. (13) 
(The terms in the first row are expressed in electron volts; those in the second row in 
terms of 10* times the cgs unit of volume susceptibility.) 



N(de/dp)/i - .;/3 

Exchange 

Correlation 

Total 

Li 

1.02 

-0.86 

mBM 

0.36 

Na 

1.12 

-0.70 

■■ 

0.61 



no/3* 

2a 

Ion core 

Diamagnetic 

Total 

Observed 

Li 

3.54 

-0.05 

-0.17 

3.32 

1. 4-2.0 

Na 

1.11 

-0.18 

-0.23 

0.70 

0.63 


It is interesting to note that the exchange energy is made more 
negative by increasing p [cf. Eq. (6)]. This shows that the exchange 
interaction of free electrons favors the alignment of spins. This tend- 
ency toward ferromagnetism ordinarily is more than compensated by 
the fact that both the Fermi energy and the correlation energy are 
raised when p increases. The change from paramagnetism to ferro- 
magnetism can occur only when a becomes negative, for then Eq. (11) 
leads to a maximum rather than a minimum. Bloch^ pointed out that 
the exchange term becomes larger than the Fermi term for sufficiently 
large values of since the first decreases as 1/r, and the other as l/rj. 
li we m^eci the correlation terms, it follows from Eq. (10) that this 
when 


r.> 6.03^0*. 
tn 

value of r, for perfectly iree electrons is about 6.0ak, which 
if larger tiua the value for any (Jkali metal. This fact and ^e fact 

A IT, MS 
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that the correlation term does not favor spin alignment make it safe to 
say^ that the observed ferromagnetism of transition metals should not 
be associated with nearly free electrons. 

141. Paramagnetic Salts. — The theory of the properties of the para- 
magnetic rare earth and iron group element salts has been highly devel- 
oped in those cases in which the paramagnetic ions are so widely 
separated that the bands associated with their electrons are narrow and 
the atomic approximation is valid. We shall not discuss the details of 
this rather specialized topic here but refer the reader to other sources.^ 

142. Macroscopic and Local Field Corrections. — Suppose that the 
currents in an electromagnet are adjusted in such a way that the field 
at a given point in free space is H'. If the space is then occupied by a 
magnetic specimen, the orienting field that acts upon an atomic magnetic 
dipole is no longer H' because of the fields arising from the rest of the 
material. One part of the difference H — H', namely, the demagnetiza- 
tion field, may be handled by classical methods. This contribution 
corresponds to the field of the effective surface distribution of magnetic 
charge that is induced on the specimen and is determined by the geomet- 
rical shape of the specimen. It usually varies from point to point, even 
when H' is constant; however, it is constant when the specimen has one 
of several possible shapes. In these cases, the correction takes the form 

AHd = DM (1) 

where M is the intensity of magnetization and D is the demagnetizcUion 
constant. D is — 4x for a thin pillbox whose axis is parallel to the field 
and is ^Air/S for a sphere. Values for other cases have been listed by 
Stoner.* The correction (1) is negligible in substances having a small 
susceptibility since the fractional error made in neglecting it is of the 
order of x- 

Under certain conditions, it is convenient to discuss another type of 
correction field. Suppose, for example, that we are dealing with a 
dense paramagnetic gas of molecules having a molecular susceptibility 
Xa* The magnetic moment per unit volume in this case is not simply 

» Cf. E. WiGNBB, Phya. Rev., 46 , 1002 (1934); Trans. Faraday Soc., 84 , 678 (1938). 

* See the following books and articlest Van Vleck, op. cit.j W. G. Penney and R. 
Schlapp, Phya. Rev., 41 , 194 (1932), 42 , 666 (1932); W. G. Penney, Phya. Rev., 48 , 
486 (1986); A. Prank, Phya. Rev., 89 , 119 (1932), 48 , 766 (1935); J. H. Van Vlwk, 
Phya. Rev., 41 , 208 (1932); 0. M. Jordahl, Phya. Rev., 46 , 87 (1934); P. H. Spedding, 
Jour. Chem. Phya., 6 , 316 (1937); A. Siegert, Phyaica, 8 , 86 (1936), 4 , 188 (19^). 
A survey of the topic has recently been given by J. H. Van N\^, Reporta of The 
Straaabourg Conference (1939) ; to be published in Ann. Inat. Henri 

• E. C. Stonbr, Magnetiam and AUmie Struaure (E. P. Dutton A Co., Inc., New 
York, 1984). 
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( 2 ) 


where H is the demagnetically corrected field, but is different because 
of the interaction between the molecular magnets. If is the average 
local magnetic field acting on a given molecule, the mean magnetic 
moment per molecule is XaHf and the intensity of magnetization is 

M = WoXaHf (3) 

where no = N/V. In order to use this, we must know the relationship 
between H and Hj. Lorentz^ was the first person to derive a relation- 
ship of this kind. He obtained the equation 

H, = H + (4) 


on the basis of the following assumptions: 

a. The arrangement of molecules is either isotropic or cubic. 

b. The relative orientation of magnetic moments is statistically 
the same for both near and distant molecules. 

Assumption b is analogous to the assumption made in the Bragg-Williams 
theory of order-disorder (Sec, 124). If Eq. (4) is placed in Eq. (3), we find 


M = 


^OXo II 

1 - (4ir/3)»0X, 


(5) 


Thus, the susceptibility per unit volume is 


* ”"1 - (V3)woXa’ 

It should be noted that, from the standpoint of electronic approxima- 
tions, this and the following discussions of the local field implicitly assume 
that the magnetic units may be described in an atomic or molecular 
approximation. Thus, these discussions have significance only when 
the bands are narrow. 

Lorentz^s treatment is not completely satisfactory for the same reason 
that the Bragg-Williams theory of order is not satisfactory, namely, it 
does not take into account the fact that near neighbors are aligned more 
often than distant neighbors. We shall discuss two attempts that have 
been made to improve the theory. 

Onsager* modified Lorentz's method of computing x in the following 
way. For mathematical purposes, Lm'entz had circumscribed an imagi- 
naiy sphere about a given molecule and derived the term 4 tM/ 3 in 

^ H. A. Lobbntz, The Theory of Electrons (Teubner, Leipzig, 1906). 

^L. Onbaobb, Jour. Am. Chem. Soc.^ 58, 1486 (1936). 
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Eq. (4) by considering the contributions to the field from the molecules 
inside and outside this sphere. In doing this, he assumed that the 
polarization is uniform. Onsager assumed that the sphere has physical 
reality as the volume within which the molecule is contained. In 
addition, he made the following two assumptions: 

a. The polarization field in the magnetic medium outside the sphere 
is not uniform but is the same as the field about a hollow spherical cavity 
that contains a point dipole of magnitude m. One part of the polariza- 
tion field Mh is induced by the constant applied field H and is fixed; 
the rest arises from the dipole and varies when the dipole changes its 
direction. 

h. The field H/ inside the cavity, exclusive of the dipole field of 
the molecule, is the orienting field that acts upon a molecule. is the 
sum of the external field H (with depolarization correction) and the field 
arising from the polarization outside the sphere. The second part of Hi is 
analogous to the 47rM/3 term in the Lorentz equation (4). 

In the case in which m is constant may be determined as a simple 
solution of Laplace’s equation and is 




- 1 


H + 


2(m - 1) 


2m + 1 ' (2M-M)a- 




(7) 


where m is the permeability and a is the radius of the spherical cavity. 
The second term, which arises from the polarization of the external 
medium induced by the field H, may be transformed to the form 


47rx 

Sttx + 3 


( 8 ) 


where x is the macroscopic susceptibility (1 — M)/47r. This should be 
compared with the corresponding Lorentz term 


47rx 
3 * 


(9) 


The third term in (7) is the reaction field of the dipole and is always 
parallel to m. It does not exert an orienting force so that it is unimpor- 
tant when m is constant and may be dropped. Thus, 

H. - (> + ('«) 

It should be noted that this approaches a limiting value 3H/2 when the 
magnetic susceptibility becomes large, for the field then attempts to avoid 
the cavity. The same effect does not occur in Lorentz’s approximation. 

If this result is inserted into Eq. (3), the following implicit equation 
for X is obtained: 
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+ ( 11 ) 

This equation has the solution 

X = ]!;;:[ “I + ^oxa + 4- ynoxa -f j- (12) 

Equations (6) and (12) are identical with terms in (noXo)^ so that they do 
not give appreciably different results when noXa is much smaller than 
unity; however, they behave very differently in the region where noXo is 
near unity. Lorentz’s expression (6) approaches infinity as no4irxo/3 
approaches unity, whereas Onsager's expression remains finite, being 
equal to 3(1 + \/3)/8t. This difference is very important when the 
atomic susceptibility satisfies the Curie law 

C 

Xa m 


for then Xo becomes large at low temperatures. If Eq. (5) were correct, 
M would be finite even in the absence of a field when no4TXa/3 becomes 
unity. Since this effect implies ferromagnetism, Lorentz^s theory 
implies that all substances obeying the Curie law should become ferro- 
magnetic at sufficiently low temperatures. Onsager^s equation, on 
the other hand, does not imply ferromagnetism since 


X t^'Xc 


for large values of Xa. Simple calculations based on Lorentz’s result 
show that the ferromagnetic Curie point should lie in the neighborhood of 
O.l^K for most of the paramagnetic salts. Although several of these 
salts show ferromagnetic effects near this temperature, Van Vleck* 
believes that this ferromagnetism should be ascribed to the exchange 
coupling discussed in the next section. Hence, experimental evidence 
seems to support a modification of Lorentz’s theory such as Onsager’s. 

Van Vleck has derived another relation that is valid at high tempera- 
tures and has a more rigorous foundation than either Lorentz’s or Onsag- 
er^s results. He included magnetic dipole-dipole interaction terms in the 
Ha^tonian function for a paramagnetic crystal of the type mentioned in 
thoVrecpdiing section and computed the effect of these upon the partition 
functiqn, using series expansion methods. If it is assumed that the 
atomic susceptibility Xa satisfies the equation 



( 13 ) 


* J. H. Van Vubcx, /our. Oim. Phy%., S, 820 (1087). 
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where 

_ _ gW(J + 1) 

k ’ 

Van Vleck^s equation for x may be written in the form 


- , 4Tr 1 , /4 

rrV 1 

1 



Ifc/ T‘ 

+ 

(14) 


where 

Here, Q is an integer of the order of magnitude 10 that depends upon the 
crystal structure. If Onsager’s expression for x is expanded and a value 
of Q appropriate to his model is placed in Eq. (14), the two expressions 
are identical with the terms shown in (14). Lorentz^s expression, on the 
other hand, does not give the same value for the terms that vary as 
1/T^. Thus, Onsager’s result is more accurate when T/t is larger than 
unity. 

Since Eq. (14) cannot be used at low temperatures, it is not possible to 
check the validity of Onsager’s relation in this region by direct computa- 
tion of the partition function. 

Van Vleck has extended Eq. (14) for the case in which the levels of the 
paramagnetic ions are split by crystalline fields. This work will not be 
discussed further here. 

One of the most direct supports of the Onsager-Van Vleck theory of 
local fields arises from its application to polar liquids and molecular 
solids.^ These substances contain molecules having permanent dipole 
moments, so that the preceding theory can be taken over with little 
modification for a discussion of their electrical properties. Since the 
relative magnitudes of electrical polarizabilities are of the order of one 
thousand times larger than those of magnetic polarizabilities at corre- 
sponding temperatures, the temperature at which the form of the local 
field is important is much higher in the electrical case. If Lorentz's 
equation were valid, these substances should show the electrical analogue 
of ferromagnetism in cases in which intermolecular aligning forces other 
than the dipole-dipole force are relatively small. Actually, this effect 
is not observed when it would be expected. For example, it can be 
estimated that the electrical Curie point should occur at about 260®K 
in the case of HCl, whereas no anomalies are observed until 100®K, at 
which point molecular reorientation stops (c/. Sec. 125). 

14S« Ferromagnetisiii. — The theory of ferromagnetism has developed 
in stages starting from two different points, namely, from the atomic 


* Ihid„ p. 056. 
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approximation and from the band approximation. The treatment that 
starts from the atomic approximation has value primarily for under- 
standing the spin aligning forces in ferromagnetic media, whereas the 
band treatment, which was discussed in Sec. 101, has qualitative value 
for discussing the relation between the conduction electrons and the 
d-shell electrons. The first three parts of this section will be devoted 
to the atomic approximation and the fourth to the connection between 
this and the band approximation. 

There is a close analogy between the atomic theory of ferromagnetism 
and the theory of order and disorder in alloys that was presented in 
Chap. XIV. In fact, the theory of ferromagnetism, which was developed 
first, was used as a pattern for the other. It will be seen that the magne- 
tized state, like the ordered state of alloys, has a lower entropy than other 
possible states, so that it can occur only when it is favored by a low 
energy. 

a. The Weiss Theory . — It was seen in the previous section that a 
relationship between the external magnetic field H and the local field 
of the type derived by Lorentz, namely, 

H, = H + Jm, (1) 

where M is the intensity of magnetization, can imply ferromagnetism if 
the atomic susceptibility Xa becomes very large in a temperature range. 
Under this condition, the susceptibility x, which is related to Xo by 
the equation 


- Jnox./3 

where Wo is the density of particles, becomes infinite when 4irwoXo/3 is 
unity so that the magnetic moment per unit volume may be finite, even 
in the absence of a field. Xa satisfies this condition at sufficiently low 
temperatures if* it obeys Curie’s law 


Hence, Eqs. (1) and (3) are sufficient for ferromagnetism. Even if the 
Lorentz equation were accurate, however, which it is not for the reasons 
discussed in the last section, it could not explain the ferromagnetism of 
iron, cobalt, and nickel, for the reasonable values of A are too small. 
Thus, if we use the relation 

A. «■'(/ + » (A) 

oK 
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discussed in connection with the theory of paramagnetism and give J 
and g oi'dinary atomic values, we should expect ferromagnetism only 
below TK. 

Weiss^ arbitrarily dismissed these difficulties and assumed that in 
ferromagnetic material 

Hi = H + aM (5) 

where a is a large constant of the order of magnitude 10^. In addition, he 
assumed that the scalar value of atomic moment m is related to Hi by 
Eq. (25), Sec. 137, namely, 

m(H) = (6) 

which is the generalization of Eq. (3) for strong fields. Equations (5) 
and (6) lead to the following implicit equation for M : 

M(H) = (7) 

In his original work, Weiss actually used the classical analogue of the 



Fig. 10. — Schematic representation of a method of visualizing the roots of Eqs. (8a) 
and (86). The lines correspond to (86) for several temperatures, where Tj > Ti > To. 
The single curve represents (8a) . It is assumed that H is zero, although the additive con- 
stant in (86) usually cannot be shown on this scale anyway. 

function Bj, which may be derived by allowing to approach zero and J 
to approach infinity in such a way that SgJ remains finite. 

Equation (7) is equivalent to the two simultaneous equations 


= BjM, (Sa) 



* P. WaiBS, Jour. j)hyt., 6, 667 (1907). Cf. Stonbr, op. cU. 
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e 


(9) 


where M« is the saturation value of M. The roots of these equations, 
which may be pictured by the graphical method shown in Fig. 10, are 
shown in Fig, 11. The decrease of M/M^ with increasing temperature 
follows a continuous curve, so that the melting of ferromagnetism is a 
transition of the second kind in Weisses theory. The Curie temperature, 
at which M vanishes, is 

k 3 ‘ ’ 

Since is of the order of magnitude of 1,000 gauss for the common 

ferromagnetic metals, the value of 
0 given by (9) is of the order of 
0.1a. Thus, a must be of the 
order of magnitude 10^ if Weiss’s 
theory is to be adequate. 

In Fig. 11, the observed values 
of M/M^ for iron, cobalt, and 
nickel as functions of T/0care com- 
pared with the computed functions 
for several values of J. It may 
be observed that the value i fits 
the experimental work best, a fact 
suggesting that the magnetism 
arises almost entirely from spin. 
This is also supported by the 
fact that the gyromagnetic ratio 
is almost 2 (c/. Sec. 101). 

The susceptibility above the 
Curie temperature may be found from the equation analogous to Eq. (2) 
of Lorentz’s theory, namely. 



Fig. 11. — Comparison of the observed 
saturation magnetisation curves of iron, 
cobalt, and nickel and the computed curves 
for several values of J. The theoretical 
curve for / ^ fits the measured ones best. 


Xa 


^ ^®1 — anoXa 

If the value of noXa that may be derived from Eq. (6), namely, 

1 0 

noXa 


( 10 ) 


( 11 ) 


is sub^tuted in Eq. (10), it is found that 

* “ ol{T^- 0 )' ' 

which is known as the Curie-Weiss law. The susceptibilities in the 
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paramagnetic range have been investigated by Weiss^ and coworkers. 
Figure 28, Chap. I, shows 1/x as a function of temperature for iron and 
nickel. If Eq. (12) were precisely valid, these curves should be straight 
lines; however, they are only approximately linear. In addition, the 
curve for iron shows a discontinuity because of the intrusion of the 
7 phase. Weiss and Foex have pointed out^ that the curves for cobalt 
and nickel may be closely approximated by a series of straight lines in 
separate temperature regions. For this reason, it is suggested that the 
ferromagnetic metals have several magnetic allotropic phases above the 
Curie temperature and that a separate Curie- Weiss law is valid over 
the temperature range in which each phase is stable. A more reasonable 
interpretation is that the Curie-Weiss law is only a rough approximation 
to a more accurate equation. This is substantiated by more recent 
theoretical work which is discussed below. 

It is possible to treat magnetocaloric effects on the basis of the Weiss 
theory.* Weiss postulated that the energy of magnetization En is 
related to the intensity of magnetization M by the equation 

• dM (13) 

where Hi is the local field. It is implicitly assumed in this equation that 
the hypothetical local field Hj is an actual magnetic field. If we substi- 
tute the relation (5) in (13), we find 

Em = (14) 

in the absence of an external field. Thus, the specific heat of magnetiza- 
tion is 


ladM* 
2p dT 


(15)- 


where p is the density. Since M varies most rapidly just below the Curie 
temperature and is zero above, the specific heat would rise to a peak at 
the Curie temperature and would then drop discontinuously to zero 
if Eq. (15) were valid. Although the areas under the experimental 
specific-heat curves are of the same order of magmtude as that of the 
theoretical curve, the forms of the two usually differ, inasmuch as a 
magnetic specific heat is observed above the Curie temperature. This 
fact is shown in Figs. 17 and 29 (Chap. I). The effect is largest in iron 
but is not negligible in the case of cobalt or nickel. It may be recalled 
that a aimilftr discrepancy occurs between the specific heat predicted on 


' P. Weiss, Jour, phys.t 8, 129 (1924). 

* Ibid.; G. Fobx, Ann. 16, 304 (1921), 
•CJf. cU, 
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the basis of the Bragg- Williams theory of order and disorder, and the 
observed specific heats. This discrepancy was removed in a qualitative 
way by taking into account short-distance order. We may conclude that 
a part of the error in the Weiss theory is related to the fact that it does not 
take into account the correlation of the magnetic, moments of near-by 
atoms. 

h. Heiaenherg^s Theory, — Heisenberg^ first showed that the Weiss 
local field may be given a direct and simple explanation in the language 
of quantum theory. The principles involved in his work, which is based 
upon a Heitler-London approximation, may be demonstrated by the 
following simple problem. 

Suppose that we have two atoms A and B that have one electron 
each^ and are separated by a distance Vah^ We shall designate the 
atomic wave functions by rpa and and the energies of the free atoms by 
e. In addition, we shall assume that these states have no orbital angular 
momentum, so that all of the magnetic moment arises from spin. The 
possible antisymmetric wave functions of the complete system then are 
(c/. Secs. 48 and 56) 


(hi(l)v2(l)] 

= [^a(l)W2) - lAa(2)^6(l)l{Ml)772(-l) + 7;i( - 1)>?2(1 )], 
(hi(’-i)^2(-i)] 


in an obvious notation. The first of these is the wave function of the 
singlet level, which has no spin moment, and the other three are the trip- 
let functions, for which the spin quantum number S is unity, 'fhe second 
set of states evidently is the analogue of the set of ferromagnetic states 
of solids. We may assume that the interaction potential for the two 
atoms is 


Vab^ 



rib 


7*20 


(17) 


where ri 2 is the distance between the electrons, and rib and r 2 a are the 
distances between a given nucleus and the electron on the other atom. 
The energies of the two types of state (16) are, respectively, 


where 


El = Ee + J «,) 
Ea ^ Ee Jej 


(18) 


Ee = 2€ + l\Ul)\^V^\m)\^drn (19) 

^ W. Hbisenbbrg, Z. Phyaik, 49, 619 (1928). 

* A treatment of this problem for the case in which each atom has more than one 
electron has been given by J. H. Van Vleck, Jour. Chem. Phys., 6, 106 (1938). 
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is the sum of the atomic energy and the coulomb interaction energy and 

Je = M*(l)^6*(2)F.5^a(2)^5(l)dri2 (20) 

is the exchange integral. It should be noted that Vab in the integrals in 
Eqs. (19) and (20) could be replaced by e^/r^ if the functions and ^6 
were orthogonal. From Eq. (18), we see that the magnetic states are 
energetically stable relative to only if J is positive. 

Equations (18) may be placed in a form that is significant for the 
theory of ferromagnetism. The square of the total spin operator 

22 = + ^2)2 (21) 

is a constant of motion in each of the states and ^n, the eigenvalues 
having the form h^S(S + 1), where is 0 and 1, respectively. If (21) is 
expanded, it becomes 

61 + 61 + 2di . 62 . (22) 

Since the individual spin angular momenta 6 l and d 2 are also constants of 
motion that have the eigenvalue 3^^/4, it follows that di • 62 is also a 
constant of motion and has the eigenvalue — 3^7^ when S is zero and 
when S is unity. Employing the operator (21), we may place 
Eqs. (18) in the operator form 

£ = + J.(l - pj ( 23 ) 

or, using (22), in the form 

E = E.-^- (24) 


If we now use the fact that the electronic magnetic moment y is — 2 p 6 /h, 
the spin-dependent part of (24) may be written as 


J. 


* V2- 


(25) 


Thus, apart from the dependence of Je on interatomic spacing, the energy 
is determined by the relative orientations of the electron spins. It 
should be emphasized that this interaction energy is fundamentally 
electrostatic. Spin enters primarily as a consequence of the Pauli 
principle. 

Bethel has made a simple qualitative analysis of the conditions under 
which J is most likely to have a given sign. Let us suppose that the 
functions \pa and \h have no nodes in the region where they overlap appre- 
ciably, so that the product may be assumed to be positive 

^ H. Bethb, Handbuch der Physiky XXIV/2. 
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ever 3 rwhere. This condition is always satisfied if and ^ are s functions 
that have nodes close to the nucleus but may also be satisfied in other 
cases if the nodal surfaces do not lie near the mid-point of the line con- 
necting the centers of the two atoms. Under this condition, the essen- 
tially positive terms 


ri2 Tta> 


(26) 


favor ferromagnetism, whereas the negative terms 

ni ra2 


(27) 



Fio. 12. — Behavior of as a function 

of interatomic distance r. 


do not. The variable term e^/rn in (26) is larger when the product 
\lfah is very large in a small volume of space than when the product is 
small in a large volume. Moreover, the terms (27) are smallest when 
the overlapping region is as far from the nuclei as possible. Hence, J is 

most likely to be positive if (o) the 
distance rat is fairly large compared with 
the orbital radii and (6) the wave func- 
tions are comparatively small near the 
nuclei. In both these cases, the product 
is small at the nuclei and large 
near the mid-point between the atoms. 
Condition (b) is most fully satisfied 
when the orbital angular quantum num- 
ber i is high since the wave functions 
start as rh Hence, we should expect J 
to be positive for the interaction between unclosed shells of d or / electrons 
when the interatomic distance is large compared with the atomic radius. 
These conditions actually are satisfied by pairs of atoms in the metals of 
the iron group and rare earth type, in which the interatomic distances are 
determined primarily by the a-p valence electrons. We shall see below 
that this qualitative argument can be applied to these metals, since the 
interaction between the d shells may be expressed as a sum of interactions 
between pairs of atoms. 

, It foUows from the principles of the preceding discussion that the sign 
di should depend upon the ratio x of the orbital radius and the inter- 
atomic distance in the manner shown in Fig. 12. If x is close to unity, 
should be negative; if it is large, J# may be positive. It is only fair to 
mention that Bethe’s argument does not tell the entire story, for the 
d^mic molecules Os and NO, which have permanent magnetic moments, 
^ not satisfy his conditions very well. 
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It may be shown* that in the Heitler-London approximation the total 
energy of any number of electrons can be placed in the form 

^ *^*^^*^^ ’ ( 28 ) 

which generalizes (24). Here C is a constant, J*, is the exchange integral 
for the tth and jth electronic wave functions, and di and d, are the spin 
operators of the ith and jth electrons. We shall be interested in the 
case in which each atom has one electron and in which is appreciable 
only for nearest neighbors. Equation (12) then becomes 

E = C -^^26,-6, (29) 

nearest 

pairs 

where J, is the exchange integral for neighboring atoms. The more 
general case in which there are several electrons per atom has also been 
considered, but we shall not treat it here since it does not lead to qualita- 
tively different results. 

Let us now discuss the number of states associated with different 
values of the z component of total magnetic moment. If there are N 
electrons, the largest value of the magnetic moment is PN, which occurs 
when all the spins are parallel and which can happen in only one way. 
The value M/3, which occurs when there are {N + M)/2 moments 
parallel to the z axis and (W — M)/2 moments antiparallel to it, can 
happen in 



different ways. Thus, the state of maximum magnetic moment, which 
is energetically most stable when J« is positive, has very low degeneracy, 
whereas the states of lower moment have larger values; Hence, we 
should expect the state of highest magnetization to occur only at low 
temperatures. The actual state at temperature T can be computed 
from the partition function; however, this computation is not easy to 
carry through directly because the n{M) states (30) have different ener- 
gies. Heisenberg assumed that the distribution of levels of given M 
may be approximated by the function 


fM{E) = 


n(M) 

(2ir)^Ajf 




(31) 


‘ Cf. J. H. Van Vlbck, The Theory of Electric and Maynetic Sueceplibilitiee (Oxford 
Univewity Preoe, New York, 1932). 
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where Em is the mean value of the energy levels of given M and is 
the mean square deviation from this mean. These quantities were 
computed by an approximate method that is discussed in Van Vleck’s 
book. With this assumption, Heisenberg computed the partition func- 
tion in a straightforward way,^ after adding an energy term 


• H 


in order to include the effect of an external magnetic field. The mag- 
netic equations obtained from this partition function are 


_M 


= tanh rj, 


in which 


t). 

kT ^ 2V^ 2 / 


+ yl(R\ 


(32a) 

(326) 


where z is the number of nearest neighboring atoms and 



Equations (32a) and (326) are nearly the same as Weiss’s equations (8a) 
and (86) since is equal to tanh ri. The only difference lies in the 
term in ri containing ( M / M ^) ^. If this is dropped and the correspondence 

w-'i-'-j) 

is made, the two systems of equations are identical. The field parameter 
a defined by (33) is a constant only at high temperatures, in which case 




(34) 


TJbe Curie temperature is not related to this value of a by Eq. (9) but is 
given instead by the equation 


G = 


2J 

m - Vi - 8A)’ 


(35) 


which is real only if z is at least 8 and is positive only if «/ is positive. 
ThuS) Heisenberg’s treatment leads to conventional ferromagnetic 
behavior only for the more close-packed lattices. This means not that 

* Another method of evaluating the partition function has been used by J. H. Van 
Vleck, Pkya, Rev., 49 , 232 (1936). Ihis does not lead to qualitatively different 
results. 
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the crystal is not ferromagnetic at sufficiently low temperatures when z is 
less than 8 but only that the phase change is pot of the second kind.^ 

Treatments of ferromagnetism using Heisenberg's model but employ- 
ing distribution functions other than the Gaussian function (31) have 
been presented by several investigators.^ By properly choosing this 
function, the difficulties associated with the imaginary behavior of (35) 
may be avoided. 

The susceptibility above the Curie temperature does not conform to 
the Curie-Weiss law except when T is much greater than 0. We shall 
not discuss the result since Heisenberg’s model unquestionably is too 
simple to be applied quantitatively to actual ferromagnetic materials. 
It is important to know, however, that observed deviations from the law 
are not at variance with theory. 

c. The Spin-Wave Treatment. — Heisenberg’s treatment of ferro- 
magnetism has the following weaknesses. 

1. It is based upon a simple Heitlcr-London description in which the 
periodicity of the lattice is not taken into account. 

2. An arbitrary approximation [cf. Eq. (31)] is used to obtain the 
distribution of levels. Since the thermal properties are strongly depend- 
ent upon this distribution, a more accurate description should be used 
for quantitative work. 

Of the methods that have been employed to improve upon Heisen- 
berg’s work, we shall discuss that developed by Bloch^ and extended 
more recently by Slater,^ since it is the most fruitful. Although this 
treatment casts a new light upon the problem of ferromagnetism, its 
results are not radically different from those of Heisenberg’s theory. 
For this reason, the older work can still be used for qualitative purposes. 

It may be recalled that the Heitler-London approximation may be 
used to discuss the normal and lower excited states of insulators. When 
this is done, the lowest level is nondegenerate and the excited levels are 
very highly degenerate. Thus, if there are N atoms and the first excited 
one-electron state is g^-fold degenerate, the first excited level is Agf-fold 
degenerate. A more accurate set of wave functions can be obtained by 
computing the matrix elements of the Hamiltonian connecting these 
Ng states and by diagonalizing the result. This problem, which was 
solved in Sec. 96 for a simple case in which the interatomic energy is 

1 This peculiar behavior of the Heisenberg model arises from the fact that the use 
of the Gaussian distribution is equivalent to assuming levels of arbitrarily low energy. 
Thus the EiS) curve (Sec. 117) approaches the energy axis asymptotically with infinite 
slope, rather -than with zero slope as it should. 

* See, for example, F. Bitter, Phys. Rev., 67, 669 (1940). 

» F. Bloch, Z. Physik, 61, 206 (1931). 

* J. C. Slater, Phys. Rev., 62, 198 (1937). 
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email, leads to the following results. The first excited wave functions 
are given by the equation 

= ak5)e 4'« (36) 

n 

where is the determinantal eigenfunction that is formed from the 
lowest wave function by replacing the normal wave function for 
the nth atom by the excited wave function , and n is summed over all 
atoms. The ^k, which evidently have wave characteristics, are called 
excitation waves. The energy associated with ^ is 


= + ( 37 ) 

P 

where g ranges over the vectors joining an atom with its nearest neigh- 
bors, En is the energy of the and I is composed of integrals involving 
pairs of neighboring atoms. 

Bloch constructed a set of magnetic wave functions that bear the 
same relation to Heisenberg’s atomic functions that the excitation waves 
do to the % in (36). Let us consider a system of N atoms, each of which 
has one valence electron. We shall assume that the one-electron wave 
functions ^(r — r(n)) = are like atomic functions. For the basic 
nondegenerate wave function of the complete system, Bloch chose the 
state #0 in which all electron spins are parallel. The energy Eo of this 
state is 

Eo = W(60 -f c - iJeZ) ( 38 ) 

where €o is the energy of a free atom, JVC is the coulomb interaction 
energy of the system, Je is the Heisenberg exchange integral (2) involving 
the for pairs of neighboring atoms, and z is the number of nearest 
neighbors. The states analogous to the in Eq. (1) are deter- 
minants of fimctions that differ from #o in that the spin of the electron 
on the nth atom has been reversed. These N functions have the same 
energy and have a z component of magnetic moment equal to (JV — 2)i3. 
The spin waves #k, analogous to the excitation waves ^k, are 

*k = (39) 

n 

ahii have the energy 

Ek* * J&o + ( 40 ) 

p 

wb^ 9 is summed over nearest neighbors as in Eq. (37). This function 
ii shown schematically in Fig. 13. 
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It can be shown that, as long as the number of spin waves is small 
compared with JV, the energy of the crystal in a state in which there are 
/ spin waves of wave number ki, ki, . . , , k/ is 

t 

£!(k„ • • • ,k/) = £„ + ^*.(k0 (41) 

v-l 

where 

€.(k,) = - £;o. (42) 

Thus, the spin waves behave like elementary particles that are so nearly 
independent of one another that their energies are additive. It is 
evident that the z component of magnetic moment in the state having 
/ spin waves p{N — 2/). 

Under the restrictions for which Eq. 

(41) is valid, the necessary condition for 
ferromagnetism is that E{k) - Eq be posi- 
tive, that is, that J» be positive, for then ^q 
is the lowest state of the system. This 

condition is identical with Heisenberg's. Fiq. 13.— The schematic rep- 

Bloch used Eq. (41) to compute the the energy of 

. . • i. 1 f ^ Blochs spin wave as a function 

partition function for the system of elec- of k in the ferromagnetic case. 

trons. There is no difficulty in determin- f inverted in the non- 

mg the distribution of levels m this case, 

since one state is associated with each value of k in wave-number space. 
This partition function is 



2 •'-1,-./ MCk,,) 

/=X"" X n (43) 

/-O ki,...,k/ 

in which — 2/) is the field interaction term. At low tempera- 

tures, when only the lowest levels are excited, €,(k) may be replaced by the 
value 


e.(k)sJ.X(?-k)* 


Using this approximation, Bloch found that the magnetization M 
satisfies the equation 


, 2 . 612 /fcrV 

= 1 


where a depends upon the lattice and has the value i for a face-centered 
lattice and i for a body-centered lattice. This result may be placed in 
the form 
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-^ = 1 - 
M„ ^ U 


(46) 


where 0 is the approximate Curie temperature, which for face-centered 
and body-centered lattices has the values 




= 9 - 74 *' 

k 


Ionization- 
spin levels 


Excitation- 
spin vwves ' 



eb.c. = 6 .i4'. 

K 

respectively. 

Weiss^ has made a careful experimental test of Bloch’s P law for 
iron and nickel. He found that a law holds above 70°K, but that the 

P law applies in the range from 70° 
to 20°K. This verification of Bloch’s 
result seems to be support for a spin- 
wave type of theory of ferromagnetism, 
although it must be admitted that Bloch’s 
model, on which (46) was derived, is 
probably much too simple (see part d). 

Slater^ extended Bloch’s method of 
determining the magnetic wave functions 
by carrying the perturbation procedure 
several steps further. The important 
differences between the two procedures 
are as follows: 

a. Slater added to Bloch’s spin waves 
(39) the wave functions $k,R that are 
defined by the equation 


/77777777m 

m V777//77/77777\ 


Fig. 14. — The energies of Slater’s 
excitation-spin waves. The zero 
line represents the energy of the 
system when spins are parallel. 
The band R = 0 corresponds to 
Bloch’s spin-wave curve («/, Fig. 13) 
for which the electron having 
reversed spin remains on the same 
atom as the hole it leaves in the 
levels of opposite spin. The other 
didorete curves correspond to cases 
in which the electron having reversed 
spin is removed to an atom at dis- 
tance R. The continuum repre- 
sents the energy states of the electron 
and hole when they become com- 
pletely free of one another. 




(47) 


where 4>n,R is constructed from ^>0 by 
taking an electron from the atom at r(n) 
to the atom at r(n) -f R and reversing its 
spin. The functions (39) evidently are the special set for which R is 
zero. These excitation-spin waves have energies that can be represented 
schematically for each value of R by discrete curves in a one-dimensional 
diagram (c/. Fig. 14). The curve for R = 0 corresponds to the curve of 
Fig. 13. 

6. The matrix components of the Hamiltonian were computed for 
the system of excitation-spin waves (47), and the perturbing effect on 

^ P. Wuiss, Compi. Rend., 198, 1893 (1934). 
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the Bloch states of the states for which R is not zero was estimated from 
these components. 

c. Slater did not employ ordinary atomic functions but used instead 
an orthogonalized system Xn that was obtained from Bloch type func- 
tions of the ionization band approximation (c/. Chap. VIII) by 

means of the equation 


(48) 

k 

This procedure has two important consequences: (1) All terms in the 
exchange integral (20) except those arising from eV^i 2 vanish because 
of the orthogonality conditions. (2) Some of the quantities in the 
expression for the perturbed function can be expressed in terms of char- 
acteristic quantities of the band approximation. 

Slater’s result for the energy of Bloch’s spin waves, in the higher 
approximation, is 

6.(k) = 

P 

Here, 


where J, is the exchange integral for the Xn, namely, 

J.= fx»*{l)x»+i*(2)^Xn(2)x..+i(l)ir,2, (51) 

J ^12 

W is the width of the ionization band, and h is essentially the difference 
between Eq and the center of energy of the excitation-spin waves for R 
greater than zero (c/. Fig. 14). In the case in which there are / spin 
waves, the total energy J5/(ki, . . . , k/) may be obtained by substitut- 
ing (49) into Eq. (41). When the atoms are widely separated, J, is 
positive, W is very small, and A is then positive. On the other hand, 
W becomes very large when the atoms are close together,, so that we 
may expect A to change its sign. Thus, in this approximation we 
should expect ferromagnetism only for widely separated atoms just as 
in the Heisenberg theory. 

The behavior of the lowest spin-wave energy curve as the ionization 
band widens is shown in Fig. 15a and h. The levels of the ionization 
band occur at the series limit of the discrete curves of the excitation-spin- 
wave system and are indicated by the striped region. In the first 
case, the ionization band is narrow and the energy curve of the lowest 
spin wave is above Eo. In the second, the ionization band is so wide 
that it depresses the spin- wave curve below ^o. 


(49) 

(50) 
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d. Critique of the Theories of FerromagTietism . — The Heisenberg and 
spin-wave treatments of ferromagnetism are incomplete for metals 
because the valence and d-shell electrons are not considered simul- 
taneously. Actual ferromagnetic metals are made of atoms whose 
total electronic states possess a mixture of s-p and d-electron charac- 
teristics. The part of .the atomic wave function is altered in such 
a way that the solid has metallic properties, such as high conductivity, 
and the d part produces ferromagnetism. Since the gf-factor is ^^2 and 
the observed atomic saturation moments are not integer multiples of 
the Bohr magneton, we know that there is not an integer amount of 




Fio. 15. — Schematic reprowntation of the behavior of the spin-excitation levels as the 
ioniaation band widenB. In case a the ionization band is narrow and the system is ferro- 
magnetic, whereas in case b the spin-wave curve is inverted so that the system is not 
ferromagnetic. In both of these diagrams the ordinate is energy and the abscissa is the 
difference of the wave-number vectors of the electron before and after excitation, which is 
the wave-number vector of the exciton. Hence the lowest discrete curve is analogous to 
that of Fig. 13. The shaded region represents the ionization-spin states, in which both 
the eleotron and hole are free. This has zero width at the midpoint, which corresponds 
to zero difference in wave number, because the e(k) curve is the same for electrons of either 
spin. {After Slater.) 

d property per atom. Thus, the two characteristics are intimately 
mixed, and in any complete theory of ferromagnetism they should be 
discussed simultaneously. 

Tbe band approximation, which is based on Bloch type one-electron 
functions, does an excellent job of picturing the balance between «-p- and 
d-electron character. Since it is found that the d and s-p bands in 
tmnsirion metals overlap, the relative number of electrons in each band 
is determined by the condition that the energy be stationary under the 
process of moving electrons from one band to the other, which means 
essentially that the bands are filled to the same level. Thus, there is no 
reason for expecting an integer number of d electrons per atom, for the 
poSirions of the bands are determined by many factors. As we have 
seen in Sec. 101; this picture can be used to correlate t large number 
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of the properties of transition metals that are related to d-electron 
character. 

In order to explain ferromagnetism on the band theory, it unfortu- 
nately is necessary to assume arbitrarily that there are more electrons 
in the d band having one type of spin than the other. The excess in 
metals such as nickel and cobalt is so large that half the d band is com- 
pletely filled, and the excess is slightly smaller in iron. If the band 
theory were accurate enough in the case of narrow bands to furnish a 
trustworthy explanation of this preponderance of electrons of one type 
of spin, the Heisenberg-Bloch-Slater type of treatment would be superflu- 
ous for most descriptive work. It is true that the exchange energy for 
Bloch functions, favors ferromagnetism, but it is possible to 

show that for the narrow bands the correlation correction is just large 
enough to compensate for this effect in first approximation (c/. Sec. 75). 

At first sight, it might seem possible to use the band scheme to 
determine the distribution of s-p and d electrons and to use the spin- 
wave scheme to handle the d electrons. This procedure cannot be 
carried out in a simple way, for wave functions that are more compli- 
cated than (47) would have to be employed, since there is not an integer 
number of d electrons per atom. 

Thus, there does not seem to be a single, tractable, approximational 
scheme that can be used to develop satisfactory equations for all the 
properties of ferromagnetic metals. At present, we must use the spin- 
wave and band schemes in the separate domains in which they are 
individually most satisfactory. 

It should be added that the Heisenberg and the spin-wave approxi- 
mations are suited to discussions of ferromagnetism in ionic solids, such 
as magnetite and the rare earth salts, in which there is an integer num- 
ber of magnetic electrons per atom. 

144 . Additional Application to Alloys.--We saw in Sec. 101 that many 
of the properties of ferromagnetic metals and alloys may be correlated 
on the baas of the band scheme. It is also possible to correlate other 
properties by the use of the Heisenberg type of theory in a way that will 
now b© discussed. 

Dehlinger* has attempted to construct semiquantitative exchange 
integral curves J,{r) of the type shown in Fig. 12 for the transitaon- 
metal atoms by the use of empirical information. Since the clow- 
packed phases of both nickel and cobalt are ferromagnetic, it may be 
concluded that J, is positive at the observed nearest-neighbor distow 
and that the complete curves have the forms shown in Mg. 16e in which 
the vertical dotted line represents the nearest-neighbor distance for the 

‘U.Dwmmoaa, Z. MadaUr<d», S8, 116 (1986):M, 194 (1936):92,388 (1987). 
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clfflSe-packed structures. The face-centered, or y, phase of iron is not 
fSiTomagnetic; however, the body«oentered, or a, phase, in which the 
interatomic distance is slightly larger, is ferromagnetic. Hence, the 
J.(r) curve for iron (Fig. 16d) is negative at the dotted line and crosses 



tihe axis at larger values of r. 

Dehlinger attempted to classify 
tke J,{r) curves for the nonferro- 
ihagnetic transition metals by 
studying their paramagnetism. He 
concluded that the corresponding 
/e curve is nearly zero at the near- 
est-neighbor distance if the metals 
are strongly paramagnetic and if 
the paramagnetism increases with 
decreasing temperature. On the 
'other hand, the crossing point is 
far away if the paramagnetism is 
weak or temperature-independent. 
It is possible, in the second case, 
that Je{r) is negative everywhere. 
Using considerations of this type, 
he arrived at the other curves of 
Fig. 16. It may be seen that in the 
cases of palladium and platinum he 
has concluded that the exchange 
integral is positive at the actual 
interatomic distances although the 



In+era+omic Disfance-^— ► 
Fi«.il6. — Hypothetical /,(r) curves for 
tho magnetically important tra^sitidilh 
metid atoms. Evidence discussed in the 
text indicates that the peifk for nickel 
actually occurs to the left of the equilibrium 
spacing. (After Dehlingef^.) 


magnitude is small relative to that 
for the truly ferromagnetic metals. 

Among the properties of ferro- 
mapietic metals that are nicely 
exjwined in a qualitative way by 
Detlinger^s picture is the fact that 
their expansion coefficients change 
near the Curie point. Consider the 
case of iron, for example. It follows 


from the fact that the observed interatomic distance is on the left- 


hand Side of th^ peaks of the J«{r) curves in this case that the 
additional inter&tdmic force arising from exchange when the magnetic 
moments of two .atoms are parallel instead of antiparallel tends to push 
them apart. ThO total force for the entire solid arising from this source 
is a maximum when ail spins are parallel and decreases as the magnetiza- 
tion decreases, such as when the substance is heated, for then an increas- 
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ing number of atoms have opposite spin. Since the maximum change 
in magnetization occurs in the neighborhood of the Curie point, it may be 
expected that the greatest decrease in the interatomic repulsive force 
arising from ferromagnetism occurs in this region of temperature. This 
decrease, however, should compensate for at least a part of the internal 
pressure that causes the solid to expand when heated. Hence, it may be 
expected that the expansion coefficient would decrease near the Curie 
point. In some cases, such as in invar steel, which is an iron-nickel- 
carbon alloy, the two effects almost compensate for a range of tempera- 
ture, and the expansion coefficient is nearly zero. 

Shockley^ has pointed out that the expansion coefficient of nickel 
increases near its Curie point, showing that in this case the actual inter- 
atomic spacing is to the right of the peak of the Je{r) curve, and is not as 
is shown in Fig. 16d. A similar conclusion has been drawn by Bozorth^ 
from the fact that the Curie point of the iron-nickel system passes through 
a maximum as nickel is added to iron. It presumably is safe to conclude 
that the atomic spacing in cobalt, which lies between iron and nickel, 
corresponds to a point near the peak of the J e(r) curve. 


Table LXXXIL— The Signs of the Exchange Integrals for Nearest Neigh- 
boring Atoms and for Farther Neighbors in Close-packed Phases of a 
Number op Binary Alloys 



Pt 

Pd 

Ni 

Co 

Fe 

Mn 

Cr 

Mo 

W 
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Pd 

Ni 

Co i 
Fe 

Mn 

Cr 

Mo 

W 

+ + 
+ + 

+ + 
++ 

+ 4- 

+ + 
d-d- 
d-d- 

-p-f 

d-d- 

-l--^ 

d-d* 

d--h 

-d- 

d-d- 

d-d- 

-d- 

-d- 

-d- ' 

-d- 

-d- 

-d- 

-- 




Dehlinger extended this type of setniempirical work to substitutional 
alloys and predicted the rudimentary properties of the J.(r) curves for a 
number of UnUke atoms. The results of this investigation, wkch is 
discussed in more detail below, are listed in Table LXXXIL The first 
of the two signs ih a given square represents the sign of J.(r) for nearest 
neighbors in the binary alloy formed of the atoms associa^ ynth the row 
and column in which the square is situated. The other sign is the sigp of 
J.(r) for all farther neighbors. Thus, according to this diagram, J, is 


‘ W. Shocklbt, Tech. Pub. BeU Tel. SyeUm, 18 , 645 ( im ). 
• E. M. Bosobth, Tech. Pub. BeU Tel. System, 19 , 1 (1940). 
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positive for iron and nickel atoms that are separated by the nearest- 
neighbor distances of the iron-nickel alloys and is also positive for all 
larger distances. Similarly, is negative for first neighbors in nickel 
and chromium atoms and is positive for others in the nickel-chromium 
alloy system. The data in the squares lying m the principal diagonal 
apply to the interaction of pairs of atoms of the same kind and express 
nothing that is not contained in the curves of Fig. 16. If the conclusions 
contained in this table are correct, we should expect an alloy to be ferro- 
magnetic only if it contains platinum, palladium, nickel, cobalt, iron, 
manganese, or chromium. 

The method of deriving this information may be demonstrated by 
giving several examples. It is found that the saturation moment of 
nickel is raised when nickel atoms are replaced by iron. Thus, it may 
be concluded that the exchange integral is positive, for otherwise the 
magnetic moment of iron would set itself antiparallel to that of the nickel 
atoms and the magnetization would decrease. By assumption, the J«(r) 
curve has the form of Fig. 12; hence, Je{r) must be positive for larger 
distances. If small amounts of tungsten or chromium are added to 
nickel, the saturation moment is decreased, a fact indicating that Jeir) 
is negative at least for the nearest neighboring nickel-tungsten and nickel- 
chromium atoms in the corresponding alloys. These two cases differ, 
however, inasmuch as the Curie temperature increases rapidly with 
increasing tungsten content in the nickel-tungsten system and remains 
practically constant in the nickel-chromium system. The reason the 
Curie temperature does not fall is not diflBcult to understand. In both 
these cases, the nickel atoms immediately surrounding tungsten or 
chromium atoms have parallel moments at absolute zero of temperature. 
In order to reverse its moment, one of these nickel atoms must do enough 
work to overcome not only the nickel-nickel exchange interaction but also 
the nickel-tungsten or nickel-chromium mteraction. Hence, if the 
interaction for antiparallel moments is more than the nickel-nickel inter- 
action for parallel moments, the Curie temperature should rise when 
tungsten is added, as is observed. It may be concluded from the behavior 
of ttie Curie temperature that the nickel-chromium exchange energy is 
fees negative than the nickel-tungsten energy. Dehlinger also concludes 
frdm the differences of the two cases that the nickel-tungsten exchange 
cMWgy is negative for both nearest and more distant neighbors, whereas 
the ohjromium-Qickel interaction is negative for first neighbors and 
podtive for others. 

Dehlinger has used the results of this scheme to^correlate a number of 
interestmg and important properties of ternary ferromagnetic alloys such 
as ^e Iteusler alloys. 
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146« Ferromagnetic Anisotropy. — A semiquantitative theory of the 
magnetic anisotropy of cubic ferromagnetic substances has been devel- 
oped by Van Vleck using an atomic model. ^ This anisotropy, which is 
made evident by the fact that there are easy and hard directions of mag- 
netization in cubic metals (see Sec. 2), cannot be explained on the basis of 
exchange coupling between the spins of electrons on different atoms if 
there is one or less than one magnetic electron per atom, as in the case of 
nickel, for it may be shown^ that this type of interaction always leads to 
isotropic expressions for the energy as a function of magnetization direc- 
tion. Van Vleck suggested that the anisotropy is due to a coupling 
between spin and orbital angular momentum not unlike that which gives 
rise to the inner multiplet splitting in Russell-Saunders coupling. This 
coupling would not lead to anisotropy if the electronic distribution in the 
d shells were isotropic, as in an S state of a perfectly free ion; however, the 
d-shell wave functions are appreciably distorted because of crystalline 
binding, as we have seen in Sec. 99, which means that the d-shell distri- 
bution is anisotropic. Since this anisotropy is fixed relative to the 
crystal axes, the electronic spin becomes conscious of its orientation 
relative to the crystal through the coupling with the orbital motion. 

Van Vleck assumed that the Hamiltonian for a ferromagnetic solid 
contains magnetic terms of the type 


"b m< • m,, nu • r<;, m/ • r<,), 

i,3 ♦ 


in which dt and nii are the spin and orbital angular momentum operators 
of the electrons on the iih. atom, r<,- is the radius vector connecting the 
ith and ;th atoms, Ja is the exchange integral for the two atoms, A is 
the spin-orbit coupling constant, fa is a polynomial expression in the 
arguments indicated, and the sums extend over all atoms. The first 
term evidently is the Heisenberg exchange term, which is responsible for 
ferromagnetism. The second term describes the coupling between spin 
and orbital motion, whereas the third term leads to an. anisotropic 
electronic distribution. Van Vleck showed that the observed magnitude 
for nickel of the constant Xi in Eq. (2), Sec. 2, may be explained by 
use of the energy terms (1) with theoretically reasonable values of A 

and • 1 u 

The saturation magnetic moment in iron and cobalt is larger th^ 
one Bohr magneton per atom, and in these cases, it is possible to explain 
the magnetic anisotropy by using only the first term of (1); however, it 


^ J. H. Van Vlbck, Phys. Rev., 52, 1178 (1937). 

* R. Bboxbb, Z. Physik, 62, 253 (1930); see also reference 86. 
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is likely that the higher terms also are important in determining the 
details of the anisotropy in these cases as well. 

Brooks^ has recently shown that this topic may also be approached 
on the basis of the band approximation. 

The problem of magnetostriction is closely connected with the problem 
of anisotropy; however, we shall not discuss it here.^ 

* H. Brooks, Phys. Rev., 67, 670 (1940). 

* See J. H. Van Vleck, Phys. Rev., 62, 1178 (1937). 



CHAPTER XVII 

THE OPTICAL PROPERTIES OF SOLIDS 


146. Introduction. — The classical theory of the optical properties of 
solids is based upon Maxwell’s equations for an uncharged polarizable 
medium, namely, 


div (E + 47rP) = 0, 

_ 1 d{H + 47rM) 

curl c. = f 

c dt 


div (H + 4:7rM) = 0, 


curl H 


1 dE , 47r dP , 4xJ 
c “c”' 


( 1 ) 


where P and M are the electric and magnetic polarization intensities and 
J is the current per unit area. We shall be interested only in the case in 
which M is small enough to be dropped. In practically all applications 
of these equations, it is found possible to assume that P and J are related 
to E by the equations 


P = a.E,l 
J=d.E,f 


(2) 


where a and d are the polarizability and conductivity tensors of the 
system. Maxwell’s theory does not give an explanation of the depend- 
ence of a and d upon frequency; the derivation of these relationships is 


the purpose of the atomic theory of solids. 

Maxwell’s theory of radiation is subject to direct experimental test 
whenever ck and d may be measured without performing an optical 
experiment. Unfortunately, this includes only the long wave-length 
region of the spectrum that is employed in radio work. For shorter 
waves (X « 1 cm), the results of Maxwell’s theory must be employed to 
determine the constants, in lieu of values determined by use of atomic 
theory. Although this may seem to be only an experimental difficulty, 
it should be realized that the size of the electrical circuit which can 
resonate to. radiation having frequency 10'^ cycles per second is of the 
order of atomic dimensions. For this reason, it is necessary to have 
intimate knowledge of the theory of atomic systems before the results 
of optical experiments can be interpreted in a way that throws light 
upon the behavior of the charges in solids. 

The classical theory of a and d was developed farthest by Lorentz 
although important contributions have been made by other workers.* 


^ H. A. Lorentz, Theory of Electrone (Teubner, Leipzig, 1906). 
*P. DBtJDB (see ibid.); C. Zener, Nature, 182, 968 (1933); 


B. DE L. Kroniq, 


Nature^ 188, 211 (1934). 
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This work is still very useful since some of its most significant results 
have not been modified. The quantum treatment of the optical proper- 
ties is in principle just one of the fields of application of the theory of 
radiation developed in Chap. V. From a purely formal standpoint, it 
should only be necessary to apply Dirac^s theory in order to determine 
the optical behavior of any solid. This formal procedure actually 
has not been followed very closely, however, and the subject has devel- 
oped unevenly. Individual contributions have been made in order to 
obtain reasonably correct equations in a simple way rather than to 
obtain a self-consistent description of all properties. The reason for 
this procedure is, of course, that the rigorous theory is difficult to apply. 

147. Classical Theory. — We shall discuss the solutions of Maxwell’s 
equations (1) for an isotropic or cubic medium in which the electrical 
polarizability and the conductivity are constants instead of tensors. 
•The equations then are 


where 


div E = 
curl E = 


0 , 

c dt' 


div H 
curlH 


- 0 , 

_ € dE 4T(rE 
cUt c 


6=1+ 4ira 


( 1 ) 

( 2 ) 


is the dielectric constant. There is one important point that should be 
kept in mind for future reference. The quantity 


aE 


(3) 


which appears in the fourth of Eqs. (1) when € is replaced by use of (2), 
has the nature of a current— the polarization current. Maxwell believed 
that this current could be distinguished from the current J by the fact 
that the latter arises from the motion of obvious charge, such as that in 
conductors, whereas the former arises from hidden charge. In adopting 
an^ atomic viewpoint, we are no longer able to distinguish between the 
two types unambiguously; hence, we must be careful not to include the 
si^e current twice. 

Since we are interested in periodic solutions of Eqs. (1), we shall 
emi^oy complex values of E and H of the form 

E{x,y,z,t) « 

H\x,y,z,t) « W{x,y,z)^^. 

OMy the real parts of these functions will be r^arded as physic^ly 
into^ting. The leases of the true current J and the pdlarization 
curtent eyidtently differ by 90 deg When a and 9 are real. For 
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tBs reason, we may, if we choose, eliminate the term in J in the fourth 
of Maxwell^s equations by replacing a with the complex polarizability 

Olc, 


etc 


= a + 


2Triv 


(4) 


or we may eliminate the term adE/dt by replacing c by the complex 
conductivity 


(Tc = <r -h 27rim. (5) 

The current defined by the equation 
J =<rE 

where <r is real is always in phase with the electrostatic field; hence, it 
constantly takes energy from the field. The mean power per unit 
volume that is lost in this way is 


P = J‘E = ffP (6) 

where the line indicates the average value. This relation may be used 
to show that the absorption is proportional to o-. Now the absorption 
coefficient is defined by the equation 


dx 


= -r;ir 


where ^ is the mean energy density and dW/dx is the decrease due to 
absorption alone. Since 


and 





(7) 


for a unidirectional wave, it follows that 

4ir(r 

n = — . 


The polarization current, on the other hand, is 90 deg out of phase with 
E and does not remove energy from the field. 

The plane-wave solutions of Eqs. (1) in which we are interested may 
be taken in the form 


H - 


( 8 ) 
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where Eo and Ho are constant vectors, no is a unit vector in the direction 
of propagation of the wave, and N is the complex index of refraction, 
which may be written 

N -n-iJc, (9) 

in which n is the ordinary index of refraction and k is the extinction 
coefficient. 

The imaginary part of N evidently measures the damping of the 
wave. The equations connecting the quantities in (8), which may be 
derived by substituting for E and H in (1), are 

Ho • Eo = 0, fio • Ho = 0, 

Nno X Eo = Ho, ATno X Ho = + ^)eo. 

These relations show that Eo and Ho are orthogonal to no and to one 
another. For simplicity, we shall take no, Eo, and Ho to lie in the x, y, 
and z directions, respectively. The last two equations then become 

NE, = H., NH, = (i + (11) 

Hence, 

iV-(. + |). (12) 

or 

=: 6 ,^ 



The phase angle between E and H is arctan k/n, which maybe expressed 
in terms of t and <r by solving (13). 

If <r is zero and e is positive, it follows that 

fc == 0, n = y/e. 

Under these conditions, the wave is undamped, and E and H are in phase. 
This case evidently corresponds to the propagation of light through a 
perfectly transparent medium having index of refraction n. On the 
other hand, if e is negative, 

n = 0, fc = V^, 

and the wave is damped in the direction of propagation. This damping 
b not accompanied by absorption, however, for P in Eq. (7) vanishes if 
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ff is zero. These conditions evidently can be satisfied only if the medium 
is totally reflecting, which is shown explicitly by the extension of the 
theory of light that takes into account the behavior of a plane wave that 
is incident upon a plane surface of a medium.^ According to this work, 
the reflection coefficient for normal incidence is 


(n - 1)^ + 

^ (n -h ly 4- 

which is iHiity when n is zero. 

If a is not zero, the solutions of Eqs. (13) are 

, € ± + 4((r/j^)2 

^ = 2 ^ 

,0 -€ ± + 4((r/j/)2 

2 I 


(14) 


(13o) 


Thus, the medium is neither perfectly transparent nor perfectly reflecting. 
We shall discuss two cases of this type that are of particular interest. 

■ a. Lorentz Treatment of Absorption and Dispersion in Insulators. -—As 
early as 1880, Lorentz^ showed that it is possible by use of a simple atomic 
model to account for the dispersive behavior of insulators near an absorp- 
tion fine. He postulated that insulating materials contain electrons 
that are bound to equilibrium positions by Hooke’s law forces. We shall 
assume that these forces are isotropic and that the electrons are subject 
to a damping force proportional to the velocity. The equations of 
motion of an electron that is subject to a periodic electrostatic field 
directed along the y axis then is 

+ 2irmy^ + ny = -eEoe“" (15) 

where y is the displacement of the electron along the y axis, 2Trmy is the 
damping constant, k is Hooke’s constant, and Eo is the amplitude of the 
electrostatic field. The solution of this equation is 

y 4ir%[(i'o " 

' ^ (10) 

" 47r®m \/(*'o ~ 



1 See, for example, P. Drude, The Theory of Optics (Longmans, Green & Company, 
New York, 1902). 

> Lokbntz, op, dt. 
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<P ° arctan (17) 

is the phase angle between the electronic motion and the field intensity. 
The current per unit area associated with this motion is 


J = —noey 


noe^ 2irve^ 

4ir^w -f* 




(18) 


where no is the number of oscillators per unit volume. Since the complex 
conductivity (Tc is the coefficient of in this equation, we have 


a = 

a = 


npe^ 2^ . 

npe^ 1 

\/ (vj — ^ 


npe^ 2jryv^ 

Anchn (vl — + yh^^ 


(19) 


npe^ 

4nrhn (j'J 


{vl - 

- ^2)2 + y2y2 


• ( 20 ) 


It may be seen from Eq. (17) that ^ is tt or zero, depending upon the 
sign of - pq, whenever 

- ^ol > > y. 


The phase angle varies between these limits in the manner shown in Fig. 1 
as V passes through the value i^o, the width of the transition region being 



fiQ. 1 . — The 4>hft8e angle ^ and 
the ooeffident 17 of the 

aaeettibbr .of oadllatora aa funotione 
olfrequ^^. 


of the order of magnitude y. Since a 
is appreciably different from zero only 
in this transition region, this is the 
only region in which light may be 
absorbed. The absorption coefficient 
4iro/c is plotted in Fig. 1 and has 



Fio. 2 . — ^The polariiability of the 
■yatem of oeoillators. 


a peak of half width y, centered about vo* 

T!?ie polarizability a, given by Eq. (20), changes sign as we 
throi^lgh the absorption maximum because cos ^ changes from positive 
to negative values. Its absolute value increases as l/ji^o — if, as r 
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approaches the absorption region, but does not go to infinity because 
of the term in y in the denominator of (20). The characteristic behavior 
of a is shown in Fig. 2. The dielectric constant €, which is of immediate 
interest for investigating the optical properties, is 


€ = 1 + 4ira = 1 + 


no6^ (vj - v^) 
rm {vq — 


( 21 ) 


Using these results and Eqs. (13), we may discuss the optical proper- 
ties of the system of oscillators. In the region on the long wave-length 
side of Vo where vo — v is much greater than y, c is positive and greater 
than unity, and <r is negligible. Hence, nk is zero, and is positive. 

We may conclude that 

fc = 0, = e. (22) 

Thus, the system is transparent and has a refractive index greater than 
unity. This behavior is characteristic of most ionic and molecular 
crystals in the visible region of the spectrum. If we assume that no is 
of the order of 10^2 cm“», which is a normal atomic density, and that 
^2 — ,,2 ig Qf the order of 10^® sec"*®, we find e 1.7, or n ^ 1.3, which 
shows that this oscillator model can 3 rield the correct magnitude for the 

optical quantities. , . • * n 

As we enter the absorption region, cr no longer is zero, e is initially 

positive and passes through a maximum at 


It is readily found that 


V = VO - 2* 

(T ^ 2irva 


in the region of this maximum. Equations (13) then become 
_ fcs = 1 + 4ira, nk = 2ra. 


(23) 


The solutions of (23) show that n is larger than VI in this part of the 
absorption region and that k is of the order of ma^itude V“ ^ 
values of « and of the order of magnitude a for small 
from Eq. (14) that the reflection coefficient approaches umty when a 

«t» rf th. U.., . I. .her». . ta to m«d. 

mum value 
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The values of wand k at this frequency are determined by the equations 


1 + VI + 

2 ’ 


_ -1 + vT+lo^ 

k ^ 


As we pass to the other side of the absorption line, € decreases and 
reaches a minimum value at 


y 

= I'D + 2* 

Both n and k decrease as this occurs. If a reaches the value — l/ 47 r, so 
that € is zero, n and k are equal to 



n is less than k in the region where € is negative. 

When p — pq is much greater than 7 , tr is again zero and the medium 

no longer is absorbing. Whether 
it is perfectly reflecting or trans- 
parent here depends upon the sign 
of €. Since a approaches zero as 
— l/(y — Po), € is certainly positive 
for sufficiently high frequencies. 
The medium is transparent in this 
region although it is optically less 
dense than a vacuum, e may be 
negative, however, in the non- 
absorbing region near the absorp- 
tion line. When this happens, n 
is zero, k is finite, and the medium 
is totally reflecting (c/. Fig. 3). We 



Fig. 3. — The polariaability and the four 
optical regions associated with an absorp- 
tion line. 


shall see later that the optical properties of an ideal metal are similar to 
those of the system of oscillators on the high-frequency side of the center 
of the absorption line. 

According to Eq. (19), the shape of an absorption line is determined 
by the function 


(4 - 

Since this is appreciable only in the region where i^o and v are nearly 
equal, we may write 

(j,* _ y2)2 ss ^ ar — y)*. 
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We then obtain the relation 

1 

(vl - + P^y^ - 4 (.0 - vY + {y/2y' 


which is the same as the form (7) of Sec. 45 determined by quantum 
theory. 

It is not possible to make more than an order-of-magnitude estimate 
of the breadth y of the absorption line by means of classical theory. A 
lower limit is determined by radiation damping. According to classical 
■ theory,^ an oscillating charge radiates energy at the rate 



where p is the dipole moment, which is ey in the present case. For strictly 
periodic motion, this may be replaced by 


which is equivalent to assuming a damping force 


2 .. 




Thus, the damping frequency is 

__ 4irp^e^ 

^ ~ Srru^ 

As we remarked in Sec. 45, this is of the order of magnitude 10» sec"* 
for optical frequencies and is usually masked by the damping due to other 

sources, such as collisions, i a \a 2 

Before leaving this topic, we should mention that the local field 
correction has been neglected in deriving the equations for the optical 
properties of the assembly of oscillators. This correction may be included 
by use of Lorentz’s theory when a is not too large. The macroscopic 
polarizability is related to the polarizability ao of a sing e osci a or y 
the equation 

noaa r 26 ) 

1 

> See, for example. M. Abraham and R. Becker, The Ck.M Theory of EUctricOy 
and Magnetism (Blackie & Son, Ltd., London, 1932). 

•See Sec. 142. 
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When the medium does not absorb, 

n* = e = 1 4* 4ira, 
or 

n* - 1 


Thus, Eq, (25) may be transformed to 


n* ~ 1 4ir 
n‘ + 2 3 


(26) 


In the absorbing case, we may write Eq. (12) in the form 
iV^ - 1 = 4rac 


where «« is the complex polarizability. Equation (25) is then generalized 
to 


Ole 


TloOta.e 


1 ^ 

1 ■^Wotta, e 


(27) 


where aa,e is the complex polarizability of an oscillator. When these two 
equations are combined, the relation replacing (26) is 

We shall discuss the application of these equations to particular cases 
below, 

6, The Drvde-Zener TTeatmerU of Perfectly Free Electrons , — The 
classical treatment of the optical properties of metals that is based on 
the assumption of perfectly free electrons was developed by Drude,^ 
Zener,* and Kronig.* The equation of motion for a free electron is 

+ 2jrW7^ = -cEoc**^"*, (29) 

which is identical with (15) except for the fact that k is zero. Thus, we 
niay anticipate that a system of free electrons behaves like a system of 
oSi^torB of frequency zero. In the present case, the damping term 
aris^ from the reidstance of the metal, as we shall see more definitely 
below. The stationary solutions of Eq. (29) are 

€ Eoe**^'* 

^ * 4ir*m — K* + iyv 

Dsidiib, op. cit, 

« C. Zhnib, op. 

* E. DS L. kWio, op. dL 
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from which we obtain 

^ 2ry 

" “ jJ+T*' 

e* 1 

When V is zero, the first of these equations is 

c* 

(To = Wojr 

2miy 

Comparing this with Eq. (6), Sec. 126, we see that 
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(30) 

(31) 


(32) 


where t is the mean time between collisions, which is of the order of 
magnitude sec at room temperature. 



Fia. 4. — ^The quantities n and k as functions of frequency for a system of free electrons. 

Since Eqs. (30) and (31) are identical with Eqs. (19) and (20) when 
Vo is zero, it follows that the optical properties of a system of free electrons 
should correspond closely to those of an insulator on the short wave- 
length side of the center of an absorption band. Thus, there should be 
an absorption region extending from zero frequency to v which in 
case no is large enough should be followed by a nonabsorbing region in 
which € is negative (c/. Fig. 4). Here, n is zero, and k is equal to 
Eventually, € should become positive, since |a| decreases as l/v* with 
increasing frequency, and the system should become transparent. 
Hence, the system should be highly reflecting until a is — l/4ir and should 
then behave like an ordinary transparent insulator. The frequency v 
ftt which thia transition occurs is so much larger than y for ordinary 
densities of electrons that we may obtain it from Eq. (31) by setting y 
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equal to zero. Thus, 


[Chap. 3{VII 


-4 


no€^ 

rm 


(33) 


We shall now discuss the three optical regions. 

1. y < < y, — The optical relations corresponding to the absorbing 
region in which v is much smaller than y are 






27rm 7^ 

= ^iu + Vi + (rA)“]^ 


%myv 


(34) 


These may be simplified by use of Eq. (32), for they then reduce to 

n = A; = I — 


If these values are substituted in Eq. (14) for we find 


R = 1 


21 - 


(35) 


(36) 


This relation has been tested experimentally in the far infrared region by 
Hagen and Rubens.^ According to (36), the value of (1 — R)\^ 
should be equal to 36.5/ Vx if X is measured in microns. Table LXXXIII 
shows the agreement between the observed and calculated values of this 
quantity for constantan. 

Table LXXXIII. — Values for Constantan of (1 - R)y/a 


X, microns 

Observed 

Calculated 

4 

19.4 

18.25 

8 

13.0 

12.90 

12 

11.0 

10.54 

25.5 

7.36 

7.23 


2. V ^ — In the region near f', at which 47ra becomes unity, v is 

about one hundred times larger than y so that u/v in Eqs. (13) is negli- 
gible in first approximation. These equations then are 


^ rioe^ 
vm V 


n* - fc* 

nk = 0. 

» K Hachbn and H. EtrBXNS, Ann, Phydkf 14, 036 (1904). 




( 37 ) 



Sue, 1471 


THE OPTICAL PROPERTIES OF SOLIDS 


641 


A.S we mentioned previously, n is zero and kis —e when v is less than 
j/', and k is zero and nisy/e when v is greater than v\ Wood^ has found 
that the alkali metals, in which the valence electrons are nearly free, 
satisfy these relations closely. Table LXXXIV contains the observed 
wave lengths at which the transition from the reflecting to the trans- 
mitting state occurs. These were determined by observations on thin 
films of the metals. The values calculated from Eq. (33) by the use 
of the true electronic mass and electron density are tabulated for com- 
parison. In the cases of lithium and sodium, the values for the theoreti- 
cal effective masses are also given. 


Table LXXXIV 



Observed, k 

Calculated, k 

m 

m* 

li 

1550 

1500 

1830 

Na 

2100 

2090 

2020 

K 

3150 

2920 


Rb 

3400 

3220 


Cs 

3800 

3630 



3. v' >> V >> 7 .— The theoretical and experimental results do 
not seem to agree very closely in the visible and near ultraviolet region 
where 


> > I' > > T- 


The values of <t and c, given by Eqs, (30) and (31), in this region are 


27rmv2 ” \ 27rwv/ cq 


Uoe 


€ = 1 - 


Trmv^ 


(38) 

(39) 


Forsterling and Freedericksz^ obtained measurements of n and fcfora 
number of metals, in the region from Ip. to 15m, from which values of a 
and e may be determined by means of Eqs. (13). The observed va ues 
of « usually agree with the theoretical ones determined from (39) to 
within about 10 per cent whereas the values of a disagree by a compara- 
tively large factor. It is found that the frequency dependence of the 
observed values is the same as that predicted by Eq. (38); however, the 
> R. W. Wood, Phy>. Rev., 44, 863 (1933). See also R. W. Wood and C. Lukins, 

Phys, RsVtf 64, 332 (1938). ^ 1013 ^ 

« K. FdasMBUNG and V. Fbbbdbricksz, Ann. Phynk, 40, 201 (19 3), 
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value of (To that is required to give the proper magnitude is much smaller 
than the actual static conductivity. The two values of cro are listed in 
Table LXXXV. In addition, the value of the effective electron mass 
that gives the best fit between the observed and computed € curves is 
given in the cases of copper, silver, and gold. 


Table LXXXV 



Ag 

Au 

Ou 

Pt 

Ir 

Value of <ro for best fit 

1.4 

2.5 


0.12 

0.13 

Actual value 

5.7 

4.2 

1 5.3 


1.7 

m*/m 

1.07 

1.13 

2.56 




It should be pointed out^ that the optical properties in this spectral 
• region are determined by a thin surface layer of the metal. The pene- 
tration distance 5, in which the light intensity drops to 1/eth of its initial 
value, is 



where X is the wave length. This is about 200A at 1 m for silver, since 
k is 5.62. It is possible that the conductivity cro of a sheath of this 
thickness is considerably lower than that of the bulk material because of 
surface contaminations. 

148 . Quantum Formulation of the Optical Properties*. — We shall now 
develop the equations for the optical properties of solids in three idealized 
cases, namely: (a) the case of a system of isolated atoms, (6) a case in 
which the excited state of the system may be described by exciton waves, 
and (c) a system in which the electronic wave functions are determinants 
of Bloch one-electron functions. The results for the first two cases 
evidently may be applied to insulators such as molecular and ionic 
crystals, whereas the results for the third should apply to metals. The 
effect of nuclear motion will be neglected for the present. 

o; A System of Isolated Atoms . — When the atoms or molecules in a 
i*olid are very loosely boimd, its optical properties may be obtained from 
the equations that were derived for free atoms in Sec. 43. We saw there 
tibt tibe Inactive atomic polarizability for dispersive scattering of quanta 
d frequency y is the tensor 


h 


2vm 


( 1 ) 


' ^Ihis suggestion apparently was made first by A. H. Wilson, Tk$ Thsory sf Metals 
(Cambridge University Bress, 1286). 
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[cf. Eq. (33), Sec. 43]. Here, k is summed over all excited states, 

Moifc = (2) 

is the matrix component of the atomic dipole moment, and 


Similarly, the probability P,(0 that an atom jumps from a state to a 
state if the energy density as a function of frequency is p„, is 


P, •(<,>') = ^|Mv 


- .) (4) 


in the 6-function approximation of Sec. 43, where n is the direction of 
polarization of the radiation. It should be possible to derive e and <r from 
Eqs. (1) and (4). 

Since it is convenient to treat cases in which e and are constants 
instead of tensors, we shall usually consider examples in which (1) and (4) 
are independent of the direction. In the present case, this is true if the 
atoms are in S states {cf. Sec. 43). 

The individual terms of Eq. (1) are very similar to those derived 
in the last section for the polarizability of an oscillator in a nonabsorbing 
region, namely, 


ako 


1 

4ir^m p|o — 


(5) 


[cf. Eq. (20) in the case in which y is negligible], 
written as 

tto = ^fkOOlkO 
k 


In fact, Eq. (1) may be 
( 6 ) 


where 


ffco = 


(7) 


is the oscillator strength of the transition from to which evidently 
is a tensor quantity. A theorem of the theory of atomic spectra states' 
that for free atoms the sum of all the fibo connecting two levels is a multiple 
of the unit tensor. For example, in the case in which the ground state 
is a 'So 8tate, fco is nonvanishing only for a 'Pi state when the Russe - 
Saunders coupling scheme is vaUd. If the three degenerate substates 


' See, for example, E. U. Condon and G. H. Shortley, 

(Uaivenity Press, Cambridge, 1935); S. A. Korff and G. Breit, Rev. Modem Phye., 
4 , 471 (1982); G. Breit, Rev. Modem Phye., 4 , 504 (1932), 
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are chosen to be eigenfunctions of the three components of orbital angular 
momentum, the sum of fjfco for the three states is 


*»i t*i t==i i“i 


where I is the unit tensor. In the same case, the sum of the time deriva- 
tives of (4) for the transitions from the lowest state to the three degener- 
ate P states is 


dPio 

dt 


CV //O i/ V 

= pyO(VlQ - Pj, 


mh 


vio 


(9) 


in which vio is the frequency vm and fio is the coefficient of I in Eq. (8). 

The scalar coefficient of I in the equation corresponding to (8) for 
any two levels I and m is usually designated by fim and is called the/ factor 
or the line strength for the two levels. The reason for the second designa- 
tion is that fim generally occurs in the equation analogous to (9) and thus 
measures the relative line intensity. It follows that the fim may be 
determined from absorption and emission measurements. 

Another theorem of quantum mechanics^ states that 


I 

in which I is summed over all levels and n is the total number of electrons 
in the atom. Since the Vko in Eq. (7) are positive for the lowest state 
in the atom, it follows that the / factors for this level are all positive. 
Hence, in this case, (10) states that the sum of the/ factors for absorption 
from the lowest state is equal to n. The same conclusion cannot b(^ 
drawn for the absorption / factors of an excited atom, for there may bo 
additional factors connecting this and lower levels. Since the emis- 
sion factors are negative, it follows that the sum of the absorption line 
strengths of an excited atom usually is greater than n. This fact is of 
importance in discussing the absorption / factors in the cases of mono- 
.valent atoms, such as the lighter alkali* metals, in which the valence- 
electron wave functions can be derived from an effective ion-core field, 
as. we have seen in Sec. 78. In this case, there is a theorem analogous 
to (10) for the valence electron, namely, 

Xf{’> “ 1- 

i 

. ^ E, WiGyBR, PhyHk, Z., 82, 460 (1932); H, A Khambrs, C. C, JonsbRi and T. 
KoOFiiANS, Z, Physik^ 80t 178 (1932). 
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where //« refers to the levels of the ion-core field. In lithium, the lowest 
state is a 2s function, and there are no lower p functions; hence, the/*,„ 
for the 2s state are all positive, and the sum of the absorption strengths 
of the valence electron should be unity. In sodium, on the other hand) 
the lowest state is 3s. Thus, in this case there is a fictitious 2p state 
lying below the 3s for which there is a negative / factor. Hence, the 
sum of the absorption line strengths should be larger than unity. The 
same is true in any of the heavier alkali metal atoms whose levels may be 
obtained from an effective ion-core field. 

In atomic lithium,^ the strengths for the valence-electron transitions 
have the values given in Table LXXXVI. 


Table LXXXVI 


Transition from 2s to / 

2p ' 0.7500 

3p 0.0055 

4p 0.0047 

5p 0.0025 

Continuum 


Thus, 75 per cent of the oscillator strength ife associated with the first 
excited level, and the sum of the /is close to unity. 

According to Eq. (26) of the preceding section, .the index of refraction 
in a nonabsorbing region should be related to the atomic susceptibility (6) 
by the equation 

— 1 __ fio /j2) 

71^ + 2" 3 ^irm vfo - 

i 


where I is summed over all excited levels. The / values of the rare gas 
atoms have been determined by expressing the observed index of refrac- 
tion of the gas in a series of the type (12). It is found^ in this way that 
the total / value associated with the transition from the lowest level to 
the levels of the U2p configuration is 1.12 for helium, which has two 
electrons. lii the other rare gases, which have six p electrons m the 
outer shell, the corresponding numbers are as follows 


Ne 

2.37 

Ar 

4.58 

Kr 

4.90 

Xe 

6.61. 


Vol. XX. 
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The absorption coefficient in the absorbing region may be determined 
from Eq. (9). According to this, the energy loss per unit volume at a 
point where the energy density is p, is’ 

f- 2"^'^- 

I I 

where n© is the number of atoms per unit volume. Comparing this with 
Eq. (6) of the preceding section, we find 

i 

Hence, the absorption coefiftcient in this delta-function approximation is 
'>('') = - >') (14) 


according to which the absorption peaks should be infinitely narrow. 

Combining Eqs. (6) and (13), we obtain for the complex atomic 
polarizability 


Oc = Ota 






(15) 


It was found in Sec. 45 that the shape of an absorption line is given 
by the function 


1 

(i., - vy + r* 


(16) 


instead of by a delta function. Hence, we should replace the delta 
function in Eqs. (13) and (15) by the function (16) multiplied by an 
appropriate normalization constant. Since the integral of (16) over all 
fi^uencies is x/F if vi is greater than F, the delta function should be 
reidaeedby 

F/x 

(v,-v)» + F* 

or, if we use the approximation of Eq. (24) of the preceding section, by 


2yvy7r 

(u} - r*)* + 


(17) 


, ^ tlie atoms are in thdr lowest state, we may drop the subsoript lero in 
f, P and 
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where y « 2T, At the same time, the coeflSicient l/{v} - y*) of Ahe real 
part of (15) should be replaced by ^ 


. (^? - 
(vi — 

Thus, (15) becomes 


(18) 


ae = 


^ Avi-p^)-iyv ' 

*(j/* — j/^)2 -f- y^y^^ 

fi , I 

4;jr^in^^{vi ~ y^) + iyv 

^ i 


(19) 


which is analogous to the result that is obtainable from the classical 
equation (16) of the preceding section. 

b. The Case of Excitation TFat;6s. — In treating the absorption and 
dispersion in a solid whose normal and lowest excited states are described 
by excitation waves, we must use the equations that were derived in 
Sec. 96 for extended atomic systems. We shall discuss a simple model 
in which there is only one electron per atom. According to the discussion 
of Sec. 96, the normal-state wave function then is l/VWl times a 
determinant of normalized one-electron functions of the atomic type 
^(r ~ r(n)) that are centered about each of the atomic positions 


r(w) = -j- n ^2 "H nz^z^ (20) 

The normalized excited states have the form 


n 

where ^n,< is the wave function derived from by replacing ^(r — t(n)) 
by the excited atomic function ^<(r — r(n)), and k ranges over the points 
of a single zone* A band of levels of energy 

JS((k) =Ei + (22) 

P 

is associated with each value of i where is the unperturbed energy of 
the state ^n,** and /< is an integral involving neighboring excited and 
normal atoms. We shall discuss a case in which the lowest atomic func- 
tion is an S state. 

It was found in Sec. 96 that 

f'i'o grad J ^ ^rad 


(23) 
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where ^ is the normal atomic function and is the excited function for 
the same atom [cf. Eqs. (17) to (20), Sec. 96]. We may conclude from 
this that the only allowed transitions take place between the excitation 
bands corresponding to atomic states between which transitions are 
allowed. The appearance of the factor 5k, o in (23) implies that the 
excited states of the entire crystal must have the same wave number as 
the normal state in the reduced-zone sense, which is a generalization of 
the principle of conservation of momentum. 

Now, the conductivity associated with these transitions is^ 


ffiv) = 


e% 


24^^ pmW 


k,i 


grad 


5(j'ok,» “ (24) 


When the relation (23) is used, this becomes 


<r{v) = 


24ir^v7n^ 


2|J 


^ grad 


8{vi - p) 


(25) 


where 


Ei - Eo 


in which Ei and Eo are, respectively, the unperturbed energies of 
and 4^0. Equation (25) is identical with the expression for the conduc- 
tivity of a system possessing no isolated atoms per unit volume. Thus, 
it may be transformed into Eq. (13) by use of Eq. (8) and the equation 


U grad Mdrj (26) 

[c/. Eq. (24), Sec. 43]. 

^ A detailed development of Eqs. (24) and (27) is omitted for brevity. These 
equations may be derived by the use of the semiclassical method by dividing the 
cp^tal into sections smaller than the wave length of light and larger than atomic 
dimensions and treating these sections both as specimens of the bulk solid and as 
molecular units to which the methods of Sec. 43 are applicable. Perturbed wave 
functions may be computed for the case in which a radiation field is present; and, from 
tl^es^ the power loss P due to transitions and the mean value J of the current operator 
evaluated. The conductivity o- and the polarizability a are 
related to these quantifies by the equations 


-P - <rE» and J - a • E. . 

^27) are valid only when the wave 
^117^ 1 dimensions. The second term in Eq. 

(27) anses from the part of Eq. (8), p. 228, involving the vector potential. 
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If Eq. (23) is substituted in the equation for the polarizability, 
namely, 


.-i 




L247r%V2y 




and Eq. (26) is used to simplify the result, it is found that 
a(p) = ( |M.f _ noe^ \ 


where 


3 


(28) 


(29) 


is the dipole matrix component. 

We may reduce this still further by use of the sum rule 

ST^m 


2^' - Sw’W - 


for if we subtract the equation 




-,(2/' - >) = 


from Eq. (28), we obtain 


npr ^ 

4ir^mj^ vf 


(30) 


which is equivalent to the expression for the polarizability of a system 
of isolated atoms. 

We may conclude from the results of this part of the present section 
that the optical properties of a system that is described by means of 
excitation waves are the same as those of a system of free atoms. The 
absorption spectrum consists of discrete lines not because the energy 
levels do not form wide bands, but because the wave number of the 
exciton must be zero. 

c. The Case of Bloch Wave Functions . — When the system may be 
described in the Bloch approximation, the lowest singlet wave function 
^0 is a determinant of functions 


^ See previous footnote. 


( 31 ) 
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in which each of N/2 \lnt of lowest energy appear once with each spin. 
The excited singlet states are determinantal functions that are derived 
from by replacing one or more of the ^ by excited fimctions 
Since the matrix components in which we are interested are integrals of a 
one-electron operator, the interesting excited states differ from by one 
Bloch function. If the state derived by replacing ^ with ^ is desig- 
nated by ^kk', it follows from the discussion of Sec. 71 that 

gradi = {fxk* grad XkdT)5k'^+K. (32) 

Thus, as was pointed out in Sec. 71, the allowed optical transitions 
correspond to “verticar^ jumps in the reduced-zone scheme. 

It should be noted that in the present case the electronic absorption 
spectra of the entire solid consist of broad bands instead of discrete lines, 
in contrast with the case of excitons. The reason for this is that in the 
transition from to ^kk' the excited electron and the hole it leaves 
behind move independently of one another. Thus, the only restriction on 
electronic wave number is that the sum of the wave number k' of the 
excited electron and the wave number — k of the hole be equal to a 
principal vector K in the reciprocal lattice, which may be satisfied for any 
value of k'. 

The polarizability, which is given by Eq. (27), is 

kx 

in the present case. The variable k extends over the occupied levels of 
the lowest state, once for each spin, and K is summed over all values of the 
jHincipal wave-number vectors. 

The sum rule for Bloch^s one-electron functions^ is 


^ I Jxk+x* grad xkdrl^ 

*%k+i: 


m 


+ 3pAke(k) = 1. 


(34) 


If this equation is multiplied by summed over all values of 

k| and is combined with (33), it is found that 



"Sj|/xk+K* grad xkdr|* e* * 

k,K k 


(35) 


Tb« first part of this equation may be placed in the form 


4*-*»»F.^i\k+K - r* 


(36) 


‘See, for wmaple, WHnm, «p. eit. 
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fkX = 


. JL. IJxk+g* grad x kdrl* 

vk,k+K * 

Equation (36) is the counterpart of the polarizabiUty of insulators since 
it is associated with transitions between the lowest zone and others. It 
approaches (30) in the limiting case of narrow bands in which the Xk 
become atomic functions. The last term in (35) may be transformed to 


by making use of the relation 




(38) 


1 _ 1 A 

m* ~ 


Comparing Eq. (38) with Eq. (31) of the preceding section, namely, 

= 1 

we see that they are identical in the case in which the resistance damping 
7 is neglected and m* is equal to m. Hence, (38) corresponds to the 
polarizability of free electrons. 

The expression (24) for the conductivity becomes 


c(y) 


24ir*m2F 



Xk+K* grad xkdrl 


2 

5(»'k,k+s: ~ v)t 


(39) 


which may be used to discuss the absorption associated with transitions 
between bands. This expression is not valid at zero frequency, for it 
does not allow for the fact that free electrons may be continuously 
accelerated in a static electrostatic field. In the present approximation 
in which damping is neglected, a should have an infinite peak when v is 
zero. This term is absent because the perturbation scheme used in 
Sec. 43 was not applied properly in the aperiodic case of zero frequency. 
We need not discuss this case here, since it was treated extensively in 
Chap. XV. 

U9. Application to Metals.— We shall now discuss the application 
of the preening theoretical results to metals. If the theory were applied 
accurately to all cases, we should be able to test it by comparing observed 
and computed values of n and k for a wide range of frequencies. This 
actually can be done only for several of the alkali metals and then only 
semiquantitatively. In other cases, we must be satisfied with a rough 
comparison of the peaks and minima of the observed absorption curves 
with those which should be expected from estimated levels of the band 
approximation. 
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a. The Alkali Metals . — It was seen in Chap. X that the valence elec- 
trons in alkali metals are very nearly free, for the occupied electronic 
levels can be expressed in the free-electron form 


^(k) = 




2m*' 


k2 


where m* is a constant. The computed values of m/m* for lithium, 
sodium, and potassium are 


Li 

Na 

K 


0.65 
1.07 
- 1.6 . 


Using the sum rule 

1 _ ^ = 1 _ ^ ^ IJxk+K* grad Xkdrl^ _ m 

’ ^2T^m »ic,k+K m* 

K K 

[cf. Eq. (34) of the preceding section], we obtain a relation between m* 
and the /factors that determine the absorption probability for transitions 
from one band to another. In sodium, m/m* is very nearly unity so that 

5^/k^ is very small. This means that the oscillator strengths for transi- 

K 

tions from the lowest band to higher bands are small and that we should 

expect the Zener-Kronig theory for 


2.8 

2.4 

.2.0 


N,K 

L2 
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1200 


perfectly free electrons to apply 
closely for this metal. This actu- 
ally turns out to be the case. 
Experimental and theoretical 
curves, which are shown in Fig. 5, 
agree closely down to 1850A except 
for the fact that the observed value 
of nk, although very small in the 
reflecting region, is several times 
larger than the value computed 
from resistance damping by using 
the observed static resistivity. 
Since nk is proportional to the 
absorption coefficient, this fact 
implies that the absorption is higher 
than we should expect from the 
free-electron theory. It is possible 
that the discrepancy has the same 
explanation as that proposed for the cases discussed under 3, part {h), 
‘ H, E. Iv»8 and H, B. Brxgos, Jour. Optical Sac. Am.^ 27, 181 (1087). 


. 2800 4400 6000 

Wave - length in Angstroms 

Em. 6. — The quantitiea n, k, and nk, ae 
of wave length, for sodium. In 
this case the agreement between observa- 
tion and the simple theory is excellent. 
{After Ivee and Brigge.) 
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Sec. 147, namely, that the surface conductivity is less than the volume 
conductivity. It is also possible, however, that the volume absorption 
due to interband transitions begins in the visible region of the spectrum. 


for the energy-level diagram of sodi- 
um discussed in Sec. 99 (c/. Fig. 1) 
indicates that the lowest transition 
should occur at about 2 ev. In 
contradiction to this explanation is 
the fact that the peaks for the volume 
photoelectric effect lie far in the ultra- 
violet for the lighter alkali metals. 

1?he theoretical values of m/m* 
are appreciably different from unity 
for lithium and potassium. Hence, 
we not only should expect the absorp- 
tion coefficient to be greater for these 
metals but should also expect the 
frequency at which the dielectric 
constants become ^ero to be dis- 
placed relative to the value for per- 
fectly free electrons. There do not 
seem to be available measurements 



Q i I j. I I 

1200 2000 2800 3600 4400 5200 6000 6800 


Wavelength in Angstroms 

Fig. 6. — The quantities n, k, and nk 
for potassium. In this case the simple 
theory and experiment agree only if 
m* = 1.42m (see text). (After Ives and 
Briggs.) 


on n and h for lithium ; however, Ives and Briggs^ have made very accurate 
observations on potassium. Figure 6 shows the observed values of n and 



1200 2000 2800 3600 4400 5200 6000 
Wave- Length in Angstroms 


Flo. 7. — ^The transmission of several 
layers of cesium. The fall in trans- 
niission below 2800A presumably implies 
nonvanishing interband transition prob- 
abifities. (After Ives and Briggs.) 


k, which are compared with the 
theoretical curves obtained by use of 
m* — m and m* = 1.42m. The sec- 
ond set of curves agrees with the ex- 
perimental values much more closely 
than the first. Unfortunately, the 
corresponding value of m/m* is less 
than unity rather than greater than 
unity, a fact suggesting that Gorin’s 
estimate of m* is not very accurate. 
As in the case of sodium, the observed 
value of nk is much larger than the 
theoretical one, although it is not 
possible to say whether or not the 
increase is due to internal absorption. 


We should mention in passing that Ives and Briggs* have also exam- 
ined the optical properties of cesium and rubidium. Transmission 
' H. E. IvBS and H, B. Bbiogb, Jour. Optical Soc. Am., 26, 238 (1936). 

’ H. E. IvBS and H. B. Bbiogs, Jour. Optical Soc. Am., 27, 395 (1937). 
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curves obtained by these workers for three different layers of cesium 
are shown in Fig. 7. The rise in transmission on the long wave-length 
side of the figure undoubtedly is related to the change in reflectivity 
however, the fall on the short wave-length side is presumably related to 
interband absorption. 

b. Coppery Silvery and Gold. — The extent to which the optical proper- 
ties of a metal specimen are sensitive to its previous history is shown by 


Optical Constants of Copper 



oLJ I I I I [ I I LJ 

yoo 2{K)0 3500 4.100 4700 3300 WO 3500 7,100 
Wavelength In Angstroms 

Fio. 8.— Tlia quaatitiee n, k/n, and 12 in per cent for copper as determined by various 
workers. (After Nathanean.) 


the cmwes of Fig. 8, which contains a compilation of values of n and k/n 
for copper measured by several observers.^ The shapes of the measured 
curves are the same, but the absolute values vary considerably from case 
to' ease. That the differences between the results for different cases 
axe rdated to the treatment the surfaces of the specimens have received 
seems to. be established beyond doubt. Lowery, Wilkinson, and 
^ Sxmife^ have shown in the case of copper, for example, that k is increased 
and n is decreased when the metal surface is polished mechanically- 
Since fik increases during the polishing, it follows that the resistivity 
of the layer in which the light is reflected is ixmreased. This effect can 

^iTsken from the roview by J. B. Nathanscn, Jow. OpHed Soc. Am,y 88, 800 
(1888). 

* H. IiOwmiT, H. WiLKnrsoN, end D. L. Smaxii, PhU, IS| 788 <1886)1 
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be understood if the surface layer is made less perfectly crystalline as a 
result of polishing, for then the electronic mean free path is decreased. 
It is generally postulated,^ at present, that the polished surface possesses 
a polycrystalline layer. 

Typical nk curves for copper, silver, and gold are shown^ in Fig. 9. 
The product nk is about ten times larger for these metals than for the 
alkalies, as measured by Ives and Briggs, a fact showing that the absorp- 
tion is much larger in the former than in the latter. The peaks that occur 
near 2500A and 4500A in the case of copper are observed in almost all 
specimens, whereas the large rise that appears on the long wave-length 
side of 5700A is very sensitive to surface treatment. For this reason, 
it is supposed that short wave-length peaks are related to volume absorp- 



Fiq. 9. — Typical nk curves for copper, silver, and gold (see text) . {After Minor and Meier.) 


tion which would occur in an ideal specimen, whereas the peak in the red 
is associated with the ordinary resistivity, Mott and Jones* suggest 
that the peak near 4500A is due to transitions from the filled d band 
to the vacant s-p levels and that the peak at 2500A is due to transitions 
from the occupied 5-p levels to a higher valence-electron band. This 
interpretation, rather than the inverse one, is supported by the following 
two facts: (1) Silver, which has s-p bands similar to those of copper 
but which has different d bands, also has a peak at 2500A. (2) The 
peak at 4500l shifts toward the blue as zinc is added to copper, and the 
fi-p band is filled higher.* Since gold and silver have similar valence- 
electron structures, it might also be expected that gold would have a 
peak at 2500A if the preceding interpretation is correct; however, this 
peak apparently does not occur. 


1 See, for example, L. H. Germer, Phys. Rev., M, 6^ (1 W6). 

*R. S. Umol Ann. Phyeih, 10, 681 (1903); W. Miibr, Ann. Phynk, 31, 

F°Mott md H. Jonhs, Tht Theory the PropeHiee of Metal* and AOoye 

(Oxford Unhrendty Press, New York, 1936). <!«. 4# 346 ntSI) 

‘ H. LOW.BT, H. Wilxikson, and D. L. Smam, Proc. Phye. Soc., 49 , 345 (1937). 
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It seems natural to suppose that the large peak that is observed near 
370 oA in gold has the same origin as the peak in the visible region for 
copper, for the atomic and configurations lie very close together 
in both cases. In any event, the presence of these peaks accounts for 
the characteristic colors of these metals, whereas the absence of one in 

silver explains the normal metallic 
color of this metal. 

Kronig has applied the free- 
electron theory of Sec. 147 to 
Freedericksz^s infrared optical 
measurements on copper, silver, 
and gold . The agreement was dis- 
cussed under 3, part 6, Sec. 147. 

c. Divalent Metals . — Since the 
divalent metals have nearly filled 
overlapping bands, the absorption 
regions that correspond to transi- 
tions between the bands of these 
metals should lie nearer the red end of the spectrum than the correspond- 
ing absorption regions in the monovalent metals. The nk curve ^ for zinc, 
which is shown in Fig. 10, seems to show that these regions actually extend 
into the infrared. This conclusion is not entirely safe, however, for it is 
also possible that the resistivity of the specimen of zinc on which the 
measurements of Fig. 10 were made is high. 

14 
12 
10 
6 
6 
4 

2 
0 

' Fio. 11 . — nk curves for several transition metals. {After Minor and Meier.) 

d. Other Simple Metals . — Among the metals of higher valence with 
nearly filled bands, such as bismuth, antimony, white tin, and so forth, 
Hiere apparently are available measurements Only for bismuth. The 
fA curve for this metal, which is shown m Fig. 10, has a large rise in the 




Fig. 10. — nk curves for zinc and bismuth. 
{After Minor and Meier.) 


^ See MnroB, op. dt.; od. eU. 
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red, a fact suggesting that there is a peak in the infrared, as in the case 
of zinc. 

It should be added that reflectivity measurements^ indicate that 
aluminum is highly reflecting farther in the ultraviolet than most other 
metals. A. reasonable explanation of this fact is given by the n(t) 
curve for aluminum shown in Fig. 16, Chap. XIII, which indicates that 
all the valence electrons of aluminum are very nearly free. If we assume 
that they are free, the transition frequency v' given by Eq. (33), Sec. 147, 
is near SOOA. Even if only one were free, however, the reflecting region 
would extend to about 1400A. 

e. Transition Metals. The nk curves for a number of transition 
metals are shown in Fig. 11. All these metals absorb strongly in the 
visible and near infrared, as might be expected from the fact that the 
unfilled s-p and d bands overlap. 

160. Ionic Crystals. — The structure of the ultraviolet absorption 
bands of the alkali halides, which have been measured semiquantitatively 
by Hilsch and PohP and Schneider and 
O'Bryan,® are shown in Fig. 2, Sec. 95. 

At low temperatures, the regions of 
absorption consist of a number of 
narrow bands, each of which may be 
related to a transition between the 
lowest state and the state of wave- 
number zero in one of the excitation 
bands associated with the excited 
states of the halogen ion. According 
to the results of part 6, Sec. 148, the 
absorption bands would consist of 
sharp lines if the transitions were pure- 
ly electronic. As we have pointed out 
in Sec. 45, the observed width arises 
from the fact that lattice vibrations are 
stimulated during electron excitation. 

The refractive indices of some of 
the alkali halides in the transmitting 
visible and ultraviolet regions of the 
spectrum as determined by Gyulai^ 
are shown in Fig. 12. It may be observed that these curves exhibit the 

^ See, for example, the compilation of data in Landolt-Bomstein. 

*R. Hilbch and R. W. Pohl, Z. Phyaik, 44, 421 (1927); 48, 384 (1928); 64, 
606 (1930). 

* E. G. Schneider and H. M. O’Bryan, Phys. Rev., 61, 293 (1937). 

* Z. Gttjlai, Z. Physik, 46, 80 (1928). 



a number of alkali halide crystals. 
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sharp rises which are to be expected on the long wave-length side of an 
absorption maximum. 

Mayer^ has attempted to correlate the measured absorption spectra 
and refractive indices of sodium chloride, potassium chloride, and 
potassium iodide by means of the theoretical results of Secs. 147 and 148. 
We have seen there that the atomic conductivity aa is related to the 
line strengths by the equation 

I 

whereas the atomic polarizability in transparent regions is 


Ota 


^ fi 

Vj — 


( 2 ) 


The second quantity may be expressed in terms of the first by means 
of the equation 


Ota = 



1/'^ - i;2« 


(3) 


which allows us to compute aa from measured values of the absorption. 
The actual relationship between the index of refraction of a system of 
atoms and aa is complicated by the local field correction. We have 
seen in Sec. 147 that in a transparent region 


n^{v) 


3 ^ ^ 3 , 

A 


(4) 


if the Lorentz local field relations are employed [cf. Eq. (25)]. As we 
approach a single absorption frequency Po, eta becomes 

^ /o 
4t% Vq — 

so that a(v) becomes 



Bence, the effective absorption peak in the composite system occurs at 



> I MATia, J<mr, Ohm. 1, 270 (1288). 


( 6 ) 
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This displacement is not negligible m an ordinary solid, for y/e^olvm 
may be as large as 10^® sec’^ in an ordinary crystal. Since the measured 
absorption peaks occur at these displaced positions, it is not allowable 
to compute aa from (3) by assuming that (To is proportional to the observed 
absorption. Instead, Mayer assumed that 


“■pj. 



(7) 


where cr{v') is proportional to the observed absorption coefficient. Since, 
only the relative absorption curves ri{v) are measured, we may place this 
equation in the form 

- 1 = ( 8 ) 

where C is a constant that is determined by comparing the observed 
and calculated values of n at one frequency. Mayer fitted the observed 
Schumann-region r)(v) curves analytically with a system of parabolic 
segments and one narrow rectangular peak. The height of this peak 
h was taken as an adjustable parameter which was determined along with 
C by fitting observed and calculated values of n. The resulting r}{v') 
functions were then used to integrate Eq. (8) analytically. In the final 
determination of C and h, a small correction to the observed dispersion 
was made for the contribution arising from the absorption peaks of the 
alkali ions in the soft X-ray region. The two observed values of n{v) 
used to fix these parameters were obtained from measurements in the 
visible and in the far ultraviolet regions, respectively. Table LXXXVII 
gives a comparison of the observed and calculated values of (n* — 1) at 
an intermediate frequency. 


Table LXXXVII 



NaQ 

KCl 

KI 

(n* — l)(obs.) 

1.720 (2312 A) 

1.246 (2312 A) 

1.914 (3130 A) 

(n* — l)(calc.) 

1.708 

1.258 

1.910 

/ 

.1 - 

3.25 

3.24 

4.00 


If we assume that these Schumann-region bands are associated with 
the electrons of the halogen ions, we may obtain the total optical strength 
/ per ion from the equation 




( 9 ) 
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where no is the number of ions per cubic centimeter and Cri{v) is the final 
curve obtained by fitting (8). This equation is a consequence of Eqs. 
(5), (7), and (8). Calculated values of / are given in Table LXXXVIL 
It is interesting to note that the values for NaCl and KCl are closely 
alike, indicating that the optical strengths of the halogen ions are nearly 
the same in different compounds. 

Mayer has used the functions Cr}(v), determined by the preceding 
method, to evaluate the constants that appear in London’s and Marge- 
nau’s expressions for the van der Waals interaction of halogen ions. 
As we have mentioned in Sec. 12, this procedure leads to larger values 
of the interaction energy than are obtained by treating the halogens as 
though they had the same properties as neighboring rare gas atoms. 

The fact that the optical strength of the halogen ions seems to be 
constant may be compared with the principle of additivity of refractivi- 
ties, which has been evolved^ from a study of the experimental refractive 
indices of ionic crystals. The molar refractivity of a crystal is defined 
by the equation 


R = 


— 1 
n^ + 2 


Vm 


where n is the refractive index and Vm is the molecular volume. It is 
evident from Eq. (26), Sec. 147, that E is a universal constant times the 
polarizability per molecule when the Loren tz equation for the local field 
is valid. Values of R, corresponding to the extrapolation of n to infinite 
wave length, are usually designated by R^. It is found experimentally 
that the values of R^ for a set of four simple ionic crystals AX, AY, BX, 
BY satisfy closely the additivity relations 


i^oo.AX ^00 , ay — i^oe.BX R^o.^Y, 

Roo,AX -Boo.BX = Roo<^Y ■“ E*,BY. 

For example, the refractivities of several alkali halides satisfy the relations 

RkG ““ Rkbt = 3.13, 

ERbCl ■” ^RbBr = 3.23, 

RquCI — i^OiBr = 3,21. (Ifi) 

TUs result suggests that we may speak with some significance of the 

refractivity of individual ions in the simpler ionic crystals. Using Eq. 
(6), Sec. 148, we obtain 


R. 


Zvm Vi 
i 


^ K. Fajans and G. Joos, Z. Physik, 28, 1 (1923). 
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Hence, if the absorption frequencies v] lie sufl&ciently close to one another, 


= -^/ 


( 11 ) 


where / is the total optical strength per ion and is the mean value of 
the \lv\. Since the position of the Schumann-region absorption bands 
in those halides having the same halogen ion are nearly the same, it 
follows that the additivity of the refractivities implies that the / factors 
for separate ions are additive. 

By choosing the value 0.50 for the refractivity of the sodium ion, for 
reasons which we shall not discuss here, Fajans and Joos^ have obtained 
the ion refractivities given in Table LXXXVIII from observed differences 


Table LXXXVIII. — The Refractivities of Ions (after Fajans and Joos) 


Ion 

R 

Ion 

R 

Ion 

R 

• F- 

2.5 

Li+ 

0.2 

Be++ 

0.1 

ci- 

9.00 

Na+ 

0.5 

Mg++ 

0.3 

Br- 

12.67 

K+ 

2 23 

Ca++ 

1.3 

I- 

19.24 

Cs 

6.24 

Ba++ 

4.3 


of the type (10). When the value 9.00 for Cl“ is substituted in Eq. (11) 
along with the value ? = 2.4 • sec for the approximate center of 
gravity of the absorption bands of the alkali chlorides, it leads to 

fa = 3.4, 

which is to be compared with the value 3.25 derived by Mayer (c/. 
Table LXXXVII). The corresponding values for 1“ agree to about the 
same degree of accuracy. 

161. Semi-conductors. — It was pointed out in Sec. 6 that there are 
two types of semi-conductor, namely, monatomic crystals stich as silicon 
and selenium that contain impurities, and ionic crystals that either are 
impure or contain a stoichiometric excess of one constituent. Most 
prominent among the semi-conductors of the second kind are alkali 
halides with F centers, phosphorescent zinc sulfide, and similar alkaline- 
earth oxides and sulfides. The impurity or stoichiometric-excess atoms 
in all these semi-conductors have their own characteristic absorption 
bands that lie in the visible or near ultraviolet part of the spectrum. In • 
the case of natural semi-conductors, such as silicon and the natural 
sulfides, which may have as much as 1 per cent of impurity, this absorp- 
tion band may show up as an appreciable peak in the nk curve determined 
from reflection, even though it may overlap the fundamental absorption 


1 lUd. 
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band of the substance. For example, Fig. 13 shows the nk curves for 
silicon and natural stibnite, MoS*. The peaks that occur in the near 
ultraviolet are probably due to the impurities whose thermally or optically 
freed electrons make these substances semi-conductors. In most 
artificial semi-conductors, on the other hand, the number of impurity 
atoms is comparatively low so that they do not give rise to nk peaks 
of this magnitude. The absorption may be detected, however, by trans- 
mission measurements if the bands do not overlap the fundamental 
region. 

The theory of dispersion has been applied to the F-center bands of 
the alkali halides by Smakula,^ in order to determine the density of 

centers. It may be recalled that these 
bands probably arise from the excitation 
of electrons in vacant halogen sites in 
crystals containing an excess of alkali 
metal atoms, the absorption transition 
being analogous to the ls-2p transition in 
atomic hydrogen (cf. Secs. 110 and 111). 
Since the electrons are coupled to the 
lattice, the observed absorption bands are 
much wider than the lines of free atoms 
at room temperature. The extinction 
^ . coefficient of the bulk material is zero in 

Fia. 18 . — nk curves for sdicon and ,, • • •. c i i 

natural MoSt. ^be Vicinity of the F-center bands, since 

these bands usually are far from the 
fundamental absorption region; moreover, the refractive index of the pure 
salt is usually constant in the vicinity of the F bands. We shall designate 
this constant by n'. For these reasons, Smakula assumed that the 
polarizability of the bulk material is given simply by the quantity 



3 - 1 

4irn'* + 2 


(1) 


In addition, he assumed that the complex polarizability of the electrons 
in the F centers may be represented by the corresponding polarizability 
function for a single absorption line, namely. 


nce^ / 

4flr*m vj — y* + 


( 2 ) 


Here, no is the density of F centers, vy is i|be frequency at the center 
df absorption band, i^ the damping frequenc/'which is of the order 
niiagnitude of 10^^ sec^S and / is ^fj oscillator strength of the traiisi- 
^ ^ MmoB, Dp. cU.; Mxibb, op. eU, 
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tion. Since only one absorption peak is observed, we may expect that 
practically all the optical strength of the stoichiometric-excess electrons 
is centered in this band and that f should be near to unity. Using 
Eq. (28), Sec. 147, for the relation between the complex index of refrac- 
tion and the polarizability, we obtain 

(n - iky - 1 n'» - 1 , 1 

(n - iky + 2 n'’* -t- 2 3irm (rj - v*) -|- 


If we now set 


n = n' + An and v = vf + Av 


where Aw is a small quantity, we obtain for the real and imaginary parts 
of (3) 

A _ no/e^ (n'^ -h 2y A»’( 2 k, -h ^v) , 3 ^ 

18irm n' Av^2vr -|- Av)* -h v'h(vr -H Ar)* 


, _ np/e^ + 2)^ 
1 


v'di^F Av) 


(OV\ 

18xm w' Av^(2vf + Aj^)^ + v'^divF + Ai/p 
The observed k curves, which are measured directly by the extinction 
of transmitted radiation, may be fitted 
closely by a function of the form (3b), as 
is shown in Fig. 14. 

v'd may be eliminated from (3b) by 
expressing this quantity in terms of the 
value Av^ of Av for which k is half its 
maximum value km- When the resulting 
equation is solved for wp/, it is found 
that 

^ 9kmn'mvF Avi {2vF + Avj) 

“ T(n' + 2ye^ ’ {vF + AvO^ ^ 

In making practical use of this equation, 
it is convenient to express the frequencies 
in electron volts and to express k in 
terms of the constant a(v) appearing in 
the equation 

L = 

ip 



Wave Length (mAi) 

Fig. 14. — A comparison of the 
observed ct curve for the F-centers of 
KCl and the curve of the form (36) 
that fits it most closely. {After 
Kleinachrod,) 


( 6 ) 


which expresses the decrease in intensity of light after it passes through a 
crystal of thickness d. The relation between fc and a is 

, a\ 


4ir 


( 6 ) 
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When this is done, Eq. (4) becomes 


naf = 


1.31 • 1017 


ri' 


( n '2 + 2)2 




2vf Apj 
vf + Apj 


( 7 ) 


where the value of a at the center of the absorption band, is expressed 
in inverse centimeters and the frequencies are expressed in electron volts. 

If vf is much greater than as at low temperatures, we may simplify 
this equation to 

nof = 1.31 • 

where W is the width of the k curve at half maximum in electron volts. 

Equation (7) has been used by Hilsch and Pohl\ and their collab- 
orators to determine the value of no/ for F centers and for impurity 



Fig. 16. — The impurity-induced 
a curve of a potassium chloride 
crystal containing thallium. {After 
Koch.) 



Fig. 16. — The curve obtained by 
plotting the optically determined values 
of otm in crystals of KCl containing 
thallium as a function of the chemically 
determined number of impurity atoms. 


atoms of other kinds. It has also been found possible to measure no by 
direct chemical means in several of these crystals so that values of / may 
be determined by combining the results. Thus, in the case of F centers 
in KCl, Kleinschrod® has found that / is 0.81. The fact that this is not 
ei^ctly unity indicates that the F-center electrons lose some optical 
strength because of interaction with the closed shells of the atoms present. 

Koch* has combined optical and chemical measurements in a similar 
way to determine the / factors for the absorption bands of impurity 
thallium atoms in alkali halide crystals. It is found that small quantities 
of halides may be dissolved in the alkali halides and that the 

resulting mixed crystals exhibit narrow absorption bands^ in the ultra- 

^ See the survey by R. W, Pohl, Physik. Z., 89, 36 (1938). 

* F. G. Klbinschbod, Ann. Physiky 27, 97 (1936). 

* W. Koch, Z. Phynk, 67, 638 (1930). 

* Ah interpretation of these peaks has been given by the writer, J our. Chem. Phys., 
6, 160 (1938). 
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violet below 3000 A. A typical absorption curve is shown in Fig. 16. 
In each case, there are two large peaks that seem to be closely related 
to the energy levels of free monovalent thallium ions. Figure 16 shows 
the dm versus no curve obtained by combining optical and chemical 
measurements. From the slope of these, Koch obtains 0.1 for the 
long wave-length band and / ^ 0.6 for the short wave-length band. 

162. The Infrared Spectra of Ionic Crystals. — All polar compounds 
possess infrared absorption bands that are associated with the stimulation 
of oscillational motion of the atoms or ions. Although the interatomic 
forces in ionic crystals are comparable with electronic forces in atoms, the 
vibrational spectra lie in the infrared because ionic masses are of the 
order of magnitude 10^ times larger than the electronic mass. This fact 
is made evident by the relation between the frequency v and mass m 
of an oscillator having force constant k, namely, 


’ - Us 

In order to discuss the optical effects associated with the lattice 
vibrations, it is first necessary to obtain the expression for the dipole 
moment of the lattice as a function of ionic displacements. If we 
arbitrarily define the dipole moment as zero when all the ions are at their 
equilibrium positions Ta{n), the dipole moment when the ions alre at 
positions Ra(w) relative to the equilibrium positions is 

M = 5)e,R,(n). (2) 

a,n 


Here, a extends over the ions in the unit cell, n extends over the cells 
in the lattice, and ea is the charge on the ath ion. The variables Ra(n) 
may be expressed in terms of normal coordinates of the form 


R«(«) = 


VNMa 




^3) 


when the potential energy is a quadratic function of displacements (cf. 
Sec. 22). Here, a,(d) is the amplitude of the normal mode of wave 
number 4 in which the ath atom is polarized in the direction and 

N is the total number of unit cells in the lattice. We shall employ the 
reduced-zone scheme so that d extends over a single zone and s takes 
values from 1 to 3n, where n is the number of atoms in the unit cell. 
When Eq. (3) is substituted in (2), it is found that 




( 4 ) 
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Thus, only the modes of vibration associated with zero wave number in 
the reduced-zone scheme contribute to the dipole moment. The reason 
for this is that the contributions to M from different cells cancel one 
another in the other cases, since they have different phases. 

Let us consider a cubic crystal such as sodium chloride that has two 
oppositely charged ions per unit cell. In this case, three of the normal 
m^es associated with zero wave number are purely translational and, 
for this reason, do not contribute to the dipole moment. Hence, the 
dipole moment is determined by the remaining three modes, which 
correspond to the maximum frequency Vm and represent oscillations in 
which the positive and negative ions move in opposite directions. Thus, 
the crystal is equivalent to a system of 3iV diatomic oscillators of fre- 
jquency va- Since the polarizability of an oscillator is the same in quan- 
tum and in classical mechanics, it follows from the results of Sec. 147 
that 


— \ /"KN 

4irV (vl - v^) + iyv 

where no is the number of molecules per unit volume, n is the reduced 
mass of the ions, et is the ionic charge, and y is the damping frequency. 
As in the case considered in Sec. 147, this complex polarizability implies 
an absorption line of half-width y at Pm- Since an atomic mass rather 
tip® the electronic mass appears in the denominator of this equation, the 
polarizability arising from ionic oscillators is of the order of magnitude 
10^* times as large as the polarizability that would arise from an equal 
density of electronic oscillators of comparable frequency. For this 
reason, the index of refraction in the transparent visible and ultraviolet 
regions of most ionic crystals is determined almost entirely by the elec- 
tronic absorption bands in the far ultraviolet. 

In an ideal harmonic approximation, the damping frequency y would 
be determined entirely by radiation damping and would have the value 



wMch is <rf the order of magnitude of 1 sec-S or about ev for 
ordinary ionic crystals. The observed widths actually are far greater 
thanftlis. Tor example. Fig. 17 shows observed^ transmission curves 
tor mvmSi specimens of sodium chloride at room temperature. It may 
be seen that the width of the peak is of the order of 6 • 10^* sec"'S or 
about 0.01 ev. It ahould also be observed that the transmission curves 
idbow more structure than should be expected from a single absorption 

< StiHas, E. E. Bbattain, and F. fi^rrz, Phyt, Eev., 48, 582 <1085). 
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line. Even more complicated structure has been observed under higher 
dispersion in magnesium oxide, which has the same lattice structure as 
sodium chloride. 

A qualitative interpretation of this large damping and the accompany- 
ing structure was first given by Born and Blackman^ on the basis of 
classical mechanics. They related the structure to cubic terms in the 
expression for the potential energy of the ions that couple the optically 
active modes of vibration to other modes. Their work was later extended 



Fig. 17. — Infrared transition curves of several specimens of sodium chloride. The 
abscissa is the wave length in microns. The numbers accompanying the curves are the 
crystal thicknesses. {After Barnes and BraUain.) 


by the use of quantum mechanics.^ Although this work provides the 
machinery for a more complete theoretical investigation of the topic, a 
thorough experimental treatment of the transmission properties of a 
simple crystal over a range of temperatures is lacking at present. For 
this reason, it is not possible to say that the structure may be completely 
interpreted in terms of anharmomc potential terms. We shall present 
briefly the principles employed in this theory. 

* M. BcMEUf and M. Blackman, Z. Phyiikf 82, 561 (1933)1 M. Blackman, Z. 
Phydk, 86, 421 (1938). 

* Babnbs, Bbattain, and Sbitz, op. cif. 
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In the quadratic approximation, the vibrational wave functions of the 
crystal have the form (c/. Sec. 118) 


An( • • • , ‘ = JJXn,(<r)(Q!i(d)) (6) 

where the X„««r) are harmonic oscillator wave functions and the W((d) 
are integers. The energy of this state has the same form as for an 
assembly of oscillators, namely, 

En = + ^hy,(i). (7) 

t,9 

During absorption, the system changes its state from An to the state 
A„+i in which all quantum numbers are the same except for that of one 
of the optically active modes, which increases by unity. The energy 
difference between An and A„+i is clearly hvm^ 

The cubic perturbing potential has the form 


i,hk 


where the c*,* are constants. The limitations on the combinations of a 
that can occur in this series, which may be obtained from group theory, 
wi|l not be discussed here. 

In the perturbed scheme, the new wave functions A^ have the form 


a: 



(9) 


where the On.n' are given by the equations 


G/n,n’ — 


/An'FcAndr 
En - En> ' 


( 10 ) 


in which the integration extends over the coordinate space of the variables 
a<(il). Since Vc is the sum of cubic terms and the An' are products of 
*one-dimensional oscillator functions, it follows that each state An is now 
coupled with states in which three quantum numbers differ from those of 
An by one unit. Thus, if the system is in the state Aj^, it may make an 
optical transition not only to A'^i but to any other state in which a wave 
function A^+i appears in the sum in Eq. (9). For this reason, the optical 
strength of the absorption process is distributed throughout many states, 
and the absorption band is broader than in the quadratic approximation. 
We may expect the width of this absorption band to increase with increas- 
ing teniperature because the amplitudes «<(<$) in (8) increase with increas- 
ing temperature. This effect has been observed qualitatively. 
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163. Special Topics. — There are a number of interesting topics con- 
cerning the optical properties of solids that limitations on space do not 
permit us to discuss in detail. For the benefit of readers who are inter- 
ested, we shall outline several of these topics briefly and give the principal 
references. 

o. The Photoelectric Effect in Metals , — In the interior of a metal, the 
only allowed optical transitions take place between bands in accordance 
with the selection rules discussed in the previous section, namely, that the 
transition must be vertical in the reduced-zone scheme. Tamm and 
Schubin^ have pointed out that additional absorption may take place 
near the surface since the wave functions are not periodic in this region 
and the selection rules employed in Sec. 149 are not valid. Although 
the second type of absorption is relatively unimportant in a discussion 
of the optical properties of metals, since only about one quantum in five 
hundred is absorbed in this way in passing through the surface, it is 
extremely important for the photoelectric effect, for electrons that are 
excited near the surface are in an excellent position to get out of the metal. 
The first detailed treatment of the surface photoelectric effect was carried 
through by Mitchell^ and has been extended by several workers.^ We 
shall discuss a treatment given by Hill that is closely patterned after 
Mitchell’s work and has been applied to the case of the alkali metals. 

Hill assumed that the electronic potential is a constant —Wa inside 
the metal and that the electrons are restrained from pouring out ty a 
barrier at the surface. In the detailed computations, he considered two 
types of barrier, namely, a square barrier for which the potential jumps 
abruptly from — Wa to zero, and an image-force barrier of the form 

y(x) = I “4x + eVF„ 

(see Fig. 9, Chap. IV). Since the internal optical absorption is zero 
in this model, because the electrons are free, it can be used only for a 
discussion of the surface effect. Experimental work on the alkali 
metals seems to show that, even when the spectral peak for the volume 
photoelectric effect is appreciable, it lies so much farther in the ultra- 
violet than the peak for the surface effect that the two do not overlap. 
For this reason, the two effects can be discussed separately in these simple 
metals. In addition, we know from the work of preceding chapters that 
the properties of alkali metals usually conform closely to those of the 

^I. Tamm and S. Schubin, Z. Physik, 68, 97 (1931). 

* K. Mitchell, Proc. Roy. Soc., 146 , 442 (1934); 163 , 513 (1936); Proc. Cambridge 
PhR. Soc., 81 , 416 (1935). 

» R. D. Mtbrs, Phys. Rev., 49, 938 (1986); A. G. Hill, Phys. Rev., 68, 184 (1938). 
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simple free-electron model so that it should apply to them. Recent 
experimental work on the photoelectric efiFect in barium by Cashman and 
Bassoe^ shows that the surface and volume peaks of this metal overlap. 
Thus, the two effects would have to be discussed simultaneously in this 
case; moreover, a more complicated model would have to be employed, 
for the electrons in divalent metals are not nearly free. 

To begin with. Hill computed the energy distribution function of 
electrons that are emitted by light of a given frequency and compared 
the computed function with observed ones for the case of sodium. 
Although the two types of curve agree well at the high-energy end, the 
agreement at low energies is poor, for the theoretical curves start out 
linearly whereas the observed curves start out nearly quadratically. 
-The most reasonable explanation of these discrepancies is that the sur- 
face on which the measurements were made was sufficiently contami- 
nated so that either the work function varied from point to point or the 
electronic transmission coefficient was different from the computed value. 
The way in which these quantities can affect emission was discussed in 
connection with thermionic emission at the end of Sec. 30. 

In addition, Hill compared the observed and calculated spectral 



distribution functions, that is, the 
functions giving the dependence of 
the total current per unit light in- 
tensity on the frequency of the 
radiation. The observed curve 
possesses a peak that is much sharper 
than the peak of the theoretical 
curve, as may be seen from Fig. 18. 
A possible explanation of this dis- 
crepancy lies in the fact that the de- 
tailed optical properties of the metal 


Fzo. 18. — Comparison of the com- 
puted and observed spectral distribution 
eunms for the photoelectric yield in sodi- 
^um. I is the eiperimental curve and II 
is ths th|eor|»tioal curve. (A/ter HUl,) 


were neglected in Hill^s treatment. 
This possibility was first realized by 
Mitchell, but Schiff and Thomas^ 
have furnished more direct evidence 


for its importance in a computation that is based on a semiclassical 
treatment of radiation. This topic has also been discussed, more recently, 
by Middnson.* 

6. of OpUcd Absorption and Emission Bands . — If the atoms 

of an insulating crystal were held rigidly during a change in electronic 


CUi^BifAN and £. Bassos, PAys. Per., 58, 63 (1936). 
*1*. I, Bcsm and h H. Tbomab, PAys. Rev., 47 , 860 (1935). 
B. B. Mawbos, Pfoc. Pay. Soc., W, 867 (1937). 
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state involving absorption and emission of radiation, the frequency 
distribution of absorbed or emitted light would have only the natural 
width (see Sec. 148, part h). The actual emission and absorption 
spectra of solids exhibit a broadening that increases with increasing 
temperature. The primary source of this breadth is the fact that the 
vibrational modes of the crystal also may be stimulated during an elec- 
tronic transition. Since the amount of vibrational energy that may be 
involved has a finite range, the allowed optical emission or absorption 
frequencies also extend over a finite range. 

A rudimentary treatment of the theory of broadening has been given 
by Peierls;^ the salient points of his work are as follows. The elastic 
constants and the equilibrium atomic positions are usually different for 
the normal and excited electronic states of an insulator. For this reason, 
the systems of vibrational wave functions for the normal and excited 
states are not identical. If the difference between the atomic potential 
energies for the normal and excited states is designated by AF(fi, • • • ,f/) 
where fi, . . . , f/ are the configurational coordinates of the atoms, the 
vibrational wave functions Xn 1^1^® excited electronic state may be 
expressed in terms of the vibrational wave functions x»» for the normal 
state by means of the perturbation equation 


x!, = X. + 2 


Xm 


/Xw*AgXndT 
En Em 


( 1 ) 


The indices n and m correspond to sets of vibrational quantum numbers. 
Now, if Xm is the vibrational wave function of the system before the 
transition, the final state may be any state x« for which the integral 

/xm^x^r (2) 

does not vanish, if we assume that the electronic transition is allowed. 
The integration in (2) takes place over the configurational coordinates. 
According to (1), the integral (2) is equal to 

Jxm^AExndr 
En Em 

An analysis of this integral that is based on a power series expansion of 
shows that at low temperatures the absorption or emission bands 
should consist of a sharp strong line which has a companion band on its 
long wave-length side whose shape is simply related to the vibrational 
frequency spectrum. At high temperatures, the structure is more 
complicated.® 

* R. pBUBitLS, Ann. Physik^ 18, 905 (1932). 

* A tieatment of this problem for the case of metals has been given by T. Mnto, 
Sd, Papm Intt. Phys. Chm. Ret., 27, 179 (1985). 



672 


THE MODERN THEORY OF SOLIDS 


[Chap. XVII 


c. The Fluorescence of Crystals . — Many simple crystals fluoresce 
when illuminated with ultraviolet light or bombarded with electrons. 
Although a large number of these phosphors have been prepared for 
commercial purposes, only a very few have been investigated with 
sufficient thoroughness to make a discussion of the mechanism of lumines- 
cence feasible.^ Three substances in the second class are the zinc 
sulfide phosphors, willemite, which is a form of zinc silicate, and the 
alkali halide thallium phosphors, which are alkali halide crystals contain- 
ing a small amount of thallium halide. We shall discuss briefly the prop- 
erties of the first of these, which is typical of the set.^ 

The zinc sulfide phosphors are prepared most simply by heating 
zinc sulfide alone or with a small amount of another heavy metal sulfide, 
-such as the sulfides of copper, silver, and manganese. The pure phosphor 
fluoresces with a light-blue color under near-ultraviolet light, whereas the 
other materials have different colors that depend upon the impurity 
atoms. The quantum efficiency of this luminescence usually is nearly 
unity at room temperature. The materials usually are strongly phos- 
phorescent; that is, some of the light is emitted after excitation ceases. 
The length of time required for emission of this stored light increases 
as the temperature is lowered. 

It is found that these fluorescent zinc sulfide materials are photo- 
conducting and that the spectral sensitivity curve for stimulating 
photoconductivity extends over essentially the same region as the 
corresponding curve for stimulation of luminescence. On the basis of 
facts of this kind and a knowledge of the behavior of impurity atoms in 
semi-conductors (c/. Secs. 110 to 112),. it has been concluded that the 
stimulating ultraviolet light liberates electrons from neutral interstitial 
atoms of the impurity metal, or of zinc in the pure phosphor, and that 
light is emitted when the electron and interstitial ion recombine, the 
cPlor of the emitted light depending upon the kind of interstitial atom 
that does the emitting, 

^ .Since the freed electron may be trapped before returning, the crystal 
4s phosphorescent. The decay of phosphorescence is temperature- 
dependent, since the trapped electrons must be freed thermally. On the 
basis of a detailed examination of this decay, Johnson* has concluded 
that there are at least two types of trapping center. 

This zinc sulfide phosphors may be stimulated to a lesser extent by 
ultraviolet light that lies in the fundamental absorption band of zinc 

^ See the reviews by F. Seitz, Trans. Faraday Soc.^ 88, 74 (1939); H. W. Leverenz 
and F. Seitz, Jour. Applied Phys.f 10, 479 (1939). ^ 

* This picture was presented independently by A. Schleede, Angew. Chem., 50, 
908 (1087), and by the writer, Jour. Chem. Phys.^ 0, 454 (1938). 

» R. P. Johnson, Jmr. Opt. Soc. Am., 29, 387 (1939). 
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sulfide or by bombardment with cathode rays. Although the energy 
efficiency of this type of excitation is of the order of one-tenth the effi- 
ciency of near-ultraviolet excitation, it is about one thousand times 
higher than it would be if only the centers that are ionized by direct 
absorption were responsible for the light. If the absorption of energy 
in the fundamental absorption band produces excitons, as in the case of 
the alkali halides, we may conclude that a fraction of the excitons eventu- 
ally give their energy to the interstitial atoms by a process analogous 
to a collision of the second kind. It is possible in zinc sulfide, however, 
that absorption in the fundamental region produces free electrons instead 
of excitons and that these excite the interstitial atoms by a collision of the 
first kind. 

The wave length of the emitted radiation is always longer than that 
of the exciting radiation; the reason for this is probably that given in 
Sec. 108. In addition, the emission band consists of a broad band at 
room temperature. This band becomes narrower as the temperature is 
lowered^ and usually consists of a single sharp fine and several weak 
satellites at very low temperatures. The explanation of the sharpening 
undoubtedly is that given in part h of this section; however, the fine 
structure has not yet been completely interpreted, although it probably is 
also connected with the stimulation of the vibrational modes of the 
crystal. 2 

Willemite resembles the sulfide phosphors closely, for photoconductiv- 
ity^ accompanies luminescence in this case as well. The alkali halide 
phosphors, however, belong in a different category, for they are not 
photoconductors.'* A fuller discussion of these materials may be found 
in the articles listed in footnote 2, page 672. 

d. The Photolysis of Crystals , — Many crystals become colored or 
decompose when they are irradiated with light of suitable wave length. 
In this connection, we have already discussed the discoloration produced 
in alkali halides by X rays (c/. Sec. Ill), which is due to the transfer of 
electrons from inner shells to vacant negative-ion sites. 

The most important and useful photolytic process occurring in a 
simple crystal is that responsible for the latent photographic image in 
silver halide crystals. If silver chloride or silver bromide crystals are 
exposed for a short time to light lying in the visible or near ultraviolet 
region of the spectrum, a visually imperceptible change is produced in 
them; however, when the crystals are placed in certain reducing agents, 

* J. T. Randall, Nature 142, 113 (1938); Trane. Faraday 5oc., 86, 2 (1939). 

* F. Seitz, Trane. Faraday Soc., 86, 1 (1939). 

* R. Hofstadteb, Phye. Rev.f 64, 864 (1938). 

*See Jour. Chem. Phye., 6, 150 (1938). 
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known as “developers/* the irradiated parts of the crystal proceed to 
decompose with the production of free silver and the corresponding 
halogen. The same decomposition may be produced by continuous 
irradiation without development — a process known as the “print-out 
effect.** 

The credit for unraveling the fundamental processes in the darkening 
of the silver halides belongs to a large number of workers whose contribu- 
tions extend over many years of intensive work.^ After it had been 
definitely established that the decomposition products of the print-out 
effect are free silver and halogen gas, Fajans suggested that the funda- 
mental action of the light is to transfer an electron from a halogen ion to a 
silver ion, producing free silver in accordance with the reaction 

Ag+ -f Br” — > Ag"*" + Br -f electron Ag -f Br. , (3) 

This hypothesis was supported by the observation of Toy and Harrison 
(c/. Sec. 135) that photoconductivity accompanies the absorption of 
light in the region of wave lengths in which the latent image is produced. 
After the development of the zone theory of solids, Webb employed this 
scheme to describe the freeing of electrons and their subsequent trapping 
in the lattice. Although this work went a long way toward explaining 
the initial steps in the darkening process, it left unexplained the manner in 
which the silver ions migrate to a given point in order to form a clump 
of free silver. The fimal steps were developed by Gurney and Mott* 
who were able to give a fairly complete description of the darkening 
process. Briefly, the picture is as foUows: 

1. After being freed, the photoelectron wanders about through the 
crystal and ultimately becomes trapped at a point near the surface. 
It is believed that the most likely trapping center is a speck of silver 
sulfide, the reason for this being that extensive chemical work has shown 
that the gelatin of photographic emulsions must contain a small amount 
of a sulfur compound if the latent image is to be produced. Presumably, 
a small amount of this substance is used in the production of silver 
jmlfide. Gurney and Mott suggest that the work function of silver 
sulfide is enough larger than the work fimctions of the silver halides so 
that a small speck of the former substance should be a good trapping 
cento. 

2. /rhe topped electron attracts the silver ions in its vicinity, and 
these kmc xlqigrate toward it by the ordinary process of ionic conductivity. 
One of tlie silver ions reaches the trapped electron and is neutralized, 
produciiig an atom of silver. This is the essential point in Gurney and 

^ survey by J. H. Webb, /our. App. Phyt.^ 11, 18 (1940). 

» E. W. Gtohiit and N. P. Mott, Proe, Roy. Soe., 18^ 181 (1988). 
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Mottos picture and is supported by the fact that the silver halides have 
an appreciable ionic conductivity at room temperature (c/. Fig. 66, 
Chap. I). It is assumed that there are only one or two trapping posi- 
tions in the small crystals that occur in ordinary photographic emulsions, 
so that practically all the free electrons produced in a given crystal go 
to the same point. Thus, one atom of free silver is formed at the trapping 
center for each photoelectron released. It is believed that small specks 
of silver formed in this way represent the latent image. 

3. It should be added that the free halogen atoms produced during 
the formation of the latent image presumably diffuse out of the crystal. 
The probability that they will run into the latent image and interact 
with it is small. 

4. Gurney and Mott suggest that in the early stages of the formation 
of the latent image the trapped electrons have an appreciable chance of 
evaporating and returning to the halogen atoms from which they were 
originally released, thereby reversing the process. As the amount of 
free silver grows, however, the work function of the trapping centers 
should approach the value of about 4 ev for metallic silver, making it 
more and more difficult for reversal to occur. According to the most 
reliable measurements it requires between five and ten quanta per grain 
to form a stable latent image under the most favorable conditions. This 
fact indicates that the work function of a clump of five or ten silver 
atoms is sufficiently large to prevent reversal at ordinary temperatures. 

5. Extensive experimental investigation by Webb and others has 
shown that the efficiency for producing the latent image decreases with 
decreasing light intensity at very weak intensities.^ This fact is an 
immediate consequence of the possibility of the reversal discussed under 4, 
for if the light intensity is sufficiently weak each silver atom may dis- 
sociate thermally before another is formed. The efficiency for producing 
the latent image does not continually increase with increasing light 
intensity, however, for it is found to fall at high intensities. Limited 
ionic conductivity presumably is responsible for this effect. Unless the 
charges of the trapped electrons are neutralized as fast as they are 
trapped, some of the electrons will be repelled from the trapping center 
and will recombine with the holes. In this connection, Webb® has shown 
that the efficiency for production of the latent image attains a low value 
that is independent of light intensity at liquid-air temperature. Presum- 
ably, both the probability of thermal dissociation of the silver atoms and 
the ionic conductivity are vanishingly small at this temperature so that 

tThiii type of change of efficiency with intenaty is related to reciprocity-law 
failure of ordinary photographic plates for exposures with light. 

* J. H, WvsB AND C, H. Evans, /ovr, OpHcal See. Am., SSi 249 (1988). 
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the light simply charges the centers to a point where all other electrons 
are repelled. When the crystal is warmed, enough silver ions migrate 
to the electrons to neutralize the charge, which happens to be sufficient 
to form a latent image. If it were not sufficient, no latent image would be 
formed as a result of low-temperature illumination. 

6. If illumination is continued after the latent image has formed, the 
amount of free silver continues to grow and eventually an appreciable 
fraction of the crystal is decomposed corresponding to the results of the 
print-out effect. 

7. Since the latent image is near the surface of the crystal, it comes in 
contact with the developer when the crystal is immersed. Apparently, 
the silver atoms of the latent image oxidize the developer molecules and 

..thus obtain a negative charge which attracts silver ions and causes the 
amount of free silver to grow just as if illumination had been continued. 

Another type of darkening process which has been studied extensively^ 
is that occurring in zinc sulfide which has been suitably heated. Since 
zinc sulfide is most commonly used either as a paint pigment or as a 
luminescent material, this darkening usually is a disadvantage. 

1 This work is reviewed in a paper by N. T. Gordon, F. Seitz, and F. Quinlan, Jour, 
Chem. Phys., 7, 4 (1938). 



APPENDIX 

DERIVATION OF HARTREE’S AND FOCK’S EQUATIONS 


a. Hartree’s Equations. — Hartree’s equations are based upon an 
eigenfunction of the type 

^ ■ ■ ■ 'PoM, ( 1 ) 

in which it is assumed that the satisfy the normalization condition 

= 1 ( 2 ) 

but are not necessarily orthogonal. 

From the variational theorem, we should expect the “best’^ to be 
those for which 

• • • , ri, • • • , fn) = 0 (3) 

with the auxiliary condition (2). We shall write H in the form 

H = + ^2 I (b J = 1- • • • > «) (4) 

t ij 

where Hi depends only upon the variables r* and is the same function of 
these as Hj is of r,-. Equation (3) may then be written in the form 

i } j>k 

iiih) • • • ^j_i(r_i)^<+i(ri+i) • • • iAn(rn)J^i(r,) jdr' + 

% 

(2^'' = 0- w 

j 


+ 


When integrated, this reduces to 

i JMt J.M* 

Hi 2 4 - (a symmetrical expression in d\pi*) = 0. (6) 
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The variational equivalent of (2) is 

= 0. (7) 

The result of adding (7) to (6) with Lagrangian multipliers, X<, is 


2 Ms 


(a symmetrical expression in = 0. (8) 


If the condition that H is Hermitian is used, the position of and 
may be reversed in the written term of (8). Since and ^i* are 
independent variations and are independent of the variations of 6^* and 
9 ^ i), the necessary and sufficient condition that (8) be satisfied 
is that the coefficient of each Srpi and each 5^,* be zero. These conditions 
are 


+ (S'/^'.>. + (S/'‘<-»*A 


+ 


2'e./ti£^.,. + X.V.0 (9) 


and 


i ' Mi 


+ 


2Vjfeim,.+)>.y.o. 


Obviously, only one of these need be considered since the two equations 
aro complex conjugates. We obtain Hartree^s equations 


by setting 

' ’(2f#wA+2'‘’J“^. +».)-«■ (») 

' My*' '* ' 

If VO require, in addition to (2), that 

- Sii 



( 12 ) 
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and if we add the variational equivalent of this to ( 8 ), we find that a term 
is added to ( 11 ). 

b. Fock’s Equations.— The derivation of Fock^s equations may pro- 
ceed along exactly the same lines as those employed in part a with the 
exception that the basic wave function is 

' ^ = ^2(-l)'^N^i(r.) • • • ^»(r,)^i(rl) • • • Vn(fi)l (13) 

V wl” 


where 


= ^2, h = ^4, 


V'n-l = 


and the spin functions 77 are opposite for the members of each of these 
pairs of equal functions. In this case, we have 


(14) 


(15) 


» - ■ ■ • 

Pv i 

1^j_l(^j_l)^/'i^.l(r*^.l) • • • ^»(r„)Sf<(r<)n<(f<) • • • i).(f'.)j- 

We shall substitute this in the equation 

Wdr = 0 

where H is given by (4). After integrating, summing over spin, and 
using the condition J^i*(r)^,(r)dT = 0 , for 5 ^ and /|^»|*dr = 1 , we 
obtain 

*(ri) [2J *( 12 )^ 2 ^, •(r2)dT2 + 


r2i 


— 






i,* 

II BpittS 


rtt 


4t2z + Hi + 


+ X!.] - { .• J ■ 


II apini 


[a symmetrical expression in 5^<*(ri)] ** 0 . (16) 
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The are the Lagrangian multipliers for the orthogonality and normals 
ization conditions. We shall set 


>« - >4 + 2 J *1* w +12'*’/ - 

J.* 

1 1 spins 


and 


x« = Ki + Xf ^i*(rWi(ri)dT,. (18) 

J 

We find, upon equating the coefficient of 6^i(ri) to zero, as before, that 

II spins 

Equation (19) is valid only for those states of zero multiplicity which 
correspond to a complete set of paired In other cases, these equations 
will be modified in a way that depends upon the type of wave function. 
We shall not discuss these cases since the one leading to (19) is sufficiently 
general for our needs. 



NAME INDEX 


A 

Abraham, M., 211, 213, 637 
Ahlberg, J. E., 114^. 

Akulov, N. S., 22#. 

Allen, J. F., 486 
Allison, S. K., 288, 475 
Anderson, C. T., 13, 58 
Andrews, D. H., 114#. 

Austin, J. B., 15 

B 

Baber, W. G., 640 
Baedeker, K., 69, 70 
Balamuth, L., 95 
Banks, F., 495 

Bardeen, J., 340, 348, 352, 364, 374, 
381#., 396, 397#., 400, 421#., 620#., 
630#. 

Barkhausen, H., 21 
Barnes, R. B., 96, 126, 666, 667 
Barnett, S. J., 426 
Barrer, R. M., 494 
Bartlett, J. H., 261 
Bassoe, E., 670 
Baumbach, H. H. v., 71 
Bearden, J. H., 440 
Becker, G., 46#. 

Becker, J. A., 146, 162, 168, 404 
Becker, R., 20, 211, 213, 627, 637 
Beeman, W. W., 440 
Bethe, H., 92, 140, 141, 147, 166, 186, 
233, 314, 605, 607, 611, 620, 613#. 
Beyer, J., 666 

Bichowsky, F. R., 3, 46, 72 
Biltz, W., 38 
Birtwistle, G., 137 
Bitter, F., 18, 617 
Black, M. M., 260, 251 
Blackman, M., 100, 116, 117, 120, 133#., 
697#., 667 

Bleick, W. E., 89, 266, 269, 383, 393, 493 

681 


Bloch, F., 140, 261, 301#., 303#., 314#., 
319, 616, 518, 620, 630, 631#., 602, 
617#., 642, 649#. 

Boas, W., 98 
Bohr, N., 235, 237 

Boltzmann, L., 139, 143, 169, 319, 479, 
616#., 686#. 

Borelius, G., 41 

Bom, M., 76, 79, 82#., 85#., 91, 97, 99#., 
Ill, 112#., 117, 118, 124#., 138, 266, 
271, 272, 470, 493, 653, 667 
Bose, 209 
Bottema, J. A., 39 
Bouckaert, L. P., 276 
Bozorth, R., 21, 23, 625 
Bragg, W. L., 605, 507, 609, 613, 644, 
604, 612 

Brattain, R. R., 95, 125, 666, 667 
Brattain, W. H., 168, 404 
Breit, G., 210, 643 

Bridgman, P. W., 6, 137, 180, 374, 381#. 
Briggs, H. B., 662, 653# 

Brillouin, L., 100, 141, 209, 234, 272, 
283#., 384, 620, 681 
Brody, E., 138 
Bronsted, J. N., 483, 484 
Brooks, H., 426, 628 
Brown, F. W., 246, 261, 266 
Brown, W. F., 20 
Bmch-Willstater, M., 393#. 

Buehl, R. C., 662, 563 
Burrau, 0., 265# 

Burton, E. F., 486 

C 

Campbell, L. L., 68 
Carrard, A., 68 
Cashman, R. J., 401, 670 
Channel-Evans, K. M., 28, 32 
Chodorow, M. I., 276, 430# 

Clark, A. R., 486 

Clark, C. W., 16#., 6^, 114, 117, 136, 167 
Clusius, K., 13, 74, 4^ 



682 THE MODERN THEORY OF SOLIDS 


Cohen, K, 8, 483#. 

Collet, P., 19 
Compton, A. H., 288, 475 
Condon, E. U., 210, 234, 246, 247, 450, 
458, 559, 578, 643 
Coolidge, A. S., 258#., 262 
Courant, H., 238 
Cristescu, S., 14 

Curie^ P., 23#., 36#., 58, 606#., 610#. 

D 

Danndhl, W., 137#. 

Davis, L., 185#. 

Davisson, C., 196 
Bay, H., 495 
de Boer, J. H., 162, 540 
de Broglie, M., 561 

Debye, P., 14, 57, 86, 99#., 103, 104#., 
117, 480#., 533#. 
de Haas, W. J., 13, 640, 697 
Dehlinger, U., 623#. 

Deitz, V., 393 
DiHinger, J., 21 

Dirac, P. A. M., 139#., 144#., 195, 203#., 
216, 246, 340, 384#., 617#., 686, 630 
Ddring, W., 20 

Drude, P., 139#., 629, 633, 638 
DuBridge, L. A., 146, 401 
DOnwald, H., 71 
Dunn, C. G„ 261 

Dushman, S,, 162, 166#., 196, 402, 496 
£ 

EXnstein, A., 99#., 103-117, 209, 220, 
480# 

Eisenschitz, R,,: 268 
Elam, C. F., 98 
JEndO, a., 4^. 

Epstein, P. S., 403 
Eucken, A., 13, 74#., Ill, 137# 

Evans^ C. H., 675 
Evans, I., 563 
Ewald, P. P„ 77 
Ewdl, R. H4 489 
Ewing, D. H., 448#, 

Eyimg, H., 210, 470, 474, 489 

P 

K., 660, 661, 674 
tmAmiiHk 1., 487# ' 


Farkas, L., 470 
Ferguson, J. N., 413 

Fermi, E., 139, 141#., 144#., 209, 370, 
376, 379#., 384, 617#, 686# 
Fleischmann, R., 401 
Fock, V., 227, 242, 243#., 246#., 261#, 
264, 366, 385, 386, 677, 679 
Fo§x, G., 19, 611 
Fdrsterling, K., 113#., 641 
Forrer, R., 46 

Fowler, R. H., 323, 467, 482, 609, 612, 
613#., 686 

Franck, J., 460, 468, 569 
Frank, A., 603 
Frank, N. H., 140, 179, 186 
Franz, W., 177, 178, 662 
Freedericksz, V., 641, 666 
Frenkel, J., 396, 413, 414, 418, 460, 611#., 
647 

Friedman, H., 440 
Fritsch, 0., 192 

Frohlich, H., 316, 486, 669, 662 
Fuchs, K., 116, 367#., 376#, 427 

G 

Gans, R., 23, 173 
Germer, L. H., 196, 666 
Giauque, W. F., 74#. 

Gibbs, J. W., 127, 483 
Glaser, G., 666, 667 
Goens, E., Ill, 120 
Goldschmidt, V. M., 83, 92# 

Gombas, P., 385 
Gordon, N. T., 676 
Gordon, W., 216 

Gorin, K. E., 348#., 366, 369#., 653 
Gorsky, W., 607#, 616 
Goudsmit, R, 203 
Grew, K. E., 43#. 

Griffith, A. A., 98 

Grttneisen, E., 13, 111, 120, 138, 379#., 
633, 640 

Gudden, B., 63, 64, 70, 466, 668, 671 

Guillery, P., 64 

Gurney, R. W., 489, 674#. 

Gwinner, E., 440 
Gyulai, Z., 666, 66% 667 


Hafen,E., 610 


H 



NAUM INDEX 


t 


HaU, E. H., 68, 181#., 191#. 

Hansen, M., 30 
Hargreaves, J., 261 
Harrison, G. B., 574, 674 
Hartree, D. R., 227. 236#., 245, 246, 
247, 260, 261#., 264, 333, 386, 386, 
424, 443, 677#. 

Hartree, W., 247, 261, 386 
Heisenberg, W., 318, 612#. 

Heitler, W., 210, 301#., 408#, 454#, 
612# 

Helmholz, L., 46, 49, 483 
Hendricks, S. B., 8 

Herring, C., 276, 332/., 366, 371, 372, 
400 

Herzberg, G., 678 

Herzfeld, K. F., 125, 406, 488, 492, 645 
Hdbert, D., 238 

Hill, A. G., 332#, 371, 372, 400, 669# 
Hilsch, R., 71, 410, 459, 664, 666, 668, 
. 671#, 674, 667, 664 

Hirschfelder, J. 0., 470, 489 
Hofstadter, R., 673 
Honda, K., 18, 21, 22 
Hopf, L., Ill 

Houston, W. V., 140, 318#, 436, 438, 
616, 618, 536 
Huggins, M. L., 93 
Hughes, A. L., 146, 401 
Hume-Rothery, W., 6, 9, 11, 28#, 31, 
35?#., 432# 

Hund, F., 261#, 463 
Huntington, H. B., 366, 497 
Hylleraas, E., 92, 233#, 264, 258, 261, 
386, 390# 

I 

Inglis, D. R., 60 
Ives, H. E., 662, 663# 

J 

Jafobs, R. B., 49, 91 
F. M., 39 

Jwss, H. M., 268#, 262, 447 
JeffeiBoni M. E., 8 
Jensen, H., 384#. 

Jdbanason, G H., 41 

Jbhnson, R. P., 167, 428, 672, 673, 672 

Johnson, V. A., 447 

Jones, F« W 


Jones, H., 161, 186, 296, 307, 314, 426. 
43^., 436, 438, 600#., 631#., IS36, 
696#., 666 
Jonker, C. C., 644 
Joos, G., 106, 141, 660, 661 
Jordahl, 0. M., 603 
Jost, W., 661, 663, 666#, 676 

K 

Kane, Brother Gabriel, 4tQ2ff. 

Kapitza, P., 186 
Karwat, C., 74# 

Kaya, S., 20#, 22, 45 
Keesom, H. P., 486 

Keesom, W. H., 16#, 67, 114, 117, 136, 
162, 157, 168, 486 
Keil, A., 494, 496 
Kemble, E. C., 196, 199, 203 
Kennard, E. H., 100 
Ketelaar, J. A. A., 503# 

Kimball, G. E., 210, 463# 

Kirkwood, J. G., 268, 269, 486 
Klein, 0., 215, 221 
Kleinschrod, F. G., 664 
Koch, E., 566# 

Koch, W., 664# 

Kok, J. A., 152, 168 
Koopmans, T., 313#., 396, 408, 644 
Kopp, 38# 

Korff, S. A., 643 
Kramers, H. A., 278#, 320, 644 
Kretschmann, E., 634 
Kronig, R. de L., 272, 281#, 321#., 
629, 638, 662, 666 
Kruger, F., 406 

Knitter, H. M., 386, 423, 424, 427#, 440, 
442 

Kubaschewski, 0., 38 
Kurrelmeyer, B., 168 
Kussmann, A., 46 

L 

Landau, L., 683#., 695 
Landshoff, R., 386#., 391 
Lange, F., 483 
Langevin, P., 682 
Langmuir, I., 496 
Lapp, E., 16 

Laue, M. v., 288, 293, 296, 61£|#. 
Lawson, A., 68, 611#, 



684 THE MODERN THEORY OF SOLIDS 


Lechner, G,, 111 

liehfeldt, W., 4d0, 662, 654Jf., 666, 

674#. 

Lennwd- Jones, J, E., 81, 84, 269, 489 
Lenz, W., 384#. 

Leverenz, H. W., 672 
Levy, R, B., 89 
Linde, J. 0., 39, 40, 41 
Littleton, M. J., 663 
London, F., 84#., 266#., 268, 301#., 
392#., 408#., 464#., 48^., 646#., 
612#., 660 

Lord, R. C., 114#., 116 
Lorentz, H. A., 139#., 168, 170#., 190, 
214, 616#., 649, 604#., 608#., 629, 
" 633, 637, 668#. 

Lowery, H., 664, 666 
Lozier, W. W., 448 
Lukens, C., 641 
Lyddane, R. R., 126 

M 

Mabbott, G. W., 28, 32 
McDougall, J., 261 
McKay, H. A. C., 496 
Madelung, E., 76, 78, 97, 271 
Maier, C. G., l3 
Makinson, R. E. B., 670 
Maltbie, M. McC., 88 
Manning, M. F., 251, 276, 424, 430#., 
636 

Margenau, H., 86, 262, 268, 269, 393#., 
660 

Maxwell, J. C., 139, 143, 211#,, 617#., 
629#. 

May, A., 91 

Mayer, J. E., 46, 49, 82#., 86#., 88, 89#., 
98, 266, 268#., 383, 393, 493, 668#. 

" Mayer, M, G,, 82, 492 
Mehl, R. F., 27, 494#. 

Meier, W., 666, 666, 662 
Meissner, W,, 178 * 

Meyeri' W., 66 
Mie, a,379 
Miller, P.,'496 
MiHman, J., 261, 422 
Minor, R. S., 666, 666, '662 
Mmsueit A. D., 485 
Mitchell, K., 669#. 

M^herliolv 484 


Morse, P. M., 272 
Moser, H., 26, 36#. 

Mott, N. F., 161#., 163, 161, 296, 307, 
378, 401, 425, 426#., 432, 436, 438, 
489, 490#., 631#., 636, 644#., 653, 
669, 666, 576, 665,- 674#. 

Mulliken, R. S., 261#. 

Muto, T., 644, 671 
Myers, R. D., 669 

N 

Nagel, K., 72 
Nathanson, J. B., 664 
Nehlep, G., 653, 566, 676 
Nemst, W., 483, 484 
Neumann, J., 38#. 

Nix, F. C., 495, 603, 571 

Nordheim, L. W., 166, 620, 530#., 641#. 

Nottingham, W. A., 167 

0 

O^Bryan, H. M., 410, 437, 440, 667 
Onsager, L., 604#. 

Oppenheimer, J. R,, 470 

P 

PauU, W., 139, 169, 204#., 208#., 699 
Pauling, L., 81, 429, 434#., 441, 466#., 
611, 612#. 

Peierls, R., 272, 414, 485, 623, 633, 634, 
688, 689, 690#., 671 
Pelzer, H., 470, 473 
Penney, W. G., 272, 281#., 321#., 603 
Perlick, A., 74 
Peterson, E. L., 630#. 

Petrashen, Mary, 261, 386 
Piccard, A., 68 
Bckard, G. L., 168 

Pohl, R. W., 71, 410, 469#., 663#., 666#.„ 
668, 671#., 674, 667, 664 
Polanyi, M., 98 ^ 

Pollard, W. G., 323 
Prokofjew, W., 349 

Quimby, S. L., 96, U6, 378 
Quinlan, F., 676 



NAME INDEX 


ms 


R 

Rabi, I., 196 
Randall, J. T., 678 
Reimann, A. L., 162, 572, 573 
Rice, 0. K., 381 
Richardson, 0. W., 166#., 402 
Rojansky, V., 196, 203, 281 
Rollin, B. V., 485 
Rose, F. C., 95 
Rossini, F. D., 3, 46, 72 
Roth, 484 
Rubens, H., 640 
Ruhemann, M., 57 
Rumer, G., 210 
Rupp, E., 196 

Russell, H. N., 678#., 627, 643 
S 

Sadron, C., 44 

Sagrubskij, A., 495 

Sampson, H. B., 663 

Saunders, F. A., 678#., 627, 643 

Saur, E., 440 

Schamow, B., 46 

Schiff, L. I., 670 

Schlapp, R., 603 

Schleede, A., 672 

Schmid, E., 98 

Schmidt, 238 

Schneider, E. G., 410, 667 
Schottky, W., 69#., 161#., 466, 647# 
Schrddinger, E., Ill, 197, 215 
Schubin, S., 669 
Schulze, A., 46 
Schumann, W., 669# 

Seeger, R. J., 669#., 66^. 

Seith, W., 38, 494, 496, 567 
Shaw, C. H., 440 
Sherman, A., 210, 261, 270 
* Sherman, 81#, 87# 

Shimizu, Y., 18, 42 

Shdckley, W., 167, 323#., 332, 414, 421, 
442#., 496, 603, 625 
Shoenberg, D., 597 

Shortley, G. H., 210, 234, 246, 247, 249, 
678, 643 
Shultz, J. F., 8 
Siegel, S., 116, 378, 503 
Siegert, A., 603 
Simon, F., 14, 67, 484 


Simeon, 0. v., 57 

Skinner, H. W. B., 43671J7, 438# 

Slater, J. C., 80, 137, 163, 227, 242#., 
264, 268, 269, 331, 332, 379, 386, 
414, 420, 421, ,426#, 436, 465, 486, 
646#., 617, 620# 

Smakula, A., 662# 

Smare, D. L., 664, 656 
Smith, L. P., 413 
Smoluchowski, R., 276 
SommerfeW, A., 140, 141, 147, 166, 174, 
179, 185, 314, 396, 616# 

Spedding, F. H., 603 
Sponer, H., 393# 

Stabenow, G., 406 
Steigman, J., 496 
Stem, 0., 97 

Stoner, E. C., 24, 161, 426, 488, 603, 611 
Stmtt, M. J. 0., 272 
Sutton, P. P., 46, 49 
Sykes, C., 36 

T 

Tamm, L, 281, 320#., 669 
Tammann, G., 27, 35 
Taylor, G. I., 98 
Teller, E., 256#., 559#, 562# 

Thiele, W., 668 

Thomas, L. H., 370, 379, 384#, 670 

Thomson, G. P., 196 

Thomson, W., 179 

Tibbs, S. R., 424, 443 

Torrance, C. C., 246#., 249, 464 

Toy, F. C., 674, 674 

Trombe, F., 25 

Trouton, 3 

Trumpy, B., 646 

Tubandt, C., 66, 63, 66#, 664# 

Tyler, F., 24 

U 

Uddin, M. Z., 486, 697 
Ufford, C. W., 249 
Uhlenbeck, G. E., 203 
Urbain, G., 26 

V 

Valasek, J., 413 
Valentiner, S., 45#. 



f 

THE MODERN THEORY OF SOLIDS 


m 

van Alphen, P. M., 597 
van den Berg^ Q. J., 13 
van der Waala, 82, 84^., 262, 266#., 
391#., 492, 553 
van Eijk, C., 8, 483, 484 
Van Vleck, J. H., 210, 261, 270, 683, 601, 
603, 606, 607, 612, 615, 616, 627, 628 
Vogel, R., 27 
Vogt, W., 66 
Voigt, W., 94, 106 
Vdlkl, A., 64 ^ 

von Hevesy, G., 494, 657 
von Hippel, A., 411, 413, 460, 662, 663 
von KAnn^, Th., 99#., Ill, 118, 272 

W 

Wagner, C., 67, 71, 72, 466, 647#., 666#. 
Waibel, F., 69 
Wallasch, 484 
Wang, S, C., 261 
Wannier, G. H., 332, 419, 464 
Warren, B. E., 74 
Wasastjemas, J., 92 
Watson, G. N., 279 
Webb, J. H., 674, 676 
Weiss, P^ 20, 26, 46, 58, 60, 608, 609#., 
611#., 620 
Weisskopf, V., 223 


White, H. £., 2, 220 
Whittaker, E. T., 279 
Wiebe, R., 74#. 

Wiedemann, 177, 178 
Wigner, E. P., 204, 237, 241, 276, 290, 
292, 329, 331, '340, 342f., 348, 366, 
396, 397#., 406#., 421, 422, 470, 473, 
603, 644 

Wilhelm, J. 0., 486 
Wilkinson, H., 654, 666 
Williams, E. J., 607, 609, 613, 644, 604, 
612 

Wilson, A. H., 186, 467, 636#., 690, 694, 
642, 660 

Wolff, K. L., 646 
Woltinek, H., 13 
Wood, R. W., 641 
Wulff, G., 97#. 

Y 

Yamada, M., 97#. 

Z 

Zeeman, P., 677 

Zener, C., 185, 316, 319, 629, 638, 662 
Ziegler, M., 60 
Zwicky, F., 98 



SUBJECT INDEX 


A 

Absorption coefficient, 631 jf., 636, 646jf. 
alkali metals, 662 
semi-conductors, 662 
transition metals, 666 
Absorption spectra, alkali halides, 410, 
446, 667#. 

F centers, 662 
infrared, 666 
ionic crystals, 408#. 
metals, 661#. 
semi-conductors, 661#. 

Acceleration in band scheme, 316#. 
Accidental degeneracy, 290 
Activation energy, reactions in solids, 
474, 660 

semi-conductors, 469# 

Additivity, atomic heats, 38 
ionic radii, 61 
ionic susceptibilities, 69 
refractiyities, 660 
Adiabatic approximation, 470# 

Alkali halides, absorption spectra, 40^., 
446 

bands, 441 

charge distribution, 444 
cohesion, 80#. 
conduction levels, 446 
discoloration, 460 
F centers, 467 
Hall effect, 663 
ionic conductivity, 65, 386# 
lattice defects, 548# 

Madelung cbnstants, 78 
optical properties, 667# 
photoconductivity, 413, 446, 459, 563 
semi-conductors, 457 
vacancies. 458#. 

Alkali metals, Bloch functbna, 350#. 
cohefidon, 346#., 366 
correlation eneify, 366 
coulomb field, 349 
effective mass, 353 


Alkali metals, elastic constants, 116 
electronic structure, 420# 
exchange energy, 369, 421 
ion-core field, 348 
level density, 366 
optical properties, 423, 662 
paramagnetism, 699 
simple treatment, 382 
specific heat, 116, 421 
total wave function, 308#, 
work function, 399 

Alkaline earth metals, bands, 424#. 
level density, 424 

Alkaline earth salts, absorption spectra, 
408# 

cohesion, 81# 
excitation states, 413#. 

Hall coefficient, 467 
photoconductivity, 413 

Allotropy, carbon, 484 
cobalt, 8, 487 
helium, 485 
ionic crystals, 89#. 
iron, 8, 487 
metals, 2 
sulfur, 484 
theory, 473#., 476#. 
tm, 8, 483 

Alloys, 26#, conductivity, 641# 

Curie point, 46, 624 
diamagnetism, 695 
diffusion, 495 

equilibrium conditions, 500 
exchange integral, 624 
ferromagnetism, 45, 623#. 
fiUing of levels, 434, 501 
heat of formation, 38 
Hume-Rothery rules, 28, 8(!(#. 
interstitial, 25# 

magnetic susceptiMilies, 595 
ordered, 37, 502 
phase boundaries, 499 
phase changes, 500 
quenching of magnetuatdon, 


687 



688 


THE MODERN THEORY OF SOLIDS 


Alloys, resistivity, 39#., 43#. 
substitutional, 26#. 
thermal properties, 37 
Angular momentum, orbital, 426, 678 
spin, 206#., 232, 426, 677 
Ani^tropy, 21, 627#. 

Antisymmetric states, 209, 236, 243 
molecular helium, 264 
two electrons, 232, 260 
Approximate methods, 329#. 

Atomic dipole moment, 218 
Atomic heat {see Specific heat) 

B 

Band scheme, 261, 271#. 
alkali halides, 441 
alkali metals, 348, 420#. 
anisotropy, 628 
Boltzmann’s equation, 319 
conductivity, 274 

connection with Heitler-London 
scheme, 337 
diamond, 452 
excited states, 407, 408 
ferromagnetism, 339 
holes, 317 
ionic crystals, 441 
level density, 307#. 
metals, 420#. 
narrow bands, 303#. 
overlapping, 296 
rules concerning, 274#., 296#. 
transition metals, 426#., 468 
Barkhausen effect, 25 
Beryllium, 371#. 
level density, 371, 437 
’ work function, 400 
Beryllium atom, 247#. 

energy, 248 
Beta brass, 36#., 606 
specific he4»^37 
Bismuth, 42c|*J. ; 
diamagnetim, 696 
effective paas^ 696#., 699 
(^tical properties, 666 
Blo(^^ options, 272#. 
aoisiracy, 312 
alkali metals, 348, 360#. 
approximate, 273, 294, 303#., 331#. 
excitation waves, 647# 
free'^ebtaxma* fi2 


Bloch functions, narrow bands {see 
Approximate methods) 
symmetry, 276 

Bloch scheme {see Band scheme) 
Boltzmann’s equation of state, 168#., 173 
in band scheme, 319, 616#., 626 
Boltzmann’s theorem, 99 
entire solid, 479 
Bond functions, 210 
Born-Mayer equation, 87, 96 
justification, 445 
Bom-Oppenheimer equation, 470 
Born-von K4rm4n boundary conditions, 
118, 121, 126, 272 
Bound electrons, 274 
Brass system, 30, 43 
Breaking strengths, 98 
Brillouin functions, 581 
Brillouin zones, 284, 287#., 294#., 298 

C 

Cp — Cv correction, 136#. 

Carbon atom, 249 
Carbon dioxide, 394 
Carborundum, 2, 61, 63 
Cauchy-Poisson relations, 94, 376 
Cellular method, 329 
alkali metals, 349 
empty-lattice test, 332 
Cellular polyhedron, 330#., 362 
Characteristic temperature, ionic crys- 
tals, 67, 114, 134# 
metals, 108, 109# 

Chemical constant, 403 
Chemical reactions, 470 
Closed shells, 228, 247, 262#., 302#, 310, 
346 

copper, 367 
diamagnetism, 682 
ionic crystals, 388 
rare gases, 393 

Closed-shell interaction, 26^. 
alk^ metals, 360 
metals, 376 

Cobalt, allotropy, 8, 487 
Coherent scattermg, 642 
Cohesion, 346# 
alkaline earth salts, 81#. 
alkali metals, 348, 366 
alloys, 38, 271#., 378 
caihon dioxide, 393 



SUBJECT INDEX ^ 0 . 


Cohesion, copper, 367 
Fock approximation, 368 
ionic crystals, 46Jf., 78, 80Jf., 88jf., 271, 
386jf. 

lithium hydride, 390^. 
metallic hydrogen, 367 
metals, 3, 271^., 367/. 
molecular solids, 73, 391/. 
molecules, 264/. 
solids, 271/. 
transition metals, 427/ 
valence crystals, 61, 271/ 

Collision terms, 169, 525, 538 
Competition of energy terms, 230 
Compressibility, 76, 138 
ionic crystals, 391 
theory, 373/ 

Conductivity, alkali halides, 66, 64 
alloys, 644 

band theory, 274, 297/ 
change with melting, 491 
change with order, 41, 604 
classical theory, 190 
critique of theory, 634 
cuprous oxide, 66 

dependence on vapor pressure, 70, 461 
excitation waves, 416 
ionic solids, 66/ 
low temperature, 631 
magnetic field, 184/. 
metals, 9, 170/, 174/, 190, 425, 516/ 
optical region, 631/, 636/, 648 
semi-conductors, 63, 189/, 467, 461, 
466 

simple metals, 536/ 
surface, 642 
transition metals, 536 
Copper, bands, 367, 423/ 
cohesion, 367 

optical properties, 424, 664 
Copper-gold system, 33, 36, 603 
Copper-silver system, 33 
Correlation of electrons, 231 
exchange, 
free electrons, 242 
hydrogenr'moleoule, 259 
metals, 420 
narrow bands, 339 
solids, 339 

Correlation energy, 231, 234 
alkali metals, 366 
atoms, 247/ 


Correlation eliergy, beryllium, 373 
free electrons, 34^. 
narrow bands, 339 
Coulomb enetgy, 346, 35-7 
alkali metals, 363 
Cross section, alloys, 643/ 
angular dependence, 628/ 
electronic collisions, 169, 320, 626 
641/, 646 
ionic crystals, 664 
low temperature, 631 
Cuprous oxide, 2 
conductivity, 66 
levels, 467/ 
rectification, 676 
vacancies, 467/ 
work function, 401 
Curie law, 681, 606 
Curie temperature, 23, 26 
alloys, 46, 624 
dielectric, 607 
theory, 610, 616 
Curie-Weiss law, 24 
theory, 610 

Current operator, 221/., 417 
D 

Damping, lattice vibrations, 666/ 
radiation, 633, 637 
Darkening, silver halides, 672 
zinc sulfide, 672 
Debye function, 109, 162 
Debye's theory of specific heats, 104/. 
deviations, 117, 120, 134 
modification, 112/, 124 
Degeneracy, 210 
accidental, 290 
' diamohdj 453 
excited states, 411/ 

Fock's equations, 302 
lattice vibrations, 479 
mia^etlc field, 683/, 61?. : 
orbital, 679 
spin, 679 
spin waves, 617 • 
d electron band, 163/ 
copper, 423 
filling, 166 
holes. 165/ \ 
noble metals, 423/ 

Pauling’s theory, 429 



m 


THE MODEm TBECmY OF SOLIDS 


iMfiottOft 439 

transition metals, Wff. 
widths, 158 

Bemagnetiiation &olor, 008 
Density of levels, 148, 153#. 

Density matrix, 344 
Determinantal wave fimotknis, 287 
inoleeidas, 268 
solids, 802 

Diamagnetism, alloys, 595 
bismuth, 565 
closed shells, 582 
free electrons, 588#., 594 
narrow bands, 590 
Diamond, 2, 61 
allotropy, 484 
bands, 45^. 

Dielectric breakdown, 319, 562 
Didectric constant, 029, 685 
Diffusion, 494#., 548#. 
alloys, 495 
interstitial, 496#. 
ionic conduction, 546f.t 557 
jump frequency, 495, 548 
Dipol^pole interactloa (ms van d«r 
Waais interaction) 

Dipole layer, 396 
Dipole moment, atomic, 218 
surfam^ 890 

Dipole-quadrupole interaction, 83#. 
Dilations, 98 
IMspertion, 220, 683#. 

Displacement dislanae, 665 
]3ll|iMai^ opoator, 591 
Domain tiieory, 20#. 

Drift terms, 161, 525 
dsMH 2,16, 420#. 

« ferromagnetism, 614 
Dukng and Petitis law, 14) 88) 108, 138, 
467 

E 

141; 168, 816 

allcali meltis, 854 
bismuth; 596#.) 599 
loiue solids, 441, 445 
negative, 816 
s|iikld,658 
«b^,850 

f^siuition metals, 156f., M 
£%eiifi9;bt^ 


Einstem function, 108 
Einstein’s theory of specific heat, 99 
£3aatio constants, 94#. 
alkali metals, 116, 373 
Cauchy-Poisson relations, 94, 876 
change with ordering, 508 
component parts, 37£#. 
ionic crystals, 95, 391 
isotropic media, 106, 377#. 
theory, 373#. 

Elastic waves, 129^ * 

Electric polarization, 607 
Electromagnetic theory, 203, 210#. 
Electron affmities, 46 
halogens, 49, 80#. 
negative ions, 80#., 414#., 448#. 
Electron-atom ratio rule, 30#. 

Electron coupling, 535 
Electronic distribution, 231 
alkali halides, 443 
zinc oxide, 447 

Electron-electron collisions, 535, 540 
Electronic conductivity, 62 
ionic crystals, 554 

Electronic specific heat, alkali metals, 421 
aluminum, 152 
classical, 144 
copper, 162 
free electrons, 422 
free energy, 487 
Iron, 158 
nickel, 15 
palladium, 158 
platinum, 158 
tilver, 152#. 
zinc, 152#. 

Electron magnetic moment, 208 
.Electron mobility, 183 
Electron spin, 208#., 232 
Dirac theory, 303 
magnetio moment) 207 
Pauli theory, 204#. 

Electrostatic enmgy, 77 
Electrothennal effects, 17^., 191 
Emianon probability, 

Entropy, ferromagnitiim, 608 
lattice vibrationi), 481 
mixing, 458, 499 
ordering, 504#., 509 
ao3id,476 

auperconductors, 546 > 
vacanoim, 468, 461 



8UBJm3^ INDSX 


m 


^Exchange correlation, 240 
narrow bands, 834 
Exchange energy, 240 
alkali atoms, 350 
alkali metals, 359, 421 
beryllium, 371 
copper, 367 

Fermi-Thomas theory, 385 
ferromagnetism, 61^., 618, 623 
free electrons, 
ionic crystal^, 388 
metals, 398 
narrow bands, 334^^. 

Exchange function, 340, 398 
Exchange integral, 240 
alloys, 624 

ferromagnetism, 612^., 618, 623 
Excitation function, 561 
Excitation spin waves, 620 
Excitation waves, 413, 414J'., Ql7ff. 
alkali halides, 413 
conductivity, 413, 416 
decomposition, 563, 575 
insulators, 451 
metals, 408 
molecular solids, 468 
narrow bands, 416 
normalization, 415 
optical properties, 647jf. 

Excited states of solids, 407#. 
atomic arrangement, 451 
band scheme, 407, 408#. 
ionic solids, 409 
metals, 409#. 
semi-conductors, 414 
Exciton {see Excitation waves) 
Expansion coefficients, 380 
ferromagnetism, 625 
Extmction coefficient, 632#. 

F 

F centers, 459, 565 
absorption, 459 
free energy, 458 
levels, 463 

optic^ properties, 565, 662 
F* centers, 567 
Fermi energy, 856 
BBmlim»t^865 
copper, 369 . 

Fend-Dirao diHribatioai, 145 


Fermi-Thomas theory, 368, 876, 884#> 
Ferromagnetism, 156 
alloys, 45, 434, 683 
anisotropy, 22, 627 
critique of theory, 622 
domain theory, 20#. 
entropy, 615 
free electrons, 602 
gadolinium, 25 
Heisenberg theory, 612 
Heusler alloys, 45 
ionic crystals, .60, 623 
partition functions, 615 
specific heat, 611 
spin-wave theory, 617 
Weiss theory, 608 
f factor, 643#. 

F centers, 662 
ionic crystals, 658f* 
rare gases, 645 
sum rules, 649 
Filling of levels 
alkaline earth metals, 424 
alloys, 43^., 501 
magnetic field, 587 
semi-conductors, 456#. 
transition metals, 420, 535 
Fluctuations, 478 
Fock operator, 245 
Fock scheme, 227 
Fock^s equations, 242#., 252, 677 
connection with Hartree’s, 835, 397 
molecular hydrogen, 260 
solids, 302, 313, 335, 347 
solutions, 246#. 

Forbidden region, 278#. 

Free electrons, correlatioa, 242 
diamagnetism, 583, 594 
ferromagnetism, 602 
magnetic field, 684 
metals, 139 

optical properties, 636#. 
wave functions, 241, 272 
Free energy, carbon, 484 
electronic, 487 
F centers, 458 
lattice vibrations, 480 
rare-gas solids, 492 
gemi^ooadtiotoiB, 466 
solid, 479 
vpQim»ei»45S 



THE MODERN ^THEORY. OF SOLIDS 


Ft^ rdtation, 511 
Fowler^s theory, 513 
Pauling’s theory, 611 
Fundamental absorption band, 411, 575 

Q 

Gamma brass, ZOff, 
zone boundaries, 433 
Gibbs-Helmholtz equation, 483, 487 
Glasses, 476 
Goldschmidt radii, 92jf. 

Graphite, 61, 455 
allotropy, 484 
GrOtfp theory, 275, 297 
Griineisen’s function, 533, 640 
Griineisen’s law, 138#. 

Grtineisen’s theory of metals, 379 
Gyromagnetic ratio, 426 

H 

Hfigg’s rules, 35 
Hagen-Eubens relation, 640 
Eall constant, metals, 181#., 318 
photoconductors, 563 
positive, 182, 183, 194, 818 
semi-conductors, 68#., 192, 563 
zinc oxide, 467 

Halogen ions, electron affinity, 46, 80#., 
41 ^. 

Hamiltonian operator, 197, 199, 202, 
212#., 227, 246 
complete, 470 
crystals, 345# 
hydrogen molecide, 258 
hydrogen molecule ion, 254 
ionic crystals, 387 
magnetic field, 576 
mean value, 229, 236 
HamUton’s equations, 213 
Hartree fields, 251, 333 
Hartree fictions, 234 * 

Hartree’s equations, 235, 677 
connection yrith Fock’s, 335 
soUds, 320#, 335, 347 
solutions, 246# 

Heat of formation (kee Cohesion) 

Heat,^ sublimation, 3 
Heitler-London scheme, 251, 25^., 263 
accuracy, 312 

eoimection wit^ band scheme, 337 ’ 


Heitler-London scheme, connection with 
Hund-Mulliken scheme, 252, 263, 
301 

excited states, 408 
ferromagnetism, 612 
ionic crystals, 441# 
metals, 348, 420#. 

Helium atom, 231# 

Helium interaction, 264, 269 
Hermitian matrix, 129, 199 
Heusler alloys, 44 
High pressure, 374, 382# 

Holes 

in bands, 165#., 317, 430 
ionic crystals, 446 
semi-conductors, 457 
Hume-Rothery rules, atomic size, 28 
electron-atom ratio, 30#., 434 
solubility limits, 28 

Hund-Mulliken scheme, 261, 264#., 263 
connection with Heitler-London 
scheme, 262, 263, 301 
Hydrogen interaction, 268 
Hydrogen molecule, 258 
Hydrogen-molecule ion, 254 

I 

Image-force barrier, 162 
Impurity levels, 326, 466# 

Inelastic collisions of electrons, 623 
Infrared spectra, ionic crystals, 665 
width, 666#. 

Inner shells, 272 
diamagnetism, 601 
Interstitial alloys, 25# 

Hagg’s rules, 35 

Interstitial atoms, conductivity, 647#. 

diffusion, 495 
Invar, 626 

Ion-core field, 330, 383 
Ionic conductivity, 64#. 
mean free path, 554 
mechanism, 550# 
theory, 647# 

Ionic crystals, 1, 46# 
absorption spectra, 408#. 
allotropy, 89#. 

characteristio temperature, 67, 114 
cohesion, 46#, 78, 80#, 88#, 385# 
conductivity, 55, 548#. 
effective mass, 441, 445 
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Ionic crystals, elastic constants, 95, 
391 

equilibrium arrangement, 461 
exchange, 388 
excited states, 409 
Hamiltonian, 387 
holes, 446 

infrared spectra, 666 
magnetic properties, 59^. 
mean free path in, 668 
photoconductivity, 446 
radii, 82, 9lff. 
specific heats, 57/., 99/. 
structures, 49/. 
total wave function, 442 
transport numbers, 66, 65 
work function, 400/. 

Ionization levels, 413 

Iron, allotropy, 9, 487 
band scheme, 428/. 
expansion coefficient, 626 
magnetization, 20/., 610 
specific heat, 16, 168 

J 

Jump frequency, 496, 648 


K 

k space {see Wave-number space) 
Kinetic energy, 229 
Koopmans' theorem, 313/., 408 
Kopp-Neumann law, 38 
Kronecker delta function, 128 
Kronig-Penney model, 282, 321 

L 

Lagrangian' parameter, 202 
Lambda point, 486 
ammonium chloride, 611 
crystals, 611/. 
specific heat, 612 
Land4 factor, 681 
Latent image, 676 
Lattice defects, density, 666 
relative energy, 661 
silver halides, 656 
types, 661 


Lattice vibrations, assembly of oscillator^, 

100 /. 

Born-von Kdrmdn boundary condi- 
tions, 133, 276/ 
change during ordering, 606 
coupling, 667, 672 
damping, 461 
diatomic lattice, 121 
free energy, 481 

frequency distribution, 103/., 121, 135 
general theory, 476 
Hamiltonian, 131 
kinetic and potential energy, 131 
normal modes, 106/., 119, 127 
optical properties, 666/. 
scattering by, 518/ 
velocity, 120, 123 
wave functions, 477/., 621 
Laue’s conditions, 288 
conductivity, 518 

Level density, alkali metals, 366, 437 
alkaline earth metals, 424 
alloys, 433 
anomalous, 439 
bands, 307/ 
beryllium, 371, 437 
complex metals, 425 
from X rays, 436/ 
transition metals, 427, 440 
Line breadth, 223/, 646/ 
natural width, 224 
vibrational broadening, 226, 670 
Liquid helium, 269, 486 
lambda point, 486 
specific heat, 486 
Liquid state, 476/., 488/ 
helium, 485 
supercooled, 476 
Liquidus curve, 27 
Lithium hydride, 390/ 
bands, 444 

Lithium molecule, 262 

Local field correction, 603/., 637/, 658 

Long-distance order, 607 

Lorentz force, 170, 213, 317 

Lorentz theory of collisions, 170 

Luminescence, 462, 673, 672 

M 

Madelung constant, 78 
Madelung energy, 363 
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m 

Mftdelung eziorgjy alloys, 1178 
ionio crystals, 388 
Magnesium*antiinony system, 33 
Magnetic anisotropy, 22 
Magnetic moment, electronic, 203, 207, 
426 

Magnetic susceptibility, above Chirie 
point, 617 
additivity, 59 
alloys, 44#. 
atomic, 605 

dependence on strain, 18 
diamagnetic, 577 
ionic crystals, 59#. 
metals, 16, 159#. 
theory, 159#., 576#. 

Magnetization, 16 
curves, 20#. 
quenching, 44#. 
saturation, 23#. 
temperature dependence, 19 
theory, 576#. 

Many-body problem, 227#. 
Maxwell-Boltzmann statistics, 139 
Maxwell’s equations, 211, 629#. 

Mean energy of electrons, 144 
Mean free path, 139 
alloys, 541 

electrons in ionic crystals, 558 
high temperatures, 527 
ionic crystals, 554#. 
low temperatures, 531 
metals, 172, 184, 190, 518#. 
photoconductivity, 565#., 568 
semi-oonductors, 190 
theory, 516#., 518#., 526 
Mean value, 198 
ISaimltonian, 229 
M(dting, 475#., 488#. 
conductivity change, 491 
latent heat, 490 
Mott theory, 49? 
far«f^ 8(^d8, 492 
Metallic hydrogen, 867 
Metals, allotropy, 5 

alloys, 25# 

atondc radii, 9 
band theory, 272#., 
cohiiBion, 3, 848# 

:Odikdiio^v%, 9, 516#., 832 
ilas^ oonstante 
electfonlc structs^ 


Metals, excited states, 407#. 
Fermi-Thomas theory, 368 
free-electron theory, 18fl#. 
high pressures, 374, 382 
iron group, 427 
magnetism, 16#. 

mean free path, 184, 190, 516, 526 
optical properties, 638#., 649 
resistivity, 9 
simple, 2 

simplified theory, 379#. 
specific heats, 13#. 
structures, 4#. 
superconductivity, 12, 546 
total wave function, 308#. 
transition, 2 
work function, 395#. 

X-ray emission, 436#. 

Metastable states, 452 
Miller indices, 20 
Mobility, electronic, 68, 183, 565 
Molecular binding, 254#. 

Molecular crystals, 1, 72#. 
cohesion, 391# 
levels, 468# 

Molecular notation, 254#. 

Molecular wave functions, 253, 254# 
Multiplet, 679 
Multiplicity, 210, 242 

N 

Neon interaction, 265, 398 
Nickel, band scheme, 428#, 
electronic specific heat, 15, 157 
expansion coefficient, 625 
magnetization curve, 20#. 
optical properties, 656 
Noble metals, monovalent, 367, 423# 
optical properties, 656 
Normal modes of vibration, 106#., 121, 
127, 27fi#., 476 
distribution, 135 
energy, 131#. 

Hamiltonian, 131 
Lagrangian, 131 
optical properties, 665 
Nuclear-motion, equations, 47(|#. 
Nucleation, 515 

0 

Qne-eleotion scheme, 227#, 233, 27^., 
280 
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MB 


.0|>er«iton» IQIjf. 

Hermitian, 199 

Optical properties, alkali halides, 408^*, 

alkali metals, 423, 66i^. 
alkaline earth salts, 460 
Bloch functions, 649 
excitation waves, 647j(f. 

F centers, 459 
free electrons, 638#. 
ionic crystals, 657#. 
metals, 638#., 649, 661#. 
monovalent noble metals, 424, 649 
quantum formulation, 642#. 
semi-conductors, 459, 661#. 
Order-disorder, 36#., 41, 486, 502 
amalgams, 603 
beta brass, 35#., 606 
change in elastic constants, 603 
conductivity, 36#., 604 
dependence on vibrational frequencies, 
506 

entropy change, 504# 
magnetism, 608 
specific heat, 37 
theories, 508#. 

Order parameters, 36, 50£#. 

Oscillator strength, 645#. 

(See also f factor) 

Oxygen atoms, 250 

P 

Paramagnetic salts, 603 
Paramagnetism, alkali metals, 596#. 
contribution from exchange and corre- 
lation, 600 

above Curie temperature, 610, 617 
free icm, 580#, 
valence electron, 599 
Partition function, 101 
ferromagnetism, 615 
lattice vibrations, 482 
magnetic field, 5^, 586 
spin waves, 618 
Pauli lurinoiple, 141, 20fi#., 231 
Peltier effect, 179 
Penetration dktanee, 642 
Periodic bouii4iu7 oonditions (see Bom- 
von K4rm4n boundary eonditioai) 
Periodic wave funetiOnOf 3^2, 28C|#* 
Penneabili^, 17 


^rmutatioss, 208#. 

Perturbation methods, Bardeen^s, 520 
Herring and Hill’s, 332 
Schrddinger, 284, 289 
semiclassical, 560#. 
time-dependent, 216, 521#. 

Phase changes, 470#., 473#. 

Phase diagrams, 26#. 
brass, 30, 502 
copper-aluminum, 31, 502 
copper-gold, 33 
copper-silver, 33 
iron-cobalt, 34 
magnesium-antimony, 33 
Phase space, 143 
Photoconductivity, 658#. 
alkali halides, 413, 446#., 459, 663 
darkening, 674 

decrease at low temperatures, 666 
displacement distance, 565 
mean free path, 669, 672 
quantum yield, 566# 
silver halides, 674 
Photoelectric effect, 163#., 670 
Photographic theory, 674#. 

PhotolysiB, 673 
Plasticity, 98 

Polarizability, 629, 634, 639 
atomic, 267, 649#. 
complex, 631#., 642 
Polarization current, 670#, 680#. 
Polarization energy, 468 
lattice defects, 551 
Polymorphism (see Allotropy) 

Potassium chloride, anomalous specific 
heat, 67 

Potential in metal, 140 
Primary current, 565 
Primitive tranriations, 15, 125 
Principal lattice vectors, 285, 298 

Q 

Quantum mechanics, 195#. 

Quantum statistics, 209 
Quantum yield, photoconductivity, 464, 
565 

Quenching, 27 

E 

Radiation field, FoiuierMBolutiQii, 3111#. 
HamBtonian, 218#. 

Interaction with matter, 213 
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Radiation theory, absorption probability, 
218#. 

damping, 224 
Dirac theory, 216 
dispersion, 220 
emission probability, 218jf. 
line breadth, 223# 
natural width, 223 

ScKrodinger-Gordon-Klein theory, 215 
selection rules, 225, 326, 418, 423 
Radii, atomic, 9 
ionic, 61, 82, 91#, 

Raman scattering, 221 
Rare-gas solids, free energy, 492 
" melting, 492 
Reaction rates, 470, 494, 497 
Reciprocal lattice, 294, 327 
Rectification, 575 
Reduced mass, 232 

Reduced-zone scheme, 122, 287, 292, 328 
Reflection coefficient, electrons, 165# 
light, 633, 640 
Refractive index, 632# 
alkali halides, 657 
Refractivity,.6^ 

Relativistic electronic theory, 203 
Repulsive potential, ionic crystals, 79#., 
96* 

Residual resistance, 541 
Resistivity, alloys, 39#, 43# 
high/tempei^ature, 12 
low temperature, 12 
measurement, 64 
metals, 9#. 

: ' residual, 641 

(See dUo Conductivity) 

Resonance, 217 

Riehardson-Dushman equation, 166 
‘RusseU-Satinders coupling, 578 

S 

Saddle jwint, 474 
Scalwf potential, 211 
,Sehott^ effect, 162# 

Sohrddinger equation, 198#. 

Screening, 261 
Seeondi^ current, 669# 

Se^i^ effect, metals, 180 

SsIMon rules, band scheme, 326 
eleetriuiic 621# 


Selection rules, excitation waves, 418, 
648# ' 

. X-ray emission, 438 
Self-consistent fields (see Hartree fields) 
Self-energy of charge, -361 
Semi-conductors, 1, 62# 
activation energy, 469#. 
conductivity, 63#, 189#, 467, 461, 465 
dependence of conductivity on vapor 
pressure, 70, 192, 466 
electronic transport, 62# 
free electrons in, 188 
Hall constant, 68#, 192, 456 
holes in, 467 
impurities in, 456 
ionic transport, 64#. 
levels 414, 467 
mean free path, 190 
optical properties, 661#. 
theory, 186# 
vacancies, 458 
Short-distance order, 507 
Silica, 456 

Silver-gold system, 28, 40 
Silver halides, ionic conductivity, 64 
lattice defects, 656 
photoconductivity, 574 
Simple metals, 2 
Sodium chloride, cohesion, 386# 
effective mass, 441, 445 
energy levels, 442# 
infrared absorption, 666 
work function, 400 
Solid types, 1 
electronic structure, 420#. 
transition between, 74 
Solidus curve, 27, 32 
Solubility limit, Hume-Rothery rule, 28 
theory, 602 

Specific heats, alkali metals, 116, 422 
alloys, 38 
aluminum, 152 

anomalous, 67, 99, 100, 111, 116#., 136, 
612 

benzene, 116 

Blackmlm^s treatment, 99, 116, 120, 
133# 

Bom-von Edrmdn theory, 99 
a — Cp correction, 136# 
copper, 162. 

Debt’s theory, 104# 

diamond, 484 ' . 
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^7 


Specific heatS) Dulong and Petit's law, 
38, 103 

Einstein's theory, 103 

electronic, 16, 117, 144, 422, 487 

Fermi-Dirac theory, 160Jf. 

ferromagnetism, 611 

ionic crystals, 57 ff- 

iron, 16, 168 

liquid helium, 486 

metals, 13jf., 432 

nickel, 26, 167 

ordered alloys, 37 

palladium and platinum, 168 

silver, 162^^. 

sulfur, 484 

theory, 99ff. 

tin, 483 

zinc, I52ff. 

Sphere approximation, 349, 362jf. 
Spherical harmonics, 330 
Spin angular momentum, 206j^., 426* 
577 

Spin matrices, 206 
Spinor, 204/. 

Spin waves, 617 
excitation, 620 
partition function, 618 
State function, 195/. 

Statistics, classical, 139, 141, 617 
Einstein-Bose, 486 
Fermi-Dirac, 141, 144/., 209 
Maxwell-Boltzmann, 139, 141 
Structures, ionic crystals, 49/. 
metals, 4/. 
molecular crystals, 72 
valence crystals, 60/ 

Substitutional alloys, 26/., 602 
bands, 432/ 
diffusion in, 496/ 
order-disorder, 502/ 

Sulfur, allotropy, 484 
specific heat, 484 
structure, 74 

Sum rules, atoms, 644, 649 
Bloch functions, 660 
/ factors, 644 
Superconductivity, 645 
Surface energy, 96, 616 
Surface properties, 396 
Surface resistivity, 642 
Surf^e states, 390/ 

Surface tension, 98 


T 

7* law of specific heats, 99, 633 
deviations, 120 

Theory of conduction, critique, 634 
Lorentz, 190/, 616 
metals, 170/, 616/ 

Sommerfeld, 174, 617 
Theory of radiation {see Radiation 
theory) 

Thermal conduction, theory in metals, 
174/ 

Thermionic emission, 161/, 402/ 
Thermodynamics, 80, 402 

Clausius- Clapeyron equation, 402 
equilibrium conditions, 476, 479, 600 
Gibbs-Helmholtz equation, 483, 487 
Thomson effect, 179 
Tin, allotropy, 8, 483 
disease, 483 
gray, 61 

specific heat, 483 

Total electronic-wave function of solids, 
308/ 

alkaline earth salts, 448 
divalent metals, 312 
excited states, 311, 407/ 
insulators, 309 
ionic solids, 409/, 442 
metals, 308/, 407/, 420/ 
semi-conductors, 407/., 414/. 
Transition between solid types, 74, 469 
Transition metals, 2, 426 
allotropy, 487 
alloys of, 434/ 
atomic heat, 16 
bands, 426/ 
cohesion, 427/ 
conductivity, 636/ 
electronic heat, 163, 166, 432 
holes in, 430 
level density, 427, 440 
magnetic properties, 426/ 
optical properties, 666 
Pauling's theory, 429, 441 
tungsten, 426 
Transparent region, 636 
Transport numbers, 66/, 466 
'Trapping centers, 666 
Tungsten. 426/ 
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V 

Unallowod region (««e Forbidden region) 
Uncertainty relation, 280 
Unit oella, 15, 332 


V 


Vacancies, 458, 461 
alkali halides, 460 
conductivity, 647/. 
cuprous oxide, 467/. 
density, 660 
diffusion, 496/., 647/. 

entropy, 468 

free energy, 458 
Valence binding, diamond, 455 
molecules, 270 
solids, 421 

Valence crystals, 1, 60/ 

Valence forces, 270/ 
van der Waals interaction, 82, 84/., 
ionic crystals, 389 
metals, 360 

molecular solids, 391/ 
rare gases, 492 

Variational theorem, 200/, 227, 242, 269, 
262, 473 

Vector potential, 211, 677 
V^ocity, band scheme, 315/* 
excitation waves, 417 
group, 316, 417 
eound, 109, 123 
Vibrational broadening, 226 

W 

W^ve functions, antisymmetric, 200, 236 
Bloch, 261, 272 
determinantal, 237, 302 
excitation waves, 41^. 
ex<nted states, 311/., 412 
free electrons, 241, 272 
Hdliei^Uoad^ 251 
Hund-Mdlfiken, 261 
hydrogen molecule, 258 
impurity levels, 82^ 
lattioe vibrations, 477/., 515/., 521 
Md, 581/., 591/ # 

imdecnilat, m 
obe ^tron, 227, 238 ' 
periodic, 272, 975 /. 


.Wave functions, surface, 820 
total of soUd, 305 /., 420/ 
two electron, 232, 260 
Wave packets, 815 
Wave-number components, 107 
Wave-number space, 273, 294 
density of points, 294 
Wave-number vector, 107, 212 
electronic, 272/ 
principal, 286, 298 
Wiedemann-Franz law, 178 
Work function, 146/, 166, 404 
alkali metals, 399 
beryllium, 400 
internal contribution, 397 
nonmetals, 400/ 
sodium chloride, 400/ 
surface contribution, 397 
temperature dependence, 402 
theory, 395/ 

Wronskian, 279 
Wulff’s theorem, 97 

X 

X-ray absorption, 407 
X-ray diffraction, 288, 296 
X-ray emission, 344, 407, 413 
bands in metals, 436/ 
transition probabilities, 438 

Z 

Zero-point energy, 86 
Zinc oxide, 2, 464 
conductivity, 70, 192, 649 
diffusion, 496 
Hall effect, 193 
impurity levels, 414, 447/ 
Seebeck emf, 193 
Thomson effect, 193 
Zone boundaries, 273, 696 
Zone scheme, 122, 273 
Zones, 273, 290 
bismuth, 426 
Bi^ouin, 287/ 
figures, 298/. 
gamma brass, 4$8 
mapping, 288 

rules concerning, W§, 
X-ny diffracrion, 288^ 993 










